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Abstract

Understanding the dynamics of climate change in its full richness requires the knowledge

of long temperature time series. Although long-term, widely distributed temperature

observations are not available, there are other forms of data, known as climate proxies,

that can have a statistical relationship with temperatures and have been used to infer

temperatures in the past before direct measurements. We propose a Bayesian hierar-

chical model to reconstruct past temperatures that integrates information from different

sources, such as proxies with different temporal resolution and forcings acting as the ex-

ternal drivers of large scale temperature evolution. Additionally, this method allows us to

quantify the uncertainty of the reconstruction in a rigorous manner. The reconstruction

method is assessed, using a global climate model as the true climate system and with

synthetic proxy data derived from the simulation. The target is to reconstruct North-

ern Hemisphere temperature from proxies that mimic the sampling and errors from tree

ring measurements, pollen indices and borehole temperatures. The forcing series used

as covariates are solar irradiance, volcanic aerosols and green house gas concentrations.

The Bayesian model was successful in integrating these different sources of information

in creating a coherent reconstruction. Within the context of this numerical testbed, a

statistical process model that includes the external forcings can improve the quality of a

hemispheric reconstruction when long time scale proxy information is not available.
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1 Introduction

Understanding the complex dynamics of the Earth’s climate system is a grand scientific

challenge in the geosciences. Recently this problem has assumed additional importance

with the scientific consensus that human activities are responsible for the global warming

observed over the last decades (IPCC 2007), and also with the expectation that green-

house gas concentrations will continue to increase in the 21st century to levels that have

not been present for millions of years. Not only will these dramatically change the global

climate, but even larger impacts are expected at a regional scale. Part of the difficulty in

making projections of climate for 50 or 100 years in the future is that the behavior of the

Earth system over such time scales has not been well observed. In our work we wish to

consider the climate over the past 1000 years as a baseline to study long term variability

and responses to variations in external forcings such as solar radiation, greenhouse gases,

atmospheric aerosols (fine particles) and other factors. Also, time spans of this length

or longer are useful for testing whether advanced climate models, also known as atmo-

sphere/ocean general circulation models (AOGCM), are able to simulate longer term

features of the climate system accurately. AOGCMs are the main scientific tool for esti-

mating future climate in response to different scenarios of greenhouse gas concentrations

and so their development and validation are important for quantifying climate change

over the next century. A statistical approach for validation is especially useful because

the discrepancy between the model simulations and observations can be contrasted with

the uncertainty in the observations themselves.

Estimates of the Northern Hemisphere (NH) temperature based on a spatial network

of stations taking direct temperature measurements only exists for the past 150 years.

Prior to this period the observations are too sparse to provide an adequate estimate of

this hemispheric average. Moreover, measurements of the ocean and upper atmosphere

are even more restricted in time being largely confined to the last 50 years. Given
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the paucity of long-term and direct measurements of the atmosphere and ocean, the

description of long term behavior of the climate system and the development of climate

models for long term simulation must rely on other sources of information. Put simply,

we need other means to determine surface temperatures before there were thermometers.

Fortunately there are other forms of data, known as climate proxies, that can have a

statistical relationship with temperature and can been used to infer temperatures in

the past before direct measurements. These proxies can give different representations

of temperature at different temporal and spatial scales. Because of the heterogeneity

among different kinds of proxies, most of the work in the paleoclimate community has

focused on reconstructions that use a single type of climate proxy to infer temperature.

Our goal is to extend reconstruction methods to exploit different kinds of climate proxies

and thereby improve the accuracy of the reconstruction at different time scales.

This work proposes Bayesian hierarchical models (BHM) that are able to combine

different kinds of climate proxies to create a single reconstruction for NH average tem-

perature and also provide rigorous measures of uncertainty in the reconstructed temper-

atures. It is not obvious how to evaluate these methods for a temperature reconstruction

where the true past temperatures are by no means available. In this paper we follow the

convention in the paleoclimate community to evaluate reconstruction approaches using

a high resolution simulation of the Earth’s climate as “truth”, and we also apply our

methods to synthetic proxy data generated from this simulation. The synthetic proxy

data bear the main characteristics of the real proxies.

A scientific contribution of this paper is an estimate of the added value of combining

proxies with different climate retention characteristics and including external forcings

series. To a statistician this is a practical exploration of different statistical designs for

climate proxy and forcing data sets. Assembling a meaningful multi-proxy data set is

by itself time consuming and thus an important question is whether such an effort is
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worth the additional accuracy in the reconstruction. A companion issue is the value of

including external forcing information into the statistical procedure, especially when the

forcing series also have observational errors. The inclusion of forcings can be criticized

as adding non-climatic information that should better be used in the post-reconstruction

to evaluate the cause of the climatic variations. However, if the forcings provide sub-

stantial improvement in the reconstruction and are included with relevant components

of statistical uncertainty then they might be very useful. In particular, we are interested

in determining the tradeoff between using external forcings jointly with a single proxy

type or using multiple proxies. To our knowledge this is the first deliberate exploration

of these statistical design/data issues for paleoclimate applications. Given the scope of

these methodological issues we defer any reconstructions based on actual observations

and their geophysical interpretation to a subsequent paper.

1.1 Multiple proxies for temperature

Different proxies preserve the climate information in different ways and therefore are

sensitive to climate variables at different time scales. One might be good at short time

scales, while another better at longer time scales. This is a key to our approach and

the Bayesian hierarchical modeling that we employ takes advantage of such comple-

mentary skills/characteristics among different proxies. In this work we consider three

widely used but distinct climate proxies: tree-rings, borehole temperatures and pollen

abundance. Tree-ring width and density are perhaps the most widely distributed and

generally used proxy and their relationship to seasonal temperatures has been extensively

studied (Fritts, 1976; Cook and Kairiukstis, 1990; Schweingruber, 1996). Although tree-

ring measurements typically have their dating accurate to the year, their ability to encode

centennial and slower climate variability is often limited by the technique used to remove

non-climatic variations in tree-ring time series (Cook et al., 1995; ; Briffa and Melvin,
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2008). Borehole depth temperature profiles directly preserve the surface temperature

variability as the surface heat diffuses downward into the earth and have been recently

used to characterize NH continental temperature for the past 500 years (Huang et al.,

2000; Harris and Chapman, 2001; Chapman et al., 2004). As opposed to tree-rings, bore-

hole temperatures are only sensitive to climate variations at multi-decadal or longer time

scales due to the attenuation by the diffusion process. As a third proxy, pollen records

provide climate information that can fill the gap between tree-ring and borehole tem-

peratures because they are considered sensitive to multi-decadal variability. Although

pollen records are widely distributed and have been used for reconstructing temperatures

at discrete periods in the past (Guiot et al., 1993, Williams et al., 2000), they have only

rarely been used in large scale temperature reconstructions for the past millennium. For

more details on these proxy characteristics, see Guiot et al. (2005).

1.2 External drivers of climate

Besides proxy measurements of past climate, there are also observations of the external

drivers of the climate system. In this work we will focus on solar irradiance, volcanism

and greenhouse gases as primary external forcings for temperature evolution. These three

forcings drive the large scale climate variation, because the climate system has to react

to any variations of these three forcings in order to restore the energy balance (Crow-

ley, 2000; IPCC 2007). A positive solar irradiance forcing tends to warm the surface,

whereas a negative one tends to cool it. Volcanism often causes sudden temperature

drops because the large amount of aerosols ejected by an explosive volcanic eruption

into the atmosphere reduces the radiation reaching the surface. Unlike those two nat-

ural forcings, recent increase in greenhouse gases, with CO2 as a major component, is

a forcing due to human activities. An important component of our statistical model is

the inclusion of an empirical model for temperature that depends on these forcings. We
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believe that this covariate information is an important addition to that from the proxy

observations (Hughes and Ammann, 2009), and also distinguishes our approach from

many conventional paleoclimate reconstructions.

1.3 Statistical estimates of past temperatures

Most studies reconstruct the past temperature by relying on only one proxy record of a

particular resolution and do not use external forcings as covariate information. For exam-

ple, Mann et al. (1998), Jones et al. 1998 and Crowley and Lowery (2000) reconstructed

the NH temperature based on annually recorded proxy data, with Esper et al. (2005)

and Briffa and Melvin (2008) exclusively based on tree-rings. Viau et al. (2006) carried

out the reconstruction by focusing on pollen only and Harris and Chapman (2001) drew

inference for the past temperature primarily based on borehole. Only a few reconstruc-

tion applications have tried to integrate data from sources with very different temporal

resolution (e.g., Beltrami et al., 1995; Huang, 2004; Moberg et al., 2005; Haslett et al.,

2006). Although they found that data integration improves the reconstruction, none of

them has integrated all three types of proxies as well as the external forcings mentioned

above. Furthermore, no work has been conducted to systematically investigate the role

of proxies and forcings and thus provide a guide for temperature reconstruction.

We develop a Bayesian Hierarchical Model (BHM) to reconstruct the NH mean tem-

perature that incorporates the information from tree-ring, pollen and borehole records

altogether, and also makes use of past forcings. BHMs have been demonstrated to be a

powerful method in solving complex problems in climatology, ecology and environmetrics

(e.g., Berliner et al., 2003; Wikle et al., 2001) by splitting a complicated model into three

basic components: an observation level, a process level and a level of prior information

on statistical parameters. In this application the observation level relates each proxy

to temperature, the process level relates temperature to the external forcings and the
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prior level specifies prior distributions of regression and variance parameters that tend

to stabilize the problem but are otherwise uninformative. The synthesis of proxies and

forcings enabled by BHMs will ideally provide more accurate reconstructions because the

strength of one component can compensate for weakness of others.

Compared to the widely used regression approach (e.g., Li et al., 2007) in the tem-

perature reconstruction, our method can avoid the possible attenuation effects caused

by errors in explanatory variables (Ammann et al., 2009), because the BHM explicitly

models the measurement error in proxies. To our knowledge Haslett et al. (2006) and

Lee et al. (2008) are the two earliest statistical approaches that consider an observational

model for the proxies. Haslett et al. first proposed a Bayesian reconstruction based on

the fossil pollen data, but they did not consider other type of proxies and external forc-

ings. Lee et al. proposed a Kalman filter approach to incorporate the external driving

factors, yet they did not consider combining proxies with different resolution.

1.4 Evaluation of reconstruction methods

In developing and testing this statistical method we take an unconventional approach in

its evaluation of scientific impact. Because there is no adequate “ground truth” available

for evaluating the fidelity of reconstruction approaches, we use a high resolution state-

of-the-art climate simulation of the past 1150 years (Ammann et al., 2007) as a means

for evaluating the method. Specifically we use the output from the climate model to

generate synthetic proxy data sets that represent the characteristics of real-world proxies

and include the forcings used in the simulation to determine how well our method can

reconstruct the model temperatures. The strategy of using synthetic data from climate

model output to evaluate the reconstruction methods is well established in the paleo-

climatology literature (Mann and Rutherford, 2002; Rutherford et al., 2003; Zorita et

al., 2003; von Storch et al., 2004; Ammann and Wahl, 2007; Lee et al., 2008) and is a
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practical solution to provide test beds that are complex but where the true temperatures

are assumed known. Finally it should be noted that the climate model has substantial

complexity relative to any tractable BHM and so studies using this model provide a rea-

sonable measure of how well a statistical model can account for high dimensional and

nonlinear geophysical process with stochastic components.

1.5 Outline of article

Section 2 gives details on the global climate model output used for evaluating the method

and the external forcings series for the past 1150 years. Section 3 describes the salient fea-

tures of different proxy data and how we generate the synthetic proxies. Section 4 presents

the BHM for combining proxies and forcings in temperature reconstruction, and discusses

several variations of the hierarchical model. Section 5 shows the results from different

hierarchical models under different combinations of proxies and forcings, answers the de-

sign questions raised in the Introduction, and analyzes the identifiability of parameters.

Section 6 discusses the strength and extensibility of this Bayesian hierarchical framework

with respect to temperature reconstruction. Finally, all the data, R files and supplement

material involved in this paper are posted at http://www.image.ucar.edu/Data/.

2 Climate model output and radiative forcings

Climate system models are large computer codes that implement the basic physical equa-

tions for fluid dynamics and for thermodynamics to describe the motion of the atmo-

sphere, ocean and sea ice and their interaction with the land. The models are highly

nonlinear and expressed in a differential form where the state of the climate system is

stepped from one time point to the next over a short time interval by solving a large

system of coupled partial differential equations. The model simulations are started by

initial conditions of the ocean, atmosphere and sea ice and are then subsequently driven
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by internal variability that is modulated or changed over time by external forcings such

as solar irradiance, volcanic aerosols and greenhouse gas concentrations. In addition,

topography and an annual cycle of land cover are prescribed as boundary conditions for

the atmosphere over land. Averaging the results of the model over a specific time period

provides an estimate of the climate of the model.

The climate simulation used in this work (Ammann et al., 2007) is a run of the

National Center for Atmospheric Research (NCAR) Community Climate System Model

(CCSM) Version 1.4 (Boville et al., 2001; Otto-Bliesner and Brady, 2001). The model

atmosphere and land components were configured with a resolution of 3.750 × 3.750 or

400km×400km, a 30 resolution in the ocean with meridional resolution of < 10 at the

equator. Details of this experiment can be found in Ammann et al. (2007) and at

http://www.ccsm.ucar.edu. Its simulated global annual temperature during 850-1999 is

shown in Figure 1. A near hockey stick shape of this temperature series results from the

increased forcings due to greenhouse gases. This shape, while a realistic representation

of how temperature has increased, can cause a bias in the reconstruction and is discussed

in the section on numerical results.

The three external forcings we consider here are solar irradiance, volcanism and green-

house gases. Those are also the key forcings used in the simulation by Ammann et al.

(2007). For simplicity, we have not separated out tropospheric aerosol, as its variation af-

ter 1870 is similar to the greenhouse gases. The solar irradiance series is a reconstruction

by Bard et al. (2000) and is derived from measurements of fluctuations of 10Be produc-

tion rates which is modulated by solar magnetic variability. The volcanic series is based

on a synthesis of individual ice cores (see http://www.ncdc.noaa.gov/paleo/icecore.html)

and in some cases on historical records of large eruptions. It is then transformed to be an

estimate of volcanic sulfate aerosol mass (Ammann et al., 2007) whose amplitude reflects

the radiation reduction. The change in greenhouse gases and its forcing prior to the 1950s
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Figure 1: The diagram of three forcings. The grey curve is the NH temperature, and

among the black curves a is the volcanism, b is the solar irradiance and c is the greenhouse

gases. All the curves are scaled in order to show them clearly in one figure.

is derived from air bubbles in ice cores and then direct measurements exist subsequently.

We use carbon dioxide as a simple representation because other gases changed very sim-

ilarly, albeit with different relative concentration. The shape of the carbon dioxide series

is dominated by the first slow then rapid increase since the beginning of the 19th century.

Figure 1 illustrates the three forcing series.

Because the BHM will estimate the regression relationship between these variables and

temperature, the individual scales of these series will not affect the reconstruction. This

is useful as some of the uncertainty or error in these series is attributed to the absolute

scale. For example, most discrepancies among different solar irradiance estimates are due

to different scaling (Bard et al., 2000) which has little effect to our approach. The year

to year variation in the greenhouse effect is very small for centuries before about 1800

and will have negligible effect because the key impact will more likely occur at the end

of the time series. The estimates of volcanism, however, bears uncertainty in individual

events that can reach 50% of the magnitude (Rind, 1995 and Zielinski, 2000), and thus
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needs to be taken into account by a statistical model.

3 Climate proxies observations and generating syn-

thetic proxies

3.1 Tree rings

Variation in the width and density of tree-rings represent the most widely known cli-

mate proxy. Moreover, the wide geophysical distribution of trees make them well suited

to high-resolution paleoclimate research. As a result of strong replication within and

between specific sites and regions, and careful checking for common patterns, dating is

effectively absolute, i.e., accurate to the year. However, the potentially limited ability of

capturing centennial and slower climate variability might inhibit the tree-ring networks

from representing climate uniformly across the frequency spectrum, and hence the tree-

ring based reconstruction should be viewed with caution for time scales ranging from

multi-decadal to multi-centennial (Cook et al., 1995).

Synthetic tree-ring observations

To generate synthetic but realistic tree-rings from the climate model simulation, we first

select 15 local temperature series from the CCSM output and then generate 15 pseudo

tree-ring records by a high pass filter. Specifically, we subtract the 10-year smoothing

average from each of the local temperature series to give a filtered result. This might

be an extreme approach for representing tree-ring information that perhaps in reality

will not occur so drastically. However, the high frequency representation of tree-rings

in general has been well studied and accepted in the dendrochronology community (e.g.,

Cook et al., 1995 and Briffa et al., 1996), and the strategy of treating tree-rings only being

informative at high frequencies was originally employed by Moberg et al. (2005). So it

serves the purpose of our study that evaluates the capability of our method in combining
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different proxies. Figure 2 shows the 15 locations and Figure 3 gives an example of

generated tree-rings.

Figure 2: Pseudo-proxy sampling locations in the Community Climate System Model.
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Figure 3: An example of synthetic tree-rings and synthetic pollen together with the

temperature (grey curve). The tree-rings are represented by the upper black curve, and

the pollen is shown by dots which are observed at every 30 years. The black curve with

dots embedded is the 10 year smoothing average of the temperature.
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3.2 Borehole temperatures

Temperature-depth profiles measured in boreholes contain a record of surface tempera-

ture changes due to the thermal diffusion in the Earth, hence they provide a means to

directly estimate the past temperatures through inversion of the down-core temperature

profile after taking the natural geothermal gradient into account (e.g., Beltrami, 2001).

However, the borehole profile itself is unable to recover the surface temperatures at an-

nual resolution, because the ground essentially behaves as a low pass filter only retaining

the long term trends of climate. In particular, the filtering becomes more and more severe

with time further back and thus smears out the potentially recoverable temperatures. As

a result, borehole temperatures are only sensitive to climate variations at multi-decadal

or longer time scales (Gonzalez-Rouco et al., 2003; Mann and Schmidt, 2003; Chapman

et al., 2004 and Huang, 2004). Recently, borehole derived temperature estimates have

attracted much attention because several studies have systematically pointed towards a

larger temperature change since AD 1500 over the NH continents compared to the other

reconstructions (e.g., Huang et al., 2000).

Synthetic borehole observations

Unlike generating synthetic tree-ring proxies using individual temperature series, we gen-

erate borehole data based on five regional composite temperature series. These five com-

posite temperature series are the local average of model temperature output over five

200 × 200 squares as shown in Figure 2. The distribution of those locations reasonably

represents the spread of real borehole data (Huang et al., 2000). Due to the complexity

of the physical process in forming the borehole profile, the algorithm to generate the

borehole depth temperature is not straightforward. Therefore, we follow the modern

pre-observational mean-surface air temperature (POM-SAT) model which was originally

derived by Carslaw and Jaegar (1959) and recently discussed by Harris and Chapman

(2001) and Harris (2007) to simulate the borehole profiles up to 500m. The value of the
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profile at every 5m depth interval is considered the synthetic depth temperature. The

POM-SAT model basically describes the diffusion process of surface temperature given

an appropriate initial condition while having the attenuation of a thermal perturbation

with respect to depth taken into account. This model has proven to be consistent with all

diffusion processes (Harris, 2007). To illustrate the characteristic of the borehole data,

we show in Figure 4 artificial examples of how a 1000-year long constant time series with

a perturbation at different ages is represented in the borehole temperature profile. As

expected for a diffusion process, the older a surface perturbation, the more smeared out

in the borehole profile. For example, the temperature profile corresponding to the time

series with the earliest pulse is the most flat among the five due to the severe smearing

of this pulse, whereas the profile corresponding to the latest pulse displays a clear per-

turbation. As a consequence, the flat profile lost the most information about the exact

timing, the nature and duration of the pulse.
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Figure 4: The borehole profile corresponding to the temperature series with a pulse at

different time locations. This illustrates that the older a surface perturbation, the more

smeared out in the borehole profile due to the diffusion.
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3.3 Pollen indices

Pollen assemblages retain a smoothed record of climate variation due to the persistence

properties of mature plants (Brown et al., 2005), even where the data itself might be

available at higher resolution. Since fossil pollen records possess skills in recovering

temperatures at bi-decadal to semi-centennial time resolution, they provide climate in-

formation that can fill the gap between tree-rings and borehole data (Bradley, 1999).

Synthetic pollen observations

Similar to the procedure of generating synthetic borehole proxies, we select 10 regional

composite temperature series as the local average of 7.50×7.50 squares to generate pollen

data. The locations of those squares are also shown in Figure 2. As discussed above that

pollen carries information only at multi-decadal temporal resolution, we therefore mimic

a pollen assemblage by sampling a 10-year average temperature series at 30 year intervals.

The strategy of having pollen contain only lower frequency information than tree-rings

is analogous to the wavelet decomposition in Moberg et al. (2005). Figure 3 gives an

example of such a generated pollen series.

Note that the above three temperature transformations in Section 3.1 to 3.3 for gen-

erating proxies determine the three transformation matrices of MD, MP and MB in

Section 4. More details of synthetic proxies generation can be seen in the supplement

and the corresponding R files.

3.4 Noise in proxies

Real world proxies are expected to contain extra noise in addition to the uncertainty

between temperature at local scales and the hemispheric average. In order to assess the

sensitivity of our approach to the noise in proxies, we additionally synthesize another set

of proxies with an error component by adding white noise to the local/regional tempera-

ture series before they are processed to generate synthetic tree-rings, pollen and borehole.
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The variance of the noise is chosen to give a signal to noise ratio of 1:4 that conservatively

reflects the expected precision in actual data (Mann et al., 2005). The reason that we

add random perturbation to the original temperature rather than directly to the syn-

thetic proxies is to preserve the smooth profile of pollen and borehole temperatures, and

it more realistically represents the local climate noise that subsequently carries over into

the proxy archives.

4 Bayesian hierarchical model

BHMs split a complicated model into three basic components. The data model occupies

one level of the hierarchy, while the process model resides below it. Typically, a third

hierarchical level contains statistical models, also called priors, for unknown parameters

that includes additional physical information. The levels are formally generated by a

series of conditioning steps where one level is conditioned on knowledge of the levels

below it. The reader is referred to Banerjee et al. (2004) for an introduction to BHMs.

Let [X, Y ] denote the joint probability density function of the random variables X and Y

and [X|Y ] the conditional density of X given Y . Now let P denote proxy observations,

T the NH temperature process and θ a set of statistical parameters that are involved

in specifying the joint distribution of P and T . The model specification is precisely

the joint distribution [P, T,θ]. This form can be built from the product of conditional

distributions:

[P, T,θ] = [P |T,θ][T |θ][θ].

Regarding the paleoclimate reconstruction problem an adumbration of the hierarchial

levels is (i) Data stage [P |T,θ], (ii) Process stage [T |θ], (iii) Priors [θ]. Level (i) focuses

on modeling statistical errors of the observed data and presents the likelihood of the

observed proxies given the true temperature process, while level (ii) models the temper-
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ature process from the physical perspective. Level (iii) gives prior distributions of the

unknown parameters and closes the hierarchy.

4.1 Full model

Let Di, Pj and Bk be vectors of synthetic tree-ring (Dendrochronology), Pollen and

Borehole data indexed by their various locations. Note that these groups of proxy vectors

will have different lengths due to their sampling. Moreover, each tree-ring and pollen

vectors are indexed with respect to time, and the borehole vectors are indexed by depth.

Let S, V0, and C be the time series vectors of solar irradiance, volcanism and greenhouse

gases, and let V denote the volcanic series with error. Also let 1 denote a vector of ones

with a generic length which will be determined individually by the conformable condition

according to the local context.

Let MD, MP and MB be the three transformation matrices to link temperature series

to tree-ring, pollen and borehole, respectively. Here we assume that those transformations

are known. Although the real relationship between proxies and temperatures can be

more complex than such a linear transformation, those three matrices are derived from

the main characteristics of tree-ring, pollen and borehole data described in Section 3.

More specifically, they represent the linear filters used to generate the corresponding

pseudo proxies from the model temperature series. For example, the MB is derived

from the POM-SAT model that is used to generate synthetic borehole profiles. Note that

those matrices can be easily updated if more precise working models between proxies and

temperatures are developed. Finally it is useful to partition the full length temperature

process T into the unknown temperatures T1 requiring reconstruction over the time span

of available proxy data, and the observed instrumental temperatures T2 (1850-present),

i.e., T = (T′1,T
′
2)
′. Then we have the data and process models below:
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(i) Data stage:

Di|(T′1,T′2)′ = µiD1 + βiDMD(T′1,T
′
2)
′ + εiD, εiD ∼ AR(2)(σ2

D, φ1D, φ2D), (4.1)

Pj|(T′1,T′2)′ = µjP 1 + βjP MP (T′1,T
′
2)
′ + εjP , εjP ∼ AR(2)(σ2

P , φ1P , φ2P ), (4.2)

Bk|(T′1,T′2)′ = MB{µkB1 + βkB(T′1,T
′
2)
′ + εkB}, εkB ∼ iid N(0, σ2

B), (4.3)

V|V0 = (1 + εV )V0, εV ∼ iid N(0, 1/64); (4.4)

(ii) Process stage:

(T′1,T
′
2)
′|(S,V0,C) = β01 + β1S + β2V0 + β3C + εT , εT ∼ AR(2)(σ2

T , φ1T , φ2T ).

(4.5)

The target is to estimate T1 given T2, the proxies and the forcings. Forward models

(4.1) to (4.3) describe the statistical relationship between proxies and the true tempera-

ture process. Those models assume a stationary linear relationship between a local proxy

and NH temperature over time and also conditional independency between proxies given

true temperatures. The special form of model (4.3) respects the smooth feature of the

borehole profile by applying the smooth filter MB also to the error term εkB, because as

opposed to tree-rings and pollen assemblage the real borehole profile is a smooth curve.

Proxies of the same type but from different locations, such as the 15 tree-rings, 10 pollens

or 5 boreholes generated in Section 3, are allowed to have different regression coefficients

including the intercepts and slopes, but they all share the same parameters in the er-

ror process to retain the parsimony of the whole model. This restriction is reasonable

if the proxies are first standardized before being used, which is a standard method in

paleoclimatology (Bradley and Jones, 1993; Osborn and Briffa, 2006).

Model (4.4) accounts for the uncertainty in the volcanism which is estimated to be

between ±25% of the magnitude of the individual volcanic pulses themselves. Model

(4.5) brings the physical understanding of temperature evolution based on energy balance

theory into the reconstruction. Although our BHM contains only linear models, we could
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of course replace those linear models by more complicated ones. However, we found that

the linear models suffice for our data, and the problem at hand, i.e., reconstructing NH

mean temperature (Mann et al., 2008). The choice of autoregressive model of order 2

(AR(2)) for error processes seems slightly conservative when examined using the real data

in a context that is similar but still different from our model. Nevertheless, we make this

choice to account for any potentially extra correlation structures in our model setting.

An AR(2)(σ2, φ1, φ2) process is defined as et = φ1et−1+φ2et−2+εt, εt ∼ iid Normal(0, σ2).

The choice of priors and the justification for the linear models with AR(2) error structure

can be seen in the supplement.

4.2 Sampling from the posterior distribution

The specific choice of priors for time lag coefficients (φ1L, φ2L) with L ∈ {D,P, T} guar-

antees their corresponding AR(2) process to be stationary and causal (Shumway and

Stoffer, 2006, ch. 3), and the conjugate priors for all the other parameters allow for

an explicit full conditional posterior distribution for those parameters and T1. There

is no closed form for the posterior distribution of time lag coefficients. Thus the pos-

terior is sampled by alternating the Gibbs sampler, which is used for updating T1 and

parameters with explicit full conditional distribution, and the Metropolis-Hasting (M-H)

algorithm, which is used for updating autoregressive parameters. More specifically, we

generate posteriors by Gibbs sampling for T1, V0, (µiL, βiL) with L ∈ {D,P,B}, βi with

i = 0, 1, 2, 3 and σ2
L with L ∈ {D,P,B, T}, and generate posteriors by M-H for (φ1L, φ2L)

with L ∈ {D,P, T}.

Whenever the M-H algorithm is used, the acceptance rate is tuned to be roughly

between 25% and 50% to secure adequate mixing of posterior samples (Gelman et al.,

1996). We choose the hyperparameters µ̃iL = 0 and µ̃′iL = 1 for L ∈ {D,P,B}, because

this represents the ideal case when the local/regional temperatures are not biased against
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the NH temperature. For a similar reason, µ̃i is set to be 0, 1, 1, 1 for i = 0, 1, 2, 3. We

found the results are robust to different choices of those hyperparameters. In order to let

the data determine the final estimates of the regression coefficients, we choose a relatively

wide variance σ̃2
iL = σ̃′

2

iL = 1 for L ∈ {D,P,B} and σ̃2
i = 1 for i = 0, 1, 2, 3 to make the

priors less informative. The hyperparameters (q̃L, r̃L) with L ∈ {D,P,B, T} are set to

be (3, 1) which corresponds to relatively vague prior knowledge. The convergence check

by starting sampling from different sets of initial values indicates that β0, β2, which is

the scale parameter for zero-inflated volcanism, and σ2
T in the process model converge

less well than the others. However, our main interest, the temperature reconstructions

appear to be very insensitive to different initial values (see the supplement for details).

4.3 Simplifications of the full BHM

In order to answer questions raised in the Introduction, we consider several simplifications

of the full model. Here we list the different factors that will figure into our numerical

study.

Temperature process model without external forcings

In order to identify the role of forcings in the reconstruction, we compare reconstructions

with forcings and without forcings being incorporated. We form BHMs without forcings

by omitting (4.4) and replacing model (4.5) in the process stage by

(T′1,T
′
2)
′ = β01 + εT , εT ∼ AR(2)(σ2

T , φ1T , φ2T ).

This is equivalent to setting the regression coefficients equal to zero in the full process

model. The discrepancy between results of this variation and the full model reveals the

value of the external forcings at the process level.

An “oracle” proxy

Since we are dealing with climate model output that serves for our data samples, there
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is an opportunity to test the reconstruction skill of the BHM approach under optimal

conditions, i.e., if instead of local proxy data there would have existed long perfect

instrumental series at the same locations. Therefore, we consider an oracle3 proxy that

contains full knowledge of the true temperatures at the gridbox locations. These idealized

proxies can be interpreted as having thermometers back in time at these locations and

the reconstruction error then is dominated by the skill of these locations in reproducing

the hemispheric average. The oracle reconstruction is a benchmark because it is the best

reconstruction from a selected sample of local/regional temperature series. To obtain

the “oracle” reconstruction, we replace the three data models (4.1) to (4.3) by one single

model

Tl|(T′1,T′2)′ = µl1 + βl(T
′
1,T

′
2)
′ + εl, εl ∼ AR(2)(σ2, φ1, φ2),

where Tl are the grid box temperature time series (30 in total) that are used to generate

all three types of proxies. The other levels in the hierarchy are kept the same.

Subsets of proxies

Although the oracle experiment provides a baseline reference, our main interest is in

separating the contribution of each proxy to the reconstruction, and examining how

deficiencies in one could be compensated for by others. This can be accomplished by

reducing the full model into a sequence of submodels that only contain a subset of the

three proxies, that is, this can be carried out by omitting different sets of proxies from

the data level.

Partial temperature process model

The temperature reconstruction usually assumes a stationary relationship between tem-

peratures and proxies across time, and this is also implied in our hierarchical models. In

addition, we assume that the temperature process at the prediction period T1 and at

3After the legendary oracle in the temple at Delphi that provided divine answers to questions posed

by visitors.
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the calibration period T2 follow the same model. Thus it imposes the constraint that

the mean function of temperatures, either as a function of forcings or as a constant, is

identical for both the calibration and prediction periods. One can relax this constraints

by modeling only T1 in the process stage, and investigate the effects caused by this

assumption. In this case, the process model (4.5) becomes

T1|(S,V0,C) = β01 + β1S + β2V0 + β3C + εT , εT ∼ AR(2)(σ2
T , φ1T , φ2T ).

5 Numerical study

Motivated by the issues raised in the introduction we evaluated the following five different

subsets of proxy or related data.

(T) : Oracle proxies

(D) : Tree-ring (Dendrochronology) only

(DP) : Tree-ring + Pollen,

(DB) : Tree-ring + Borehole,

(DBP) : Tree-ring + Borehole + Pollen.

For each of these cases we explored the different BHM choices with a 23 factorial

design: with/without forcing covariates, with/without proxy noise and modeling T1/T

in the process model. Thus our study consists of a total of 5×23 separate reconstructions

that can be compared to the actual model temperatures. The bias and the variance

of differences between the reconstruction and target are two informative measures to

evaluate the reconstruction with their sum being the root mean squared error (rmse).

Both low bias and low variance are desirable for being a good reconstruction, and we

report the bias, variance and rmse for all reconstructions in Figure 5. In general the

patterns are what one can expect with the rmse decreasing as proxies are added and the

oracle proxy having the smallest rmse.

In order to more formally compare different reconstructions, we employ the posterior
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Figure 5: Bias, variance and rmse of the reconstructions for five data models and 23 sce-

narios that are combinations of with/without forcings, with/without noise and modeling

T1/T in the process stage. “C” and “F” are the reconstructions without forcings (with

constant mean function) and with forcings incorporated, respectively.
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predictive loss criterion proposed in Gelfand and Ghosh (1998) that considers predictive

biases penalized by predictive variances. Specifically, we consider a loss function Dk(m)

for each model (reconstruction) m, m = 1, 2, . . . , 40,

Dk(m) = P (m) +
k

k + 1
G(m),

where k ≥ 0 is a weighting parameter, P (m) is the sum of predictive variances that

imposes penalty on the complexity of models and G(m) is the sum of squared errors that

measures the goodness-of-fit. Letting k →∞, we have D(m) = P (m) +G(m). For each

of the 40 models, we studied Dk(m) for k = 1, 3, 9 and ∞. We found that the ordering

of models under Dk(m) is insensitive to the choice of k, and moreover, the pattern of

D(m) highly matches the pattern of rmse in Figure 5(c) (see supplement). Therefore,

for convenience we simply examine rmse for model comparison.

5.1 The value of forcings and proxies

Influence of external forcings

Forcings play a very important role in obtaining a well calibrated and sharp reconstruc-

tion. As seen in Figure 5, in all cases inclusion of forcing covariates reduce the bias,

the variance and thus rmse. In particular, when there is no pollen data involved, forc-

ings dramatically improve the performance of the reconstruction based on tree-rings or a

combination of tree-rings and borehole. Yet once pollen is being employed, the benefit of

incorporating forcings becomes less remarkable. Again, this is geophysically not surpris-

ing because pollen data contain the variability information of decadal to centennial scale.

In short, external forcings are helpful if the included proxy data do not well represent

the low frequency variability.

Skill of proxies

We focus on the five data models (T, D, DP, DB, DBP) where forcings are absent, proxies

are not subject to noise, and constant mean process model is assumed for T = (T′1,T
′
2)
′
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rather than only T1, to study the contribution due to each type of proxies. This corre-

sponds to the “C” points in the leftmost panels of Figures 5(a) to (c), and the patterns

in those plots roughly imply the role of each type of proxy. To more clearly illustrate

the benefit of incorporating a particular type of proxy, we compare the spectrum of the

reconstruction residuals from the five different data subsets. The residual spectrum at

different frequencies measures the variation component that we missed in the reconstruc-

tion at that specific frequency. Figure 6 shows that the spectrum based on data models

(D) and (DB) look similar and also the spectrum based on data models (DP) and (DBP)

are hardly differentiable, although the latter two have smaller power at low frequencies

due to the involvement of pollen proxies in the reconstruction. Since pollen was sam-

pled every 30 years from a 10 year smoothing average of temperatures, it would thus

be expected to retain the variability at around a 30 year period. This is verified by the

observation that the spectrum of (DP) and (DBP) departures from the spectrum of (D)

and (DB) at about a 30 year period after an agreement at high frequencies. Borehole

information does not appear to contribute much because the spectrum only describes the

variation whereas the information therein is smeared too much to recover any detail of

temperature evolution other than a long term trend. However, as seen in Figure 5(a)

the borehole does help to reduce the bias a bit. Overall, compared to the oracle proxies

(T), the reconstructions using other proxies perform well at high frequency but are less

precise at low frequency, as part of the low frequency information is lost in pollen and

borehole.

5.2 Other inferences

Cause of bias

It can be seen from Figure 5(a) that the reconstruction when T = (T′1,T
′
2)
′ is modeled in

the process stage carries some systematic positive bias. This positive bias is pronounced
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Figure 6: Using smoothed spectrum of reconstruction residuals from the five data models

to illustrate the frequency band at which proxies capture the variation of the temperature

process. Both axes are plotted on a logarithmic scale.

in cases where forcings or information at longer time scales is not available, i.e., T is

modeled as an AR(2) with constant mean which corresponds to the “C” points in the

figure, and no pollen is used in the reconstruction. The reason for the positive bias is

because the observed T2 which serves the primary source to estimate the mean of T has

higher mean temperature than T1, but was nonetheless assumed to have the same mean

function as T1 in the model. Therefore, after we remove this a priori assumption and

only leave T1 in the process stage as described in the partial temperature process model

in Section 4.3, the positive bias has been largely reduced. Another way to reduce the

bias is to incorporate external forcings since this enables the temperature process to be

estimated by its dependency on forcings. In this way the difference in mean functions is

accounted for by the varying external forcings.

If bias is the primary concern, one should consider the reconstruction that is based

on modeling only T1 in the process stage, though one would have to accept that it will

carry more variance. Note that the oracle reconstruction is not necessarily the optimal
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reconstruction just in terms of bias. We can see that some reconstructions have even lower

bias than their corresponding oracle experiment. Yet due to the bias-variance trade off,

the oracle reconstruction is the best in terms of rmse. This is particularly visible when

realistic noise is applied into proxies.

Sensitivity to noise in proxies

Not surprisingly, the noise in proxies introduces both bias and more variability in the

reconstructions. We can see from Figure 5 that with the substantial amount of noise

added to the proxies, the performance of the reconstruction deteriorates some but not

terribly. It is worth noting that our results are only based on one set of contaminated

proxies. Given different noise, the performance is slightly different, but does not appre-

ciably change the basic conclusion.

5.3 Posterior samples of the reconstructed temperature

We select model (DP) with forcings to show examples of the reconstruction at three

scenarios. Figure 7a is for modeling T and no noise, Figure 7b for modeling T1 and no

noise, and Figure 7c for modeling T and with noise. To make this comparison clearer we

report posterior reconstructions for decadal average temperature. In all those figures, the

95% uncertainty band calculated from the posterior samples is also displayed together

with the reconstruction. In Figure 7, all the reconstructions follow the trend of the

target very well, although they seem to miss some details. Comparison between panel a

and b in this figure shows that by modeling only the unknown T1 in the process stage

can effectively reduce the bias caused by assuming T1 and T2 to have the same mean

function. The difference between panels a and b and panel c illustrates the larger bias

and wider uncertainty band introduced by noise. In panels a and b, the uncertainty band

covers the target temperatures fairly well, while in panel c the coverage deteriorates due

to the bias.
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In addition, we formally assess the model adequacy with posterior samples. Using the

criterion of verification rank histogram and coverage probability of posterior distributions

as in Gel et al. (2004), we assess our models by comparing the performance of the

reconstructions that are based on synthetic proxies to the reference reconstruction that

is based on “oracle” proxies. This is because the reference reconstruction reaches the

capacity of those “oracle” proxies (local temperatures) in recovering the NH temperature

and thus can serve as a baseline to evaluate the models for synthetic proxies. The results

show no evidence towards inadequacy of those models (see details in the supplement).
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5.4 Identifiability of parameters

We examine the posterior distribution of parameter estimates and compare them to their

corresponding priors to make sure that priors only have little influence on the parameter

estimates. We focus on the model (DBP) with forcings included and with proxy errors,

because this case has the most complex setting and provides the greatest challenge in

determining parameters. We found that in general, the posteriors are not sensitive to the

priors and this is suggested by the relatively small variance of the posteriors compared

to their priors. However, compared to the stable estimates for regression coefficients for

tree-rings, the estimates for borehole data contain more uncertainties. Moreover, the

BHM is unable to resolve the variance parameter in the borehole model. We conjecture

that this is because the transformation matrix MB is an ill-posed matrix that has a

small effective rank, on the order of 6 degrees of freedom, hence there is no way to

fully recover the temperature information from the borehole profile. This essentially has

been illustrated in Figure 4. Despite the difficulty in estimating some of the parameters

related to the borehole proxy data the resulting reconstructions are about the same as

(DP) combinations or slightly better.

6 Discussion and conclusions

This paper has proposed a new application of BHMs to reconstruct NH temperatures by

jointly using proxy data with different temporal resolutions, and using forcings as exter-

nal covariates of temperature evolution. With this method we investigated the benefits

by combining different proxies and by inclusion of the forcings. Our results showed that

a process model that includes the external forcings in the form of an energy balance can

dramatically improve the reconstruction, particularly if the applied proxy data is defi-

cient of decadal or centennial scale variability. In our numerical study this improvement

28



can be by a factor of 2 in rmse. However, its role can be partially replaced by our hypo-

thetical pollen proxy that fills this range. Tree rings play a significant role in retaining

the high frequency variability, while pollen improved the reconstruction remarkably by

capturing the variation at lower frequency band. These results make a case for attempt-

ing multi-proxy reconstructions with tree-rings and pollen assemblages and also including

external forcing covariates. Although we base these conclusions on a synthetic Monte

Carlo experiment, the climate model simulation used as truth is a complex and extensive

representation of the actual climate system and so provides confidence that these results

will extend well to real world conditions.

Pollen proxies are usually collected from sediments layers and thus possibly subject

to dating errors, that is, the date during which pollen was formed or the age of a layer in

lake sediment might not be exactly identified due to various reasons, such as the time lag

between initial plant introduction to its abundance and different sediment accumulation

rates (see Bradley, 1999). We account for the dating error to some extent by considering

additive proxy errors. However, one area of future work is to consider a more realistic

model for dating errors (Haslett and Parnell, 2008). One surprise in this work is that

the hypothetical borehole proxies do not improve the reconstruction in a significant way.

Nevertheless, in reality pollen records might not perform as well as the synthetic ones,

and in such a case borehole information may be used more effectively. Also the use of

borehole information might be improved by greater attention to the ill-posed aspects of

the data model.

We believe that our work is a positive contribution to the paleoclimate community as

it attempts to exploit all available proxy information to discern past climate. Also, when-

ever a Bayesian approach is used it will include companion measures of the reconstruction

uncertainty. One perspective of the debate concerning the Northern Hemisphere temper-

ature reconstruction proposed by Mann et al. (1998) is that most attention is centered
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on the estimate but only little on its uncertainty (see NRC 2006 for a comprehensive

report). The “hockey stick” shape, which was the center of that discussion, in our con-

text is an approximation to the posterior mean and then any assessment of the shape

must also include the uncertainty about this estimate. The concept of an ensemble of

possible states is a well recognized technique in geosciences to quantify uncertainty in an

estimate. Via Bayesian analysis, a random sample of states from the posterior provides

a rigorous and easily interpreted method for generating an ensemble.

Another advantage of the BHM framework is that it readily extends to more complex

data level or process models. Because of this flexibility we believe that the methods will

adapt to more complex statistical features of real data and the experience in this study

will transfer to more complicated cases. An important extension will be reconstructing

the space-time temperature process instead of the NH temperature based on the work

of Tingley and Huybers (2009), and further reconstructing the multivariate space-time

climate process. Climate variables of interest include temperature, precipitation and

geopotential heights. The Bayesian framework in this article naturally lends itself to

univariate and multivariate space-time random field reconstruction. Achieving this long

term goal will provide a valuable analysis to evaluate the next generation of climate

system models and improve our understanding of past climate.
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