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Abstract

We derive an explicit expression for the coronal wind mass-loss rate in terms of either the surface field or the
surface rotation rate. This result is based on a currently used generalized torque interpolation formula (per unit
rotational velocity) expressed as a product of known monomials, separately for the magnetic field and the mass-
loss rate. The latter is assumed here to be given by an unknown monomial power of the magnetic field. This yields
a torque dependent solely on the magnetic field that must yield the square-root spin-down law. A monomial field-
rotation relation, defining the rotational power index for the field, is derived from the congruity of the decay with
age of the observed Ca II emission luminosity (with an arbitrary magnetic field power dependence) with the decay
with age of the rotational velocity. This allows one to express the mass-loss rate power index in terms of the
rotational index. We apply this constraining equation to a variety of observations. We find that even though there is
considerable scatter in the data, there is sufficient observational evidence for the reality of a linear field-rotation
relation associated with a linear temporal decay of the mass-loss rate.

Key words: stars: activity – stars: low-mass – stars: magnetic field – stars: mass-loss – stars: rotation – stars: winds,
outflows

1. Introduction

The braking action by a magnetized coronal wind is generally
represented by the equation tW = - W W( ˙ ∣ )Id dt B M Z, , , , ,
where τ is the spin-down torque and I is the moment of inertia.
The torque depends on B, which is some average large-scale
magnetic field, on Ṁ , the mass-loss rate, on Z, a combination of
stellar physical variables, like radius, mass, etc., and linearly on
Ω, some representative surface rotation rate. The implicit role of
Ω, which appears via the dependence of the other variables on Ω,
is indicated by W∣ . The torque τ is generally represented by the
Weber–Davis form t = W˙kR Ma

2 , where Ra is the Alfvén radius
where the wind flow breaks free from the constraining co-
rotating coronal magnetosphere and k is essentially a constant.
Note that we assume that the large-scale or dipole-like magnetic
field varies proportionally, at least on average, with the surface
flux outside the closed fields of active regions. We also assume
that the solar-like magnetic cycle plays a minor role.

Durney (1972) argued that if Ra
2 varies with the braking

magnetic field as B2, then with B∼Ω and a constant mass-loss
rate, one obtains a cubic integrand for the rotation rate, which
yields, assuming that the moment of inertia and other physical
parameters are constant, the observed spin-down relation,
W ~( )t t1 , the so-called Skumanich Law. Durneyʼs assump-
tion that B∼Ω was based on a conjecture in Skumanich (1972),
that because the chromospheric calcium II H & K emission line
luminosity, LHKe, in the quiet Sun depended linearly on the
magnetic field (Frazier 1970; Skumanich et al. 1975), and
because LHKe decays with the same decay relation as Ω(t), then,
by congruity, one must have ~ WLHKe , and hence B∼Ω, a
linear field-rotation relation.

2. Development

Recently, a more complex wind model has been used by
Matt et al. (2012) to derive parameterized representations of the
torque. They represented the torque by an interpolation formula
whose asymptotic (or post-saturated phase) form, which is the

observed case for the Skumanich law, is given by

t = W( ) ˙ ( )k Z B M , 1a b

where a=4m and b=(1−2m). The parameter, m, was
determined by their fitting their numerical simulations for a
dipolar field with m=0.22. We note that Matt & Pudritz
(2008) found that m=0.15 for the quadrupole field, while
Réville et al. (2015) found m=0.11 for the octupole field. It
appears that “m” is a magnetic structure parameter. We note
that for m=1/2, the monopole, Equation (1) reduces to the
Durney form. This would be the case if the acceleration of the
wind is confined close to the Sun. S. P. Matt (2018, private
communication) noted that if the acceleration extends to the
Alfvén radius, then depending on the nature of its radial profile,
one obtains m≈0.3–0.4.
Thus, the product ˙B Ma b must vary as Ω2 to get a cubic

torque and a square-root spin-down. Here, again, any secular
changes in the stellar physical parameters, represented by the
set Z in the function k, are assumed to be negligible. If we
assume that Ṁ is proportional to Bα, where α is a constant, one
has τ∼B( a+ bα) Ω. Then we must have

~ W ~ Wa a a+ +˙ ( )( ( )) ( ( ))B Mand also . 2a b a b2 2

Furthermore, if we generalize the relation between LHKe and
B and take ~ bL BHKe , then one must have

~ ~ W ~ Wb b a+( ) ( )( ( ))L t B , 3a b
HKe

2

because, by the observed congruity, we require that the Ca II
emission vary as the linear power of the rotation rate. Thus, the
constraining equation (2β/(a+bα))=1 must be satisfied.
Consequently, Equation (2) yields two relations, the field-
rotation relation

~ W b ( )B 41
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and two forms of the wind mass-loss rate,

~ W ~a b a˙ ( )M B , 5

with α/β=p−(q/β), or α=pβ−q, where p=2/(1−2m)
and q=4m/(1−2m).

We have derived an explicit form for the power index for the
mass-loss rate that depends on 1/β and “m.” The former is the
field-rotation index derived from the adopted dependence of
Ca II HKe on B, while the latter describes the coronal magnetic
field geometry. So given a rotation index one can determine a
mass-loss rate that satisfies the cubic-torque constraint for a
particular magnetic configuration. Conversely, knowing the
mass-loss rate as a function of either magnetic field or the
angular velocity of the star, one can determine the associated
rotation index.

We note two limiting cases. In the case of a constant mass-
loss rate, α=0=(α/β), one has that b = =q p m2min as
the lower limit for β or the upper limit for 1/β. The second case
is that in the asymptotic limit as b 1 0, the magnetic field
approaches a constant. In this case the Ca II emission becomes
unbounded. Consider the constraining equation in the form
1/β=(p−(α/β))/q; we see that 1/β approaches zero as
(α/β) approaches the limiting value p=2/(1− 2m). Any
rotational dependence of the mass-loss rate with an observed
α/β>p would yield a negative value for β or a contradictory
behavior for the Ca II emission luminosity. In any case the
particular observational datum does not yield a Ω3 torque.

Although the magnetic field in the vicinity of the site of the
dynamo has higher powers beyond that of the dipole, these
powers fall off faster than the dipole such that at the region
where the torque comes into play the dominant geometry is the
dipolar one; refer to See et al. (2018).

In the dipole case (1/β)mx=p/q=1/2m=1/0.44=2.27
and (α/β)mx=p=3.57, while for the quadrupole (1/β)mx=
3.33 and (α/β)mx=2.86 and for the octupole (1/β)mx=4.54
and (α/β)mx=2.56. In the (1/β, α/β) plane the acceptable
parameter domain is on a line running from (p/q, 0) to (0, p),
i.e., from (2.27, 0) to (0, 3.57) for the dipole case. We note that
the constraining line may be extended analytically over the full
plane.

3. Torque Parameter Analysis

3.1. Mass-loss Rate Based Analysis

Using an ingenious approach to determine the coronal mass-
loss rate from the interaction of a coronal wind with the local
interstellar medium Wood et al. (2002) were able to derive a
monomial power dependence of their surface mass-loss rate on
coronal X-ray surface flux-density as ~˙ ( )M R L R2

X
2 1.15,

where LX is the stellar X-ray luminosity and R is the stellar
radius. This result was based on six late type main-sequence
stars, including the Sun, and contained two binaries.

A later paper, Wood et al. (2005) with supplemental data
(3 stars of which one is a binary and one a subgiant), yielded a
steeper power, viz. 1.34. Réville et al. (2016) provided some
evidence that their own dynamical solutions do not have mass-
loss rates that reach the unusually high values derived by Wood
et al. (2005) for the young rapidly rotating stars. For this and
other reasons we use the lower power exponent.

Wood et al. (2002) combined their result with the Ayres (1997)
W( )LX activity relation given by ~ W( )L L R isinX bol

2.9 , where
i is the inclination to the line of sight and Lbol is the bolometric

luminosity. This fit is based on the Sun and a small number of
solar-like stars in four open clusters. (We show the actual
variables involved to indicate what normalization was used. We
drop such factors in the final expression for Ṁ.) The result is that
a b = =·1.15 2.9 3.34, which is sightly below the constant B
limiting value of 3.57 for the dipole. Using the 1/β version of the
constraint equation one has the datum point b a b =( )1 ,
( )0.15, 3.34 , which indicates a weakly varying field. In physical
terms one has a field-rotation relation given by ~ W b=B 1 0.15

and a mass-loss rate ~ W ~a b a= =Ṁ B3.34 22.2, with ~LHKe
b=B 6.67, certainly a very peculiar state.
A great deal of work has been done to determine a W( )LX

activity relation. Normalized variables have been introduced by
some authors in an effort to seek a “universal” relation that
applies to the entire main sequence from the partially
convective dwarfs (late-F, G, and K) to the fully convective
dwarf M stars. This normalization procedure may very well
compromise the derived monomials. Indeed, the inclusion of
binaries should be suspect.
Of interest here then is the work of Dorren et al. (1995), who

restrict their attention to single solar-like stars (spectral type G0
V to G5 V) and use LX and Ω in physical units. Their results
indicate that in the asymptotic phase (Pleiades to the Sun)

~ WLX
2.5, so a b = =·2.5 1.15 2.88, which yields 1/β=

0.44, i.e., the datum point (1/β=0.44, α/β=2.88). This
yields, in physical terms, ~ W ~ W ~b a b= =˙/ /B M,1 0.44 2.88

a=B 6.54, and ~ b=L BHKe
2.27. Again, we have a weakly varying

field, as expected for a state so near the constant-B limit case, a
quadratic-like Ca II emission, and a strong dependence of mass-
loss rate on the magnetic field, which compensates for a weakly
varying magnetic field.
A later calibration of the W( )LX relation is that of Pizzolato

et al. (2003), who found that ~ WLX
2, with a power index

independent of stellar mass and normalization, viz. where the
variables are either W( )L ,X or W( )L L L,X bol bol . With
a b = =·2 1.15 2.30, the constraint equation yields 1/β=
0.81. Here one has the datum point (1/β=0.81, α/β=2.30):
in physical terms, B∼ b=1 0.81 and ~ W ~a b a= =Ṁ B2.30 2.82

and ~ b=L BHKe
1.23. Note that here the chromospheric Ca II

emission varies almost linearly with B.
Another determination of W( )LX is that by Wright et al.

(2011), who worked with a different normalization to seek a
universal (with respect to stellar mass) activity relation. They
found that ~ W( · )/L L tcX bol

2.18, where tc is a theoretically
determined convective flow turnover time.1 The power index
2.18 yields the datum point b a b= = =( ·1 0.68, 2.18 1.15

)2.51 : in physical terms, B∼ b=1 0.68 and ~ W ~a b=Ṁ 2.51

a=B 3.68 and ~ b=L BHKe
1.47. We note that Pizzolato et al.

(2003) claimed that their alternate relation with Ω normalized
by Lbol is tantamount to introducing “tc” with ~ /t L1c bol .
Reiners et al. (2014), using the Wright et al. (2011) data list,

found that Lx scales more accurately, i.e., with reduced scatter,
with Ω as proposed by Pizzolato et al. (2003) rather than with
Wtc. They found an index of 2 rather than Wrightʼs 2.18. This
9% reduction leads to a 19% increase in the field-rotation index
1/β. This indicates how normalization may affect the index
being fitted. It also demonstrates the kind of errors that may be
present in our parameters. The datum point here is the same as
Pizzolato et al. (2003), namely (1/β=0.81, α/β=2.30); in

1 W =· /t R1c 0, i.e., inverse of the Rossby number.
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physical terms, B∼ b=1 0.81 and ~ W ~a b a= =Ṁ B2.30 2.82

and ~ b=L BHKe
1.23.

Most recently, O’Fionnagáin & Vidotto (2018) found,
working with coronal temperatures, Tcor, rather than LX, that

~ WT cor 0.38. Since Johnstone & Güdel (2015) have found that
~ ( )T L Rcor X

2 0.26 we have that ~ W =LX
0.38 0.26 1.46. This

index value is the lowest among the various extant W( )LX
correlations. The resulting datum point is b a b= =(1 1.20,

)1.68 ; in physical terms, B∼ b=1 1.20 and ~ W ~a b=Ṁ 1.68

a=B 1.40 and ~ b=L BHKe
0.83.

We consider an alternate method for deriving a value for α and
hence β and α/β from the Wood et al. (2002) ˙ ( )M LX relation
using an observed ( )L BX relation and the form ~ aṀ B . Pevtsov
et al. (2003) found a linear-like relation of X-ray luminosity with B
derived from Stokes analysis, viz. ~ ( )L BX

1.13 .05 for a large
number of individual observations ranging from solar disk
observations, integrated disk, G, K, and M dwarf stars, including
some T-Tauri stars (whose number is so low as to have little
weight in the power-law fit). We note here that Stokes analysis
returns a signed magnetic field. For unresolved sources this is an
apparent magnetic field (Maxwell per pixel area, basically the flux)
in a given pixel element. To obtain the magnetic flux that is
actually present one needs to multiply by the pixel area. One
proceeds similarly to convert from X-ray radiance to luminosity.
Using the form ~ aṀ B we must have that a = =·1.13 1.15
1.30, hence, solving for β in the constraining α(β) equation one
finds that β=0.80 and α/β=1.62, or b a b= =(1 1.25,

)1.62 . Hence, in physical terms ~ W ~ W ~b a b= =˙B M,1 1.25 1.62

a=B 1.30, and b=L BHKe
0.80. Note that Pevtsov et al. found that

different groupings of their six data sets (a total of 1310
observations) yielded power-law indices ranging “from 0.97 to
1.22 with an average of 1.13±0.05.”

A more recent determination and analysis of observational
relations for ( )L BX is given by Vidotto et al. (2014), who found
a variety of possible correlation indices. They found that these
vary with the magnetic analysis methods, viz. Zeeman
broadening (ZB) of Stokes I, Zeeman Doppler imaging (ZDI)
of Stokes V (line-of-sight field component), Stokes V
magnetograms, and finally Stokes vector (a full vector field
areal map) inversions2. We consider pointwise (apparent
magnetic field, X-ray brightness) and (integral magnetic flux,
X-ray luminosity) equivalent variables. We note that we
assume that such surface measures or their contributions to
the global measures yield an appropriate measure of the dipole
field. In particular we consider the Vidotto et al. (2014) power-
law fit to ( )L BX for their non-saturated main-sequence G to early
M stars using the ZDI methodology. The scatter is quite large
and it appears that the different normalizations yield power
indices that are essentially the same so we average the indices
and find that ~L BX

1.7. Thus, the mass-loss rate parameter
a = =·1.7 1.15 1.96 and hence β=0.99 or (1/β=1.01,
α/β=1.98). Hence, in physical terms ~ W ~b= ˙B M,1 1.01

W ~a b a= =B1.98 1.96, and ~ b=L BHKe
0.99.

3.2. Magnetic Field Based Analysis

In the previous section we used the observed mass-loss rate
to infer the dependence of the magnetic field on rotation, for a

variety of activity correlations. Here we use an observationally
determined direct field-rotation correlation to infer the mass-
loss rate dependence on either rotation or field.
Vidotto et al. (2014) fit the correlation ~ WB d using either B

or ·B R2 (magnetic flux) and Ω or W · tc and found a variety of
indices depending on the choice of normalization. It’s difficult
to decide which index to use. We take their correlation done
with physical units, which yields d=1.32 and has been used
by others. Thus, one finds that (1/β=1.32, and hence α/β=
1.50), a datum point near that derived from their ( )L BX . Here
we have that ~ W ~ ~ Wb a a b= = =˙B M B,1 1.32 1.14 1.50, and

~ b=L BHKe
0.75. Vidotto et al. considered different

“tc”functions and magnetic field normalizations, which yielded
indices that clustered around two averages, d=1.09 (five
correlations) and d=1.35 (two correlations, 1.32 and 1.38). In
the five correlations case one finds 1/β=1.09, and hence
α/β=1.86. Here ~ W ~ W ~b a b a= = =˙B M B,1 1.09 1.86 1.71,
and ~ b=L BHKe

0.92, a datum point essentially the same as that
derived from their ( )L BX .
If we use the linear Ca II emission-field relation (Frazier

1970; Skumanich et al. 1975), then one has that ~ ~ WL BHKe

with the datum point (1/β=1, α/β=2). Here ~ W b=B ,1 1

~ W ~a b a= =Ṁ B2 2 and ~ b=L BHKe
1. Note that here Ṁ is

independent of “m,” i.e., of the detailed structure of the field. A
similar independence to field structure was reported by
Skumanich & Eddy (1981), who analyzed wind calculations
for a partly open and partly closed dipolar field by Pneuman &
Kopp (1971).
The linear Ca II emission-field relation holds for the quiet

Sun with its presumably open field regions and fast wind. It has
been found that active regions show a weaker Ca II emission
dependence on magnetic field. Schrijver et al. (1989) found that
the emission varied with the magnetic field with β=0.6. Our
constraint equation yields α=0.57, or the datum point (1/β=
1.67, α/β=0.95), which means that ~ W ~b= ˙/B M,1 1.67

~ Wa a b= =/B 0.57 0.95, and ~ b=L BHKe
0.6. One must question

whether the dominantly closed active regions with their slower
helmet envelope winds are representative of the sources of the
global coronal wind. More troublesome is the choice of the
zero-point and normalization of the Ca II emission.
We now consider the work of Mittag et al. (2018), who

found that ~L LHKe X
0.40. Using the Pevtsov et al. correlation

we have that ~ ·L BHKe
1.13 0.40 or β=0.45 and hence

α=0.036. We find the datum point (1/β=2.22, α/β=
0.085), which is close to the upper limit b =( )1 2.27max where
the mass-loss rate reduces to a constant. Here one has the physical
parameter set ~ W b=B 1 2.22, ~ Wa b a= =Ṁ B,0.085 0.036, and

~ b=L BHKe
0.45.

On the other hand, if we use the Vidotto et al. ( )L BX
correlation we find that ~ ·L BHKe

1.7 0.40 or β=0.68, which is
close to the Schrijver et al. index. This, in some sense,
corroborates the reality of both indices and implies that the
Vidotto et al. correlation yields a more physical result than the
Pevtsov et al. correlation. Applying the constraint equation one
finds that α=0.86. Thus the physical parameter set is given by

~ W b=B 1 1.47, ~ Wa b=Ṁ 1.26, a=B 0.86, and ~ b=L BHKe
0.68.

It is to be noted that Mittag et al. treated the Ca II emission
zero-point (residual non-magnetic background luminosity) and
normalization differently than Skumanich (1972) or Schrijver
et al.
As with the use of the observed mass-loss rate—X-ray

emission correlation to observationally determine the α/β

2 We note that Vidotto et al. err in Table 1 where they assign the Pevtsov et al.
results, which were based on Stokes analysis, to the ZB methodology for all of
their data. Only their 16 dwarfs are to be attributed to ZB and their number is
too small to affect the power index.
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parameter, we consider the observed magnetic field—X-ray
emission relation to determine the field-rotation monomial
index, 1/β, from which we infer, by the constraint equation,
α/β, the mass-loss rate parameter.

Inverting the observed ( )L BX we have ~B L r
X. As before,

with a known W ~ W( )L s
X relation one then has an

observationally derived field-rotation relation ~ W b= ·B r s1 .
The two extant ( )L BX correlations, that of Pevtsov et al.

(2003) with r=1/1.13 and Vidotto et al. (2014) with r=
1/1.7, are significantly different. Indeed, the Pevtsov 1/β
values are 50%=1.7/1.13 larger. Here, we choose to use the
Vidotto derived correlation. Rather than enumerate our results
individually for the various W( )LX relations we list them here in
the following format(s|, b a b1 , ). One finds (2.9|, 1.71,
0.88), (2.5|, 1.47, 1.26), (2.18|, 1.28, 1.56), (2| 1.18, 1.72), (2|,
1.18, 1.72), (1.46|, 0.86, 2.22). The full physical parameter set
with their attribution is listed in Table 1 and plotted in Figure 1
along with the results from the previous part of this section as
well as from the preceding section.

For completeness we also list the results for Pevtsov et al.
One finds (2.9|, 2.57, −0.46), (2.5|, 2.21, 0.10), (2.18|, 1.93,
0.53), (2|, 1.77, 0.79), (2|, 1.77, 0.79), (1.46|, 1.29, 1.54). In
comparison one notes that the Pevtsov data, for b >1 1.5,
represent a strong field variation with a weak mass-loss rate
variation with Ω, i.e., most parameters are near the constant
mass-loss rate limit.

In summary we have used a sequence of monomials to
observationally derive one of the torque parameters and
obtained the other by requiring a cubic-torque representation.

Table 1
Dipole Field Wind Torque Parameters (Rotation Index—1/β, Mass-loss Rate Index—α/β) for Ω3 Torque

Source(s) W( )B W˙ ( )M ˙ ( )M B ( )L BHKe Methodology Variable
1/β α/β α β

W02 + AY97 0.15 3.34 22.2 6.67 Ä 

~ ~ W

˙ ( ) ( ) ˙ ( )
˙

M L L Y M Y

M L L,
X X

X
1.15

X
2.9

= W( )Y R isin , =s

W02 + DO95 0.44 2.88 6.54 2.27 ~ WLX
2.5 = WY

W02 + WR11 0.68 2.51 3.68 1.47 ~ WLX
2.18 = WY tc

W02 + PI03 0.81 2.30 2.82 1.23 ~ WLX
2 = WY

W02 + RE14 0.81 2.30 2.82 1.23 ~ WLX
2 = WY

W02 + FV18 1.20 1.68 1.40 0.83 ~ WLX
1.46 = WY

W02 + VD14 1.01 1.98 1.96 0.99 ~L BX
1.7 Y=B, = às

W02 + PE03 1.25 1.62 1.30 0.80 ~L BX
1.13 Y=B, all stars

VD14 1.09 1.86 1.71 0.92 b~ b( )B Y Y 11 = WY tc, 5 norm, = s
VD14 1.32 1.50 1.14 0.75 “” = WY
AS72 1 2 2 1 ~ Å ~ W

W ~ W

b

b

( )
( )

L B B L

B
HKe HKe

1

( )L BHKe , quiet Sun, =s

SC89 1.67 0.95 0.57 0.60 “” ( )L BHKe , active region
MT18 + VD14 1.47 1.26 0.86 0.68 Ä 

Å ~ W
( ) ( ) ( )L L L B L B

L
HKe X X HKe

HKe

~L LHKe X
0.4, ~L BX

1.7, s=+

MT18 + PE03 2.22 0.085 0.036 0.45 “” ~L LHKe X
0.4, ~L BX

1.13

VD14 + AY97 1.71 0.88 0.51 0.58 Ä 

~ ~ W

( ) ( ) ( )B L L Y B Y

B L L,
X X

X
1 1.7

X
2.9

= W( )Y R isin , = ◯s

VD14 + DO95 1.47 1.26 0.86 0.68 ~ WLX
2.5 = WY

VD14 + WR11 1.28 1.56 1.22 0.78 ~ WLX
2.18 = WY tc

VD14 + PI03 1.18 1.72 1.46 0.85 ~ WLX
2 = WY

VD14 + RE14 1.18 1.72 1.46 0.85 ~ WLX
2 = WY

VD14 + FV18 0.86 2.22 2.58 1.16 ~ WLX
1.46 = WY

JO15 1.32 ≈1.33 t = W2.89 α/β fitted to observed rotations

References. W02: Wood et al. (2002), AY97: Ayres (1997), DO95: Dorren et al. (1995), WR11: Wright et al. (2011), PI03: Pizzolato et al. (2003), RE14: Reiners
et al. (2014), FV18: O’Fionnagáin & Vidotto (2018), VD14: Vidotto et al. (2014), PE03: Pevtsov et al. (2003), AS72: Skumanich (1972), SC89: Schrijver et al.
(1989), MT18: Mittag et al. (2018), JO15: Johnstone et al. (2015). The boldface indicates an observational datum, while roman indicates derived datum, and italics
indicates assumed fixed datum; norm=normalizations; s=plot symbol.

Figure 1. Distribution of wind torque parameters (Ω-indices) for a dipole field
configuration (field-rotation index=1/β; mass-loss rate index=α/β) for an
Ω3 torque. Note that the nearly constant magnetic field situation lies in the
domain b a b<( )1 0.5, while the nearly constant mass-loss rate situation is
in the domain b a b <( )1 , 0.5 . See the text for the definitions of the data
symbols.
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We have determined the observational parameters: (1) α/β by
the sequence Ṁ(LX(Ω)) marked in Table 1 and Figure 1 by the
symbol “,” (2) α by Ṁ(LX(B)) marked by “∇,” (3) 1/β by
either B(Ω) marked by “à,” or W( ( )B LX ) marked by “◯,” and
(4) β by either ( )L BHKe marked by “” or by LHKe(LX(B))
marked by “+”.

4. Discussion

Table 1 and Figure 1 summarize the variety of monomial
power indices resulting from different observational correla-
tions. Note that in Figure 1 data with 1/β�0.5 represent a
strongly varying mass-loss rate situation with a nearly constant
magnetic field, while for 1/β data with α/β�0.5 represent a
nearly constant mass-loss rate with a strongly varying
magnetic field.

Our parameters cover the entire range of the allowed
domain, i.e., one that satisfies the Ω-cube torque condition for
the dipole field. This is no surprise given the differences in the
observed W( )LX correlations. This lack of agreement is also
evident among the ( )B LHKe as well as the ( )B LX correlations.
We have noted previously the role of normalization, zero-point,
and population sample issues as contributing to such
disparities. It is obvious that some of the correlations used
here are not consistent with others and are probably in error.
Such correlations may be identified by their unrealistic values
for the mass-loss parameter α and/or the Ca II emission
parameter β.

Nonetheless, the clustering of the data around 1/β=1
suggests that we may consider some average to identify the
nature of the field-rotation relation and the associated the mass-
loss rate-rotation relation. This may represent an average over
unaccounted “errors” in the observational variables used here.
If we consider the averaging domain to be 1/β=1±0.37, we
find bá ñ =1 1.05 and a bá ñ = 1.92 (13 points). Thus, we
infer that the observational data considered here imply a linear
field-rotation relation and a quadratic mass-loss rate relation in
Ω. The latter indicates a inverse linear temporal decay of the
mass-loss rate.

We note that our results essentially agree with the thermal
(driven by MHD turbulence) wind calculations for Ṁ by
Cranmer & Saar (2011), who found that, in their asymptotic
region, ~ WṀ 2.04 with W ~ -t 0.54. This leads to ~ -Ṁ t 1.1;
see their page 18.

Our semi-empirical linear field-rotation relation is also
consistent with the theoretical calculations of MacGregor &
Brenner (1991). They find that, with a “simple parameterized
model for the redistribution of angular momentum within the
interiors of solar-type stars,” which is coupled “with a
description of angular momentum loss through the action of
a magnetically coupled wind,” they were “able to trace the
rotational histories of low-mass dwarf stars.” They found that
“the best agreement with observational constraints [was] for a
surface magnetic field strength which is largely independent of
surface angular velocity Ω for rapid rotation, and approxi-
mately linearly dependent on Ω” for slow rotators.

We note here that we have assumed that the open magnetic
field, i.e., the braking field, in the Matt et al. torque equation, is
linearly proportional to the fields measured in the various
correlations used herein. In fact one needs to separate out
closed from open fields close to the stellar surface. Recall that
the rotation index, 1/β, derived (with the congruity condition)
from the Skumanich et al. quiet Sun calibration of ( )L BHKe is

smaller than that from the calibration by Schrijver et al. which
refers to active regions. This might be due to an open versus
closed field effect. However, Cranmer & Saar (2011) suggested
that, in their empirical study of W( )B , the rotation index for
open fields is larger than that for the closed fields, namely
1/β=3.4 versus 2.5 (they use total magnetic flux, which is
expressed in terms of a fill factor f (Ω)). Note that neither index
satisfies the Ω3 torque requirement (i.e., the square-root spin-
down requirement).
Since stellar dynamos make more than purely dipolar fields

we consider here the consequences of the quadrupole value
m=0.15. The result is a counterclockwise rotation of the
allowed domain represented by the dotted line in Figure 2. The
line is defined in Figure 2 by the endpoints (1/β=0, α/
β=2.86) and (1/β=3, α/β=0.28). The first two rows of
data points in the table are no longer representable by an Ω3

torque. The distribution of points along the line is similar to
that in Figure 1. When we calculate the average of the
parameters over the same domain used for the dipole case we
find bá ñ =1 1.08 and a bá ñ = 1.93 (12 points). We reach the
same conclusion as in the dipole case.
Finally, for completeness we also consider the octupole case

with m=0.11. The result is a further counterclockwise
rotation, as shown by the dashed line in Figure 2. The line is
now defined in Figure 2 by the endpoints (1/β.=0,
α/β=2.56) and (1/β=3, α/β=0.88). We calculate the
average of the parameters over the same domain used for
the dipole case; we find b =⟨ ⟩/1 1.14 and a b =⟨ ⟩/ 1.92
(9 points). We reach the same conclusion as in the dipole case.
It may be of interest, although outside the scope of this

paper, to compare the semi-empirical field-rotation relation
derived here with the dynamo scaling derived from numerical
treatments of various theoretical dynamo models. The compar-
ison is not direct, as the relation derived here refers to observed
surface field and rotation, while the theoretical models deal
with the magnetic energy content and rotation in the interior.
However, current 3D models, which have yet to solve the
problem of which one of several force balancing mechanisms
operate, do exhibit some explicit Ω scalings; others do not. The
mechanism for the emergence of interior fields must depend on

Figure 2. Distribution of wind torque parameters (Ω-indices) for a dipole (solid
line), quadrupole (dotted), and octupole (dash) field configuration (field-
rotation index=1/β; mass-loss rate index=α/β) for an Ω3 torque. See the
text for the definitions of the data symbols.
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Ω (as well as W, differential rotation), so the mapping of the
internal scaling to surface (external) relation must be
considered problematic. Indeed, the theoretical treatment of
the surface is such that the interior does not “see” the surface.
The inverse issue of how to infer internal dynamo properties
from surface observations and empirical scalings, such as ours,
has yet to be explored. In general one should use the empirical
surface field-rotation relation as a boundary condition on the
internal dynamo.

In any case we list a few interior field-scaling examples.
Christensen (2010) listed a variety of derived field energy
scaling laws, e.g., ~ WBrms where = á ñ( )B Brms

2 2 . Another is
~ WBrms

1 4. Scaling laws were also derived by Augustson
et al. (2019), who cast their results in terms of the ratio of
magnetic energy to kinetic energy, which in some cases turns
out to be proportional to Wtc or Wtc

1 2. For more details
regarding the internal scaling issue, consult the cited authors.

With the advent of asteroseismology it has become possible
to age-date field stars. A consequence has been the suggestion
that rotational braking must be significantly reduced past the
solar age (van Saders et al. 2016). The consequence is
anomalously fast rotation, which indicates a break in the
square-root spin-down relation.

We note that the nominal square-root rotational spin-down
relation has been shown to hold for clusters as old as 2.5 Gyr
(Meibom et al. 2015). We also note that the nominal
chromospheric CaHKe-inverse square-root age relation con-
tinues unbroken to at least 6 Gyr (see Lorenzo-Oliveira et al.
2018). As CaHKe is a proxy for the surface magnetic field, this
implies continuity for the field. Most recently, Lorenzo-
Oliveira et al. (2019) have found, for solar-twin stars, a smooth
rotational evolution that suggests that, if the magnetic
weakened braking scenario takes place at all, it should arise
after 5.3 Gyr.

This issue of “breaking” does not affect our current analysis
because we do not extend our analysis here past the solar age. It
may be of interest to do so in the future when more data are
available to allow an extension of our analysis. As long as the
evolutionary changes in the physical state of solar-like stars,
namely of the parameter set Z, are ignorable, the simple
asymptotic solution to the spin-down equation used here, i.e.,
the square-root relation, is realizable.

The issue of different normalizations, zero-point definitions,
and sample selection effects associated with the various
variables being correlated and their effect on the monomial
exponents is problematic. A careful analysis of such issues is
ultimately necessary.

5. Summary

We have found that the two fundamental functions in the
asymptotic spin-down regime are the magnetic field-rotation
relation and the mass-loss rate-rotation relation. We have used
a variety of interrelated magnetic activity observables to derive
these two relations. We find some observational evidence for a
linear field-rotation relation. We find that such a relation is
associated with a quadratic mass-loss rate-rotation relation.
This yields a linear temporal decay of the mass-loss rate that
has yet to be substantially confirmed by direct rotational fits to
the large data sets from the Kepler Experiment. One needs
further studies of the general role of the field-rotation relation.
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R. Egeland for his careful reading of the manuscript, his
clarifying comments, and his conversion of my text to AAS
TeX. Finally, I thank J. Burkepile for providing the graphs and
J. C. Vial for his interest.

Appendix

In an interesting paper, Johnstone et al. (2015) studied the
evolution of rotational velocity distributions of cluster stars at
four age epochs due to stellar winds to determine the mass-loss
rate for low-mass main-sequence stars. They used the same
dipole wind model used here and replaced the magnetic field
factor in the torque equation with the Vidotto et al. (2014) field-
rotation relation ~ W b=B 1 1.32 and determined the power
index of W˙ ( )M by fitting the evolving distributions. They
found3 that ~ Wa b»Ṁ 1.33 and that the torque varies as
t ~ W2.89. This datum point (1/β=1.32, α/β≈1.33) is
plotted in the text as an asterisk in Figure 1 and listed in
Table 1. It is found to lie 12% below the Vidotto et al. (2014)
point at (1/β=1.32, α/β=1.50) for the τ∼Ω3 torque
considered here. We see that a 4% change in the torque power
index yields a 12% change in the mass-loss rate power index. It
would be of interest to determine, using the Johnstone et al.
algorithm, the mass-loss rate power index for the linear field-
rotation relation.
We note that for an arbitrary torque of the form t ~ W +z 1,

the resultant constraint relation is a b= - -( ) ( )z m m4 1 2 .
Thus, p=z/(1− 2m) and, as before, = -( )q m m4 1 2 .
Note that since α and β are observationally determinable

(although not currently well determined), one can obtain an
observational measure of “z” independent of cluster rotation
data. Rearranging the constraint equation one finds that

a b= - +(( ) )z m m1 2 4 . As an example, we apply this
constraint equation to the Johnstone et al. (α, β) fitted results as
if they were observationally determined, and of course one
finds a “z” that agrees with the fitted “z” to within a rounding
error.
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