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Abstract

Two new ltering/di!usion operators have been implemented in the Community Atmosphere
Model nite-volume dynamical core (CAM-FV). First, a fourth-order divergence damping op-
erator has been added to optionally replace the second-order version that has traditionally been
used. This provides more scale selective dissipation of divergent modes that can generate grid-
scale noise in CAM-FV if not damped properly. For example, data-assimilation runs using CAM-
FV DART (Data Assimilation Research Testbed) have revealed potential noise problems at the
grid scale that can be alleviated signicantly using higher-order divergence damping. Second, a
�‘Laplacian�’-type damping operator has been implemented to increase the explicit momentum dis-
sipation in the top-of-atmosphere sponge layers. This helps control the excessive polar night jets
that have been observed in ultra-high resolution CAM-FV simulations. Results from stand-alone
CAM-FV and CAM-FV DART are presented in this paper along with details on the implemen-
tation of the new operators.

Keywords: Divergence damping, Laplacian damping, High-resolution climate simulation,
Data-assimilation, Finite-volume

1. Introduction

Most numerical weather prediction and climate models need di!usion/ltering operators
throughout the domain in order to be �’well-behaved�’ for the smallest scales represented. In
addition, enhanced di!usion/ltering is usually required in sponge layers near model bound-
aries to avoid numerical problems like the spurious reection of vertically propagating waves.
Unfortunately, the use and implementation of di!usion and ltering operators is rarely docu-
mented, discussed and analyzed in the literature. A notable exception is the recent book chapter
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by Jablonowski and Williamson (2010). Numerical noise and instabilities in weather and climate
models can lead to model failure and contaminate results.

The purpose of this paper is to document and assess new damping/ltering operators in
NCAR�’s Community Atmosphere Model Finite-Volume version (CAM-FV; Lin 2004, Neale
et al. 2010a). These enhance the model�’s functionality and capability. In particular, the new
damping/ltering operators increase the model�’s robustness at high horizontal resolution, allevi-
ate the excessive polar night jet that develops in �‘default�’ high resolution CAM-FV simulations
and reduce grid-scale noise. The need to lter grid-scale noise is also increased when CAM-
FV is used with DART (Data Assimilation Research Testbed; Anderson et al. 2009) for data
assimilation.

The paper is organized as follows. In section 2 the continuous form of the divergence and
�‘Laplacian�’-type damping operators are presented followed by their discretization on the regular
latitude-longitude grid used by CAM-FV. In section 3 the e!ect of the new damping/ltering
operators in CAM-FV simulations are discussed. This includes their e!ect on the total kinetic
energy (TKE) spectra, the level of noise in the divergence eld, the impact in CAM-FV DART
setup and their e!ect on climate. Conclusions are given in section 4.

2. Implementation

2.1. Divergence damping in the continuous momentum equations
The momentum equations in CAM-FV, without explicit di!usion operators, are written in

�‘vector invariant�’ form
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(Lin, 2004). In the equations above u and v are the zonal and meridional components of the ve-
locity vector %v = (u, v) in �‘shallow atmosphere�’ spherical coordinates (a,$,"), where a is constant
(radius of the Earth), $ # [0, 2&] is longitude and " # ["&/2, &/2] latitude. The horizontal kinetic
energy is given by K = 1

2

!
u2 + v2

"
, and ", #, p, # and t are the absolute vorticity, density,

pressure, geopotential, and time, respectively.
The discretization of (1) and (2) used in CAM-FV is designed to damp vorticity at the grid

scale by using the so-called �‘CD�’-grid discretization approach (Lin and Rood, 1997) and through
the application of shape-preserving constraints in the transport operator (Lin and Rood, 1996) 2.
However, this formulation does not control divergent modes near the grid scale. To avoid spu-
rious accumulation of the divergent component of TKE near the grid scale, explicit di!usion
operators are therefore necessary in CAM-FV. Since the rotational modes are already su$ciently
damped near the grid-scale by inherent numerical di!usion (limiters in the transport operator), it
is only necessary to explicitly damp the divergent modes. Explicit di!usion that only damps di-
vergent and not rotational modes is referred to as �‘divergence damping�’ (Haltiner and Williams,
1980). Divergence damping is used to control/damp noise in weather and climate models and to
enhance numerical stability (e.g. Bates et al., 1993).

2for a linear stability analysis of the Lin and Rood (1996) scheme and CD-grid discretization technique see Lauritzen
(2007) and Skamarock (2008), respectively.
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Divergence damping of order n (n = 2, 4, ...) is introduced in CAM-FV by adding divergence
damping terms on the right-hand side of the momentum equations (1) and (2)
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where 'n is the damping coe$cient. The divergence D and Laplacian $ 2-operator, for a generic
scalar (, are given by
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respectively. In the original formulation of CAM-FV second-order (n = 2) divergence damping
was used. A purpose of this paper is to document the implementation of fourth-order (n = 4)
divergence damping which is an option in CAM5 (Neale et al., 2010a).

That the explicit di!usion terms in (3) and (4) damp divergent modes can easily be shown by
applying the divergence operator to !%v/!t and substituting (3) and (4)
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Similarly, by applying the curl-operator instead of the divergence operator the damping terms
�‘drop out�’
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Hence vorticity, ) = $%%v, is not a!ected by the divergence damping (at least not in the continuous
case).

2.2. Discretization of divergence damping operators
The horizontal staggering of the prognostic variables in CAM-FV is an Arakawa D grid (see

Figure 1). This allows for a compact centered nite-di!erence approximation to divergence at
the control volume edges (corners; lled circles in Fig. 1)
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where (i, j) are the horizontal indices, " j is the latitude of cell (i, j)-th center (computed con-
sistently with the nite-volume approach) and " j"1/2 is the latitude at the south cell edge (for
notational clarity the vertical index k has been left out). The grid spacing in longitude and lati-
tude is denoted %$ and %", respectively.

For the fourth-order divergence damping (n = 4) the Laplacian of D i j must be computed. For
that, centered nite-di!erences can conveniently be used
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Figure 1: A graphical sketch of the horizontal D-grid staggering of the velocity components
u and v as well as the spatial �‘location�’ of divergence that is used by the divergence damping
operators.

For even higher-order divergence damping (n = 6, 8, ..) the $ 2-operator could be applied itera-
tively to discretize the $n-operator (not explored in this paper). Note that the higher the order of
the divergence damping the wider the stencil needed for its discretization.

The spatial discretization of the divergence damping terms in the momentum equations using
centered di!erences then becomes
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respectively, where 'n is evaluated at the respective �‘divergence�’-points (edge-points). The ex-
plicit formulas for 'n are given in the next section.

2.3. Divergence damping coe!cients
2.3.1. Second-order divergence damping ' 2

In the original formulation of CAM-FV second-order divergence damping (n = 2) is used
with damping coe$cient

'2 = ('2)k = *k
µ2 (a2%$%")
%t

, (13)

where k is the vertical level index, %t is the time-step, µ2 = 1/128 and the weight function *k is 1
throughout the atmosphere except in the top model levels (sponge layer) where it monotonically
increases to approximately 4 at the top of the atmosphere (see Fig. 2)
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Figure 2: (left) Second-order divergence damping strength function * k as a function of vertical
level index k in CAM5. The level index is 1 at the model top and increases monotonically towards
the surface. (right) Strength of the �‘Laplacian�’ damping ' del2 (in units of µdel2) as a function of
level index.

where ptop is the pressure at the top of the model (ptop is typically 2 hPa) and pre fk is the reference
pressure at the center of the cell
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1
2
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*
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Here Ak and Bk are the coe$cients for the hybrid vertical coordinate. Linear theory predicts that
the second-order divergence damping is stable when µ 2 is chosen such that
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(Whitehead et al., 2010) where + is the grid aspect ratio + = %$/%".

2.3.2. Fourth-order divergence damping '4
By setting n = 4 fourth-order divergence damping is invoked where, in CAM-FV, the coe$-

cient is set to
'4 = µ4

!
a2 cos(")%$%"

"2
/%t, (17)

where µ4 = 1/100 throughout the atmosphere. Since divergence damping is added explicitly
to the equations of motion it may lead to instability if the time-step is too large or the damping
coe$cients ('2 or '4) are too large. To stabilize the fourth-order divergence damping a latitudinal
dependence (cos(")) has been �‘added�’ to (17) and the winds used to compute the divergence
damping tendencies are ltered using the same FFT (Fast Fourier Transform) ltering along
latitudes that is applied to stabilize the gravity waves (Neale et al., 2010a).

A one-dimensional linear stability analysis of divergence damping will show that the damp-
ing factor as a function of wavelength is a monotonically increasing function for which higher
wavenumbers (smaller wavelengths) are damped more. Generally, fourth-order damping is more
scale selective than second-order damping in that shorter wavelengths are damped more and
longer wavelengths are damped less. For a fuller discussion on the linear dispersion properties
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of both second and fourth-order divergence damping operators when implemented on the sphere
using the regular latitude-longitude grid see Whitehead et al. (2010).

For stability and accuracy it is recommended that µ4 be chosen such that

µ4 max
'
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1
+

(
& 6

625
, (18)

(Whitehead et al., 2010).

2.4. ‘Laplacian’ top-of-atmosphere damping
To slow down the potentially excessive polar night jets in high-resolution congurations of

CAM-FV and to enhance the top-of-atmosphere sponge layer, �‘Laplacian�’-type damping of the
wind components has been added as an option in CAM5. That is, the following terms are added
to the momentum equations

!u
!t

= · · · + 'del2$2u, (19)

!v
!t
= · · · + 'del2$2v. (20)

The damping coe$cient 'del2 is zero throughout the atmosphere except in the top layers (sponge
layer) where it increases monotonically and smoothly from zero to approximately four times a
user-specied damping coe$cient µdel2 at the top of the atmosphere (the user-specied damping
coe$cient is typically µdel2 = 3.0 % 105 m2/s). That is,

'del2 = ('del2)k =
+,,-
,,.

0, *k < 0.3
*k µdel2 else.

(21)

The scalar Laplacian operator applied in (19) and (20) is not equivalent to the full vector Lapla-
cian (see, e.g., Jablonowski and Williamson 2010). Hence we refer to this damping in the top-
of-atmosphere sponge layer as �‘Laplacian�’ in quotes as it di!ers from the true vector Laplacian.
Other mechanisms in CAM-FV that provide sponge-layer features are the reduction of the hor-
izontal advection operator to rst-order in the top model layers as well as rst-order remapping
in the vertical near the domain top (and bottom).

3. Results

The e!ects of the new damping operators on CAM-FV simulations are discussed in four
di!erent sections below. First, the e!ects of divergence damping operators on the TKE spectra
are discussed. Next the level of noise in the divergence eld from instantaneous velocity elds
in a �‘typical�’ CAM-FV simulation are shown and discussed. In the third section the benecial
e!ects (in terms of noise levels) of using fourth-order divergence damping in CAM-FV DART
is discussed. Finally we show the e!ects of the top-of-atmosphere �‘Laplacian�’ damping operator
on climate simulations for some key dynamics variables.
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Figure 3: (a) Total kinetic energy (TKE) spectrum as a function of spherical wavenumber h
using second-order (red line using µ2 = 1/128; orange line using µ = 2/128) and fourth-order
divergence damping (blue line using µ4 = 1/100; green line using µ4 = 1/200). The spectra
are computed from daily instantaneous wind data averaged over 30 days using CAM5 at 1.9 ' %
2.5' resolution. In (b) and (c) the TKE is broken into divergent and rotational components,
respectively. The solid black line is the h"3 reference slope (Nastrom and Gage, 1985).

3.1. Total kinetic energy (TKE) spectra
Figure 3 shows the TKE spectrum averaged over a 30-day period for daily instantaneous

winds around 200 hPa (model level k=13) as a function of spherical wavenumber h for di!er-
ent CAM-FV congurations at 1.9' % 2.5' resolution using the CAM5 physical parameterization
package. The TKE spectrum is broken into divergent and rotational components in Fig. 3(b) and
Fig. 3(c), respectively. As shown analytically in (7) and (8), the divergence damping operators
only a!ect the divergent part of the wind eld and do not a!ect the rotational part. The original
CAM-FV conguration uses second-order divergence damping (n = 2) with µ 2 = 1/128 and
we note that TKE accumulates at the shortest wavelengths (tail of the TKE in Fig. 3(b) is con-
cave up). This spurious accumulation of TKE near the grid scale can be alleviated by doubling
the second-order divergence damping coe$cient (µ 2 = 2/128) at the expense of unnecessarily
damping longer wavelengths (orange curve in Fig. 3(b) is below all other curves for spheri-
cal wavenumbers larger than approximately h = 15). A more scale-selective damping can be
achieved by using fourth-order divergence damping with µ 4 = 1/100 (blue curve in Fig. 3(b)).
The tail of divergent part of the TKE is, roughly speaking, controlled by the damping coe$cients
such as illustrated for the fourth-order divergence damping where a halving of the damping co-
e$cient µ4 = 1/200 �‘pulls-up�’ the high wavenumber end of the curve.

The TKE results together with the visual noise level in the divergence eld presented in the
next section, seem to indicate that µ4 = 1/100 is a good compromise between alleviating noise
and providing a TKE spectrum without spurious accumulation of energy near the grid scale. All
of the congurations seem to exhibit a TKE slope that is steeper than h"3 and higher horizontal
resolutions are needed to obtain a h"3 slope in the h # [20, 50] range (see, e.g., Jablonowski and
Williamson 2010).

3.2. Instantaneous divergence field in CAM-FV
To demonstrate the e!ect on divergence of higher-order divergence damping in CAM-FV,

we use the same setup as in the previous section (CAM5 physical parameterization suite and
7



1.9' % 2.5' resolution). Fig. 4 shows the instantaneous divergence Di j at model level 13 (ap-
proximately 200 hPa) computed using the discretization of divergence used in CAM-FV 3 given
in (9), for di!erent divergence damping congurations. First we note that the original second-
order divergence damping conguration does not eliminate grid-scale noise in the divergence
eld. The noise tends to be aligned with latitudes and for the particular day shown in Fig. 4 the
noise is particularly apparent o! the west coast of Africa and over the Saudi-Arabian peninsula
(white color circles on Fig. 4a). Doubling the second-order divergence damping coe$cient alle-
viates the noise but does not remove it (see Fig. 4b - o! the coast of west Africa). As observed
in the TKE analysis above, a doubling of µ2 unnecessarily damps longer wavelength. Fourth-
order divergence damping congurations with µ 4 = 1/100 (Fig. 4c) and µ4 = 1/200 (Fig. 4d),
respectively, alleviates the noise in the divergence eld for the particular case shown in Fig. 4.

It is hard to be certain that the noise in the 4 day forecast was eliminated due to enhanced
damping rather than the chaotic evolution of the modied model trajectories because the noise
in the divergence eld appears sporadic in space and time. However, there seem to be high cor-
relations between zonal wind speed and noise levels as illustrated in Fig. 5. The noise in the
divergence eld is predominantly aligned with latitudes; hence the di!erence between the �‘raw�’
divergence eld and the divergence eld ltered with a 1-2-1 lter along longitudes emphasizes
regions with noise. Fig. 5(a-d) show the monthly average of RMS (root mean square) for this
di!erence eld and Fig. 5(e) shows the monthly averaged zonal wind component. In particular,
high zonal wind-speed regions over the Pacic Ocean and o! the East coast of USA are prone
to noise in the divergence eld. Noise levels are signicantly reduced with fourth-order diver-
gence damping using µ4 = 1/100; however, since the fourth-order divergence damping strength
decreases with latitude the polar regions are more noisy compared to the run with second-order
divergence damping.

3.3. Divergence damping in CAM-FV DART
The noise problems in the CAM-FV using second-order divergence damping were initially

detected by using CAM-FV with the DART ensemble Kalman lter data assimilation system
in a numerical weather prediction application. The DART ensemble Kalman lter (Anderson,
2001) combines an ensemble of 80 6-hour CAM4 (Neale et al., 2010b) forecasts with observa-
tions to produce an ensemble analysis every 6 hours. The observations used were those in the
NCAR-NCEP reanalysis including winds and temperatures from radiosondes and aircraft, and
cloud motion vector winds, totaling roughly half a million observations per day. The assimi-
lation used advanced ensemble techniques including spatially and temporally varying adaptive
ination (Anderson, 2009), spatial localization of observations (Houtekamer and Mitchell, 2001)
and quality control of observations by comparing with the prior ensemble.

In densely observed regions, the data assimilation process can reduce the noise generated by
the model forecasts. However, in more sparsely observed regions, noise in the observations can
project onto model states so that noise in the model forecasts is amplied. Replacing second-
order divergence (µ2 = 1/128) damping with fourth-order divergence (µ 4 = 1/100) damping sig-
nicantly reduced the level of the noise in the assimilated states (see Fig. 6).

Data assimilation is a good tool for detecting this kind of noise in a climate model because
observations constrain the ensemble of states to be close to particular real atmospheric states.

3note that if computing divergence using centered nite-di!erence based on wind components averaged to the cell
centers, the grid-sale noise is averaged out through the centered nite-di!erence approximations and averaging
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Figure 4: Contour plots of instantaneous divergence in units of 10 5/s at model level k=13
(approximately 200 hPa) at day 4 starting from �‘31 Dec 1998�’-initial conditions using (a) the
�‘original�’ second-order divergence damping (µ 2 = 1/128), (b) second-order divergence damping
with a doubling of damping coe$cient (µ2 = 2/128), (c) fourth-order divergence damping with
µ4 = 1/100 and (d) fourth-order divergence damping with µ 4 = 1/200. CAM5 physics was used
and the resolution was 1.9'%2.5'. In (a) note the noise west of Africa and over the Saudi-Arabian
peninsula (indicated by white color circles).

One can then readily evaluate whether noise is reduced for a particular synoptic situation without
being concerned by the chaotic nature of longer model forecasts.

3.4. Laplacian damping in CAM-FV
A series of climate simulations with xed sea surface temperatures have been performed

using the CAM4 physical parameterization suite at increasing horizontal resolutions using the
�‘default�’ parameter settings of the 1.9' % 2.5' setup. The stratospheric polar night jet spuriously
increases as a function of horizontal resolution (see rst row in Fig. 7). By introducing the
�‘Laplacian�’ sponge layer the stratospheric polar night jet is signicantly reduced in magnitude.
At approximately 2' horizontal resolution the original CAM4 does not exhibit an excessive polar
night jet and the �‘Laplacian�’ sponge layer damping slows down the jet too much. However, at
approximately 1/2' horizontal resolution the winds in the runs with the �‘Laplacian�’ sponge layer
are improved signicantly with respect to NCAR-NCEP reanalysis data. This is also reected in
the temperature elds (not shown).

9



In CAM-FV at approximately 1/4' (0.23' % 0.31') horizontal resolution the need for higher-
order divergence damping (for stability) and enhanced sponge layer is even greater. Due to the
computational expenses of running CAM4 at this �‘ultra-high�’ resolution, the runs are relatively
short (on the order of years) and therefore the results are indicative rather than conclusive. The
sponge layer damping is not only inuencing the stratospheric jets but also the sea-level pressure
as shown in Fig. 8 (second row). The value of µdel2 used for the lower-resolution runs described
above does not seem to damp the polar night stratospheric jets enough (second-column in Fig. 8)
whereas increasing it to µdel2 = 4 % 105 m2/s slows down the jets and improves the excessive
low near Iceland in the sea-level pressure eld. Another factor that may inuence the sea-level
pressure is the gravity wave parameterization, for example, by altering the e!ective scale at
which momentum of parameterized gravity waves are deposited (k wv).

The sea-level pressure pattern is also sensitive to the strength of parameterized mountain
wave drag in the model. By specifying an 8x higher wavenumber k wv for orographic waves at
0.23' % 0.31' horizontal resolution, an improved sea-level pressure pattern is obtained, compa-
rable to that obtained from increasing µdel2 (third column in Fig. 8). The total mountain wave
momentum ux at the surface should increase roughly as kwv, without signicant changes to the
deposition level in the vertical. Thus mountain wave drag in the upper troposphere/lower strato-
sphere should also increase as kwv. While strengthening this presumably physical drag source
may allow reductions in numerical ltering it is unlikely that it will entirely eliminate the need
for it. This is an area of on-going research.

4. Conclusions

This paper documents the implementation of new damping/ltering operators in NCAR�’s
CAM-FV model. The motivation for replacing the original second-order divergence damping
in CAM-FV with fourth-order divergence damping was the observation of grid-scale noise in
CAM-FV simulations. These noise levels could lead to model failure, in particular, at high
spatial resolutions. It is demonstrated through a total kinetic energy analysis, examination of
instantaneous divergence elds in CAM-FV and by looking at the meridional wind component in
ensemble members during data-assimilation (CAM-FV DART), that the fourth-order divergence
damping alleviates the noise problems. Moreover it leads to a more robust model.

In addition to the divergence damping operator, the sponge layer at the top of the atmosphere
was modied with a �‘Laplacian�’-type damping of the velocity components. The motivation
for such a sponge-layer damping was the excessive polar night jets that develop at high spatial
resolutions when running the original CAM-FV. The �‘Laplacian�’-type damping of the velocity
components successfully slowed down the excessive polar night jets at high horizontal resolu-
tions and produced more realistic simulations in terms of zonal wind speed, sea-surface pressure
and temperature distribution.
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Figure 5: (a-d) Same as Fig. 4 but for the monthly average (January 10 to February 10, 1999)
of the RMS value of the di!erence between divergence and divergence ltered along longitudes
with a 1-2-1 lter. High values of RMS generally indicate regions with strong noise at the grid
scale in the divergence eld. The lower plot (e) is the staggered zonal wind averaged over the
same period of time.
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(a) Second order divergence damping

(b) Fourth order divergence damping

(c) Difference

Figure 6: CAM-DART results. (a) The 6-hour forecast, using the second-order divergence damp-
ing (µ2 = 1/128), of the instantaneous, staggered, meridional wind v at approximately 266 hPa.
The initial conditions are a single ensemble member analysis taken from a 1.9 ' % 2.5' CAM-FV,
DART/CAM4.0 assimilation at 12/5/2000 00Z. (b) The same as (a), but using the fourth order
divergence damping (µ4 = 1/100). (c) The second-order damping forecast minus the fourth-order
forecast highlights the reduction in grid-scale noise. The data is plotted on the regular latitude-
longitude grid without interpolation. Hence diagonal patterns/edges may look noisy even though
they are not.
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2 degree 1 degree 1/2 degree

Figure 7: Di!erences in December/January/February averaged zonal wind speed between a
CAM4 10-year mean (years 2-11) and the NCAR-NCEP reanalysis climatology. First row is
for �‘default�’ CAM-FV using second-order divergence damping (µ 2 = 1/128). Second row is
with second-order damping replaced with fourth-order divergence damping (µ 4 = 1/100) and
�‘Laplacian�’ damping/sponge near the model top (µ del2 = 3 % 105 m2/s). Left, middle and right
columns are for the approximately 2', 1' and 1/2' horizontal resolutions, respectively. The cir-
cles indicate the approximate location of the Northern hemisphere winter stratospheric jet.
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8*kwvdel2=4e5 (years 2-6) del2=3e5

Figure 8: Results for CAM4 at approximately 1/4' (0.23'%0.31') horizontal resolution. First and
second rows are zonal wind speed and sea-level pressure, respectively. Fields in the rst column
are 5 year averages during Northern Hemisphere winter (December, January, February) whereas
elds displayed in the second and third columns are 2 year averages using �‘spun-up�’ initial
conditions from the run in the rst column. First, second and third columns are based on runs with
a �‘Laplacian�’ sponge layer with damping coe$cient µ del2 = 4%105 m2/s, µdel2 = 3%105 m2/s, and
µdel2 = 3 % 105 m2/s, respectively. In the third column also kwv, a gravity wave parameterization
parameter, was altered by multiplying its �‘default�’ value eight-fold. The fourth column is the
climatological mean from the NCAR-NCEP reanalysis for the corresponding elds.

15


