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ABSTRACT

This paper describes further developments of a two-moment warm rain bulk microphysics scheme suit-
able for addressing the indirect impact of atmospheric aerosols on ice-free clouds in large-eddy simulation
(LES) models. The emphasis is on the prediction of supersaturation, activation of cloud droplets, and the
representation of microphysical transformations during parameterized turbulent mixing. A comprehensive
approach is proposed that is capable of simulating droplet activation at the cloud base, in the cloud interior
due to increasing updraft strength, and at the lateral edges due to entrainment. Such an approach requires
high spatial resolution to capture maximum supersaturation at cloud base as well as to resolve entraining
eddies that lead to additional activation above the cloud base. This approach can be used as a benchmark
for developing and testing schemes suitable for lower spatial resolutions.

A novel approach for predicting the supersaturation field is proposed, with an emphasis on its application
in an Eulerian framework. This approach produces consistency among the thermodynamic variables and
mitigates the problem of spurious cloud-edge supersaturation noted in the past. A new subgrid scheme is
also developed to treat microphysical transformations during turbulent entrainment and mixing. This
scheme is designed to be as flexible as possible, allowing for the entire range of mixing scenarios from
homogeneous to extremely inhomogeneous.

The above developments are applied in 2D simulations of moist convection for an idealized rising
thermal, assuming either pristine or polluted aerosol conditions. The mixing scenario has a substantial
impact on the cloud microphysical and optical properties. As expected, extremely inhomogeneous mixing
results in substantially smaller mean droplet number concentration, larger effective radius, and smaller
cloud optical depth compared to the run with homogeneous mixing. The subgrid mixing of cloud conden-
sation nuclei (CCN) and formation of CCN from evaporated droplets during extremely inhomogeneous
mixing are relatively less important for this case.

1. Introduction

Various approaches have been developed over the
last several decades to represent warm cloud micro-
physics in numerical models. These approaches range
from relatively simple single-moment bulk parameter-
izations [i.e., schemes that predict only mixing ratios of
cloud water and rain/drizzle; e.g., Kessler (1969)]
through two-moment bulk schemes [i.e., predicting the

mixing ratios and number concentrations of cloud drop-
lets and drizzle/raindrops; e.g., Ziegler (1985); Cohard
and Pinty (2000); Khairoutdinov and Kogan (2000);
Seifert and Beheng (2001); Morrison et al. (2005)] to
complicated and computationally demanding detailed
(bin) microphysics schemes (e.g., Feingold et al. 1988,
1994; Kogan 1991; Ackerman et al. 2004). All three
types of schemes have been used in large-eddy simula-
tion (LES) models to study cloud processes and the
dynamics of cloud-topped boundary layers. Recently,
these efforts have focused on indirect aerosol effects,
involving the potential impact of aerosol on cloud
droplet effective radius for a given amount of cloud
water (the first indirect effect; e.g., Twomey 1974, 1977)
and the impact of aerosol on liquid water path, cloud
lifetime, and extent (the second indirect effect; e.g., Al-
brecht 1989).
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LES models are capable of simulating the macro-
scopic properties of subtropical stratocumulus and shal-
low cumulus [e.g., profiles of cloud fraction, liquid wa-
ter content, updraft and downdraft statistics, etc.; see
Brown et al. (2002); Siebesma et al. (2003); Stevens et
al. (2005)]. These two types of cloud systems are critical
for the earth’s radiation budget and are considered key
in global indirect aerosol effects. However, modeling
microphysical properties of these cloud systems is prob-
lematic. Since bin microphysics models predict the par-
ticle size distribution, they arguably provide a more
rigorous solution than bulk models. However, pro-
cesses that affect cloud droplet spectra occur at subcen-
timeter scales and their impact on droplet spectral evo-
lution is unclear, especially in the context of turbulent
entrainment and mixing (see Burnet and Brenguier
2007, and references therein). By design, LES models
with bin microphysics assume homogeneous mixing for
the subgrid-scale processes, which is not always an ap-
propriate assumption (see Andrejczuk et al. 2006). The
key point is that microphysical and radiative properties
of these clouds strongly depend on the assumed mixing
scenario (see discussions in Chosson et al. 2004, 2007;
Lasher-Trapp et al. 2005; Grabowski 2006).

Because of the computational expense of bin micro-
physics, bulk schemes are currently the only viable ap-
proach for many applications. To simulate gross fea-
tures of the cloud microphysics (i.e., mean sizes and
concentrations of cloud droplets and drizzle/raindrops),
the cloud microphysics scheme needs to represent (“pa-
rameterize”) all processes that affect the spectra of
cloud and precipitation particles. These processes in-
clude the following: (i) the activation of cloud droplets
on cloud condensation nuclei (CCN) at cloud base; (ii)
condensation onto droplets above the cloud base; (iii)
changes of cloud droplet spectra due to entrainment
and mixing; (iv) additional activation of cloud droplets
above the cloud base due to either increasing updraft
strength (e.g., Warner 1969b; Pinsky and Khain 2002)
or entrainment (Warner 1969a; Paluch and Knight
1984; Brenguier and Grabowski 1993; Su et al.
1998; Lasher-Trapp et al. 2005); (v) collision–coalescence;
and (vi) sedimentation of drizzle/raindrops and their
evaporation below the cloud base. The capability of a
two-moment bulk scheme to represent most of these
processes (adiabatic growth, collision–coalescence, and
drizzle/rain sedimentation and evaporation) was docu-
mented in Morrison and Grabowski (2007, hereafter
MG07). Herein, we turn our attention to the supersatu-
ration, droplet activation, and microphysical impacts of
entrainment and mixing.

As far as droplet activation is concerned, two-
moment bulk schemes must either solve for the super-

saturation field in the way similar to bin models (e.g.,
Khairoutdinov and Kogan 2000; MG07) or parameter-
ize the number of nucleated droplets as a function of
vertical velocity and other aerosol and thermodynamic
parameters (e.g., Twomey 1959; Cohard et al. 1998;
Saleeby and Cotton 2004). Prediction of the supersatu-
ration field requires high vertical resolution to capture
sharp gradients in supersaturation near cloud base
(Clark 1974). Some schemes use a hybrid approach
whereby droplet activation at cloud base is diagnostic,
while activation in the cloud interior (e.g., due to
strongly increasing updraft strength in deep convec-
tion) is based on the predicted supersaturation (e.g.,
Phillips et al. 2007). Such schemes are appropriate for
models applying lower spatial resolution, but at lower
resolution these models will not resolve entraining ed-
dies that lead to additional droplet activation above
cloud base. Such activation has been suggested by mod-
eling studies (e.g., Brenguier and Grabowski 1993; Su et
al. 1998) as well as indirectly by observations (e.g.,
Warner 1969a; Paluch and Knight 1984; Gerber 2006;
McFarlane and Grabowski 2007). In this paper, we pro-
pose a comprehensive approach suitable for high-
resolution models that is able to provide a consistent
treatment of droplet activation in all regions: at cloud
base, in the cloud interior due to increasing updraft
strength (e.g., Warner 1969b; Pinsky and Khain 2002),
and at the lateral edges due to entrainment. This ap-
proach will be used to investigate in detail droplet ac-
tivation processes in high-resolution LES models, as
well as providing a benchmark for developing and test-
ing schemes appropriate for lower-resolution models.

In bin and bulk models that predict the supersatura-
tion, its treatment falls broadly into two categories: ex-
plicit and implicit/semianalytic. The explicit approach
(e.g., MG07) requires a very small time step since the
condition that

�t � 2� �1�

is required for stability, where �t is the model time step
and � is the supersaturation relaxation time scale (Ar-
neson and Brown 1971). The implicit/semianalytic
method (e.g., Clark 1973; Hall 1980) utilizes the semi-
analytic solution to the supersaturation equation and
therefore has less stringent time step constraints. The
calculated supersaturation is then used to solve the con-
densation rate using explicit or implicit methods (see
Hall 1980 for discussion). Since supersaturation is a re-
dundant field, these approaches diagnose supersatura-
tion from the predicted water vapor mixing ratio q� and
temperature T so that the numerical treatment of su-
persaturation is consistent with the rest of the thermo-
dynamics. However, when applied in an Eulerian
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framework, small errors in q� and T can produce large
errors in the supersaturation field; specifically, these
models exhibit spurious supersaturation near the cloud
edge for purely numerical reasons (see Stevens et al.
1996a and references therein). This in turn can produce
unrealistic droplet activation rates and hence unphysi-
cal droplet number concentrations. Grabowski (1989)
limited this problem by separately advecting supersatu-
ration using a scheme that preserved monotonicity;
however, this approach had the undesirable aspect of
including water vapor as a diagnostic quantity, meaning
that total water was not conserved. In this paper, we
apply a novel approach for solving the supersaturation
equation in an Eulerian framework that mitigates
spurious cloud-edge supersaturation and conserves
total water (Grabowski and Morrison 2008, hereafter
GM08).

Finally, this paper reports on the development of a
new parameterization for droplet evaporation during
subgrid-scale mixing that is coupled with the two-
moment bulk warm microphysics scheme. Since the im-
pact of entrainment and mixing on cloud microphysics
is still an unresolved problem, our goal is to develop an
approach with as much flexibility as possible. In the
two-moment bulk scheme, the main issue is the impact
of the parameterized subgrid-scale turbulent mixing on
the mean droplet size versus the impact on the number
concentration. For instance, in the homogeneous mix-
ing scenario, droplet concentration in a diluted parcel is
smaller by a factor equal to the proportion of the
cloudy air in the mixture, and the droplet size decreases
as dictated by the thermodynamics. In the opposite
limit of extremely inhomogeneous mixing (Baker and
Latham 1979; Baker et al. 1980), the size of cloud drop-
lets does not change, but their concentration is reduced.
An intermediate mixing scenario was suggested by nu-
merical simulations described in Andrejczuk et al.
(2006). Allowing for these various mixing scenarios in a
flexible way is one of the key aspects of the new subgrid
parameterization presented here, in contrast to previ-
ous schemes that typically assume homogeneous mix-
ing. In future research, this approach will be used either
in a sensitivity study mode under different mixing as-
sumptions (Chosson et al. 2004, 2007; Grabowski 2006)
or in simulations where the homogeneity of the sub-
grid-scale mixing varies locally depending on the local
turbulence intensity, relative humidity of the entrained
air, and the size of cloud droplets (see discussion in
Burnet and Brenguier 2007).

This paper is organized as follows: Section 2 provides
a detailed description of the semianalytic solution to
the supersaturation equation and formulations for the

condensation and droplet activation rates. Section 3
presents results using this approach in a Lagrangian
parcel framework under a range of aerosol conditions
and vertical velocities. Application of this approach to
an Eulerian framework is discussed in section 4a, in-
cluding description and 1D model tests. Section 4 fo-
cuses on the development and testing of a flexible
scheme to represent changes of droplet concentration
and/or droplet radius in parameterized turbulent mix-
ing. In section 5, the supersaturation, condensation, and
subgrid mixing schemes are all applied in an anelastic
cloud model simulating a 2D moist thermal. Finally,
discussion and conclusions are given in section 6.

2. Description of the new approach

a. Two-moment warm microphysics scheme

The bulk two-moment, warm microphysics scheme of
MG07 is used as the microphysical model framework
for this study. This scheme predicts the number con-
centrations (Nc, Nr; in units of kg�1 of air) and mixing
ratios (qc, qr) of cloud droplets (subscript c) and drizzle/
rain (subscript r). Cloud droplets and drizzle/rain are
assumed to follow a gamma size distribution,

n�D� � NoD�e��D, �2�

where D is diameter, No is the “intercept” parameter, �
is the slope parameter, and 	 � 1/
2 � 1 is the spectral
shape parameter (
 is the relative radius dispersion, the
ratio between the standard deviation and the mean ra-
dius). Parameters No and � are derived from the speci-
fied 	 and predicted number concentration and mixing
ratio of the species (see Morrison et al. 2005). The pa-
rameter 	 for cloud droplets is specified from 
 as a
function of Nc following Martin et al. [1994; see Eq. (2)
in MG07].

The evolution of N and q for each species is given by

�N

�t
�

1
�a

� · ��a�u � VNk�N � F �

� ��N

�t �act
� ��N

�t �cond
� ��N

�t �acc
� ��N

�t �auto

� ��N

�t �self
� D�N� and �3�

�q

�t
�

1
�a

� · ��a�u � Vqk�q � Fq

� ��q

�t �act
� ��q

�t �cond
� ��q

�t �acc
� ��q

�t �auto

� D�q�, �4�
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where u is the wind velocity vector, �a is the air density,
VN and Vq are the number- and mass-weighted mean
particle fall speeds, respectively, k is a unit vector in the
vertical direction, and D(·) � 1/�a�[�aK�(·)] is the dif-
fusion operator for subgrid-scale turbulent mixing (K is
the diffusion coefficient). The symbolic terms on the
right-hand side of (3) and (4) represent the source/sink
terms for N and q. These include activation of aerosol
(subscript act; cloud water only), condensation/evap-
oration (subscript cond), accretion of cloud droplets by
rain (subscript acc), autoconversion of cloud droplets to
rain (subscript auto), and self-collection of cloud water
and rain (subscript self; N only). Autoconversion re-
sults from the artificial separation between cloud drop-
lets and drizzle/rain in bulk schemes and does not cor-
respond to any real physical process. Self-collection
represents coalescence of particles such that the result-
ing particle remains within the same hydrometeor cat-
egory (i.e., leading to changes in N but not q). Note that
for the purposes of this study all collision–coalescence
processes (autoconversion, accretion, and self-collec-
tion) are turned off; hence qr and Nr are zero. MG07
examined the impact of parameterized collision–
coalescence processes in the scheme and found them to
produce results that were reasonably close to detailed
bin model simulations for both boundary layer stra-
tocumulus and shallow cumulus.

Condensation/evaporation and droplet activation re-
quire treatment of the supersaturation field. The MG07
scheme used explicit forward numerical solution of the
supersaturation equation, which requires a small time
step as noted in the introduction. In addition, this
scheme neglects the impact of entrainment and mixing
on the evaporation and activation of droplets. To ad-
dress these issues, we extend the approach of MG07 by
deriving and incorporating a semianalytic solution to
the supersaturation equation that allows for more ac-
curate treatment over longer time steps (�1 s) and miti-
gates problems related to spurious cloud-edge super-
saturation, as well as developing a flexible approach to
treat microphysical transformations during subgrid tur-
bulent mixing.

b. Prognostic supersaturation

The evolution of supersaturation in a Lagrangian
framework is determined by the rate of condensation/
evaporation, vertical motion, and diabatic processes,
such as mixing and radiative cooling. Here, we utilize
the absolute supersaturation � � q� � qs (Khvorosty-
anov and Curry 1999), where qs is the water vapor mix-
ing ratio at saturation. A corresponding equation could
also be derived for the supersaturation ratio s � q� /qs �

1 (e.g., Clark 1973), but it is more complex and involves
additional terms than the equation for �. Similar to
Morrison et al. (2005), we derive a semianalytic solu-
tion for �. The key novel aspects of our approach in-
volve application of the semianalytic solution to an Eu-
lerian framework (described in section 4a); for com-
pleteness, the derivation of the semianalytic solution in
the Lagrangian framework is detailed in the appendix.

c. Droplet activation

The droplet activation parameterization is developed
by applying Kohler theory to a lognormal size distribu-
tion of aerosol following Khvorostyanov and Curry
(2006). The lognormal size spectrum of dry aerosol,
fd, is

fd �
dNa

drd
�

Nt

�2	 ln
drd

exp��
ln2�rd �rd0�

2 ln2
d
�, �5�

where rd is the dry aerosol radius, Nt is the total aerosol
number, �d is the geometric standard deviation, and rd0

is the geometric mean radius of the dry particles.
The resulting CCN activity spectrum (number of

CCN activated as a function of s) is

N�c �
Nt

2
�1 � erf�u�; u �

ln�s0 �s�

�2 ln
s

, �6�

where erf is the Gaussian error function and s0 and �s

are defined in MG07. The supersaturation ratio s used
in (6) is derived from the prognostic absolute super-
saturation at the current time step. Note that although
we consider the detailed hygroscopic growth of the
population of aerosol in this approach, we do not con-
sider the detailed (size resolved) growth of droplets
once they are activated; new droplets are assumed to
have a radius of 1 	m following Khairoutdinov and
Kogan (2000) and MG07. While this assumption may
be a source of error in estimating the droplet activation
rate, it is beyond the scope of this paper to examine in
detail the impact of a spectrum of droplet sizes resulting
from activation of various-sized CCN. We note that
both Khairoutdinov and Kogan (2000) and MG07
found little sensitivity in the number of droplets acti-
vated to the specified initial size of the droplets, for
values between about 1 and 3 	m. Similarly, our neglect
of gas kinetic effects may also produce uncertainty in
the number of droplets activated (e.g., Stevens et al.
1996b).

The local number concentration of aerosol that has
been activated as droplets, Nact, is predicted following
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Cohard and Pinty (2000). The in-cloud evolution of
Nact is

�Nact

�t
�

1
�a

� · ��auNact� � F Nact
� ��Nc

�t �act
� D�Nact�.

�7�

The droplet activation rate is given by

��Nc

�t �act
� max�N�c � Nact

�t
, 0�. �8�

Since Nact is mixed between clear and cloudy air, drop-
let activation may occur under constant or even de-
creasing s due to mixing and entrainment of “fresh”
CCN into the cloud. Since we do not prognose actual
aerosol in the present approach, Nact is not strictly con-
served; instead, clear regions are assumed to have an
aerosol concentration equal to the background value
Nt, meaning that Nact � 0 in these regions. Thus, (7) is
only applied to in-cloud regions. MG07 did not prog-
nose the CCN number and instead assumed that Nact is
equal to the local value of Nc. Note that Nact may differ
from Nc due to spatial variability of the CCN; depletion
due to collision–coalescence may produce further di-
vergence between Nact and Nc. This approach could
also be extended to include prognostic aerosol by in-
cluding sources (e.g., drop-to-particle and gas-to-
particle conversion) and additional sinks (e.g., impac-
tion scavenging). Note that our approach does not take
into account the size of entrained aerosol since only the
total number of activated aerosol is predicted. To de-
termine the importance of aerosol size (and hence ef-
fectiveness as CCN) during mixing, sensitivity tests are
run with Nact binned according to the supersaturation at
which the particles activate (see section 5). For these
sensitivity tests, Nact i in (7) is solved for each super-
saturation bin i. One hundred bins between 0% and 1%
supersaturation for polluted and 0% and 2% supersatu-
ration for pristine are employed.

3. Application in a Lagrangian parcel framework

The approach described above is tested in a
Lagrangian parcel framework with constant updraft ve-
locity similar to Twomey (1959), Clark (1974), Abdul-
Razzak et al. (1998), Nenes and Seinfeld (2003), and
others. The goal is to test the new semianalytic super-
saturation formulation using explicit forward numerical
solution with a small time step as the benchmark. A
time step of 0.01 is used for the explicit solution; addi-
tional tests using a smaller time step produced little
difference.

For these simulations, all rain microphysical pro-

cesses and droplet collision–coalescence are turned off.
In the parcel framework, sedimentation, mixing, and
horizontal advection are all neglected. Prognostic vari-
ables are T, q�, qc, and Nc. Initial conditions are speci-
fied with a temperature of 293 K and relative humidity
of 99%, with no cloud water. Condensation/evapora-
tion using the semianalytic approach is calculated from
the average value of � over the time step � � 1/�t ��t

0

�(t) dt [with �(t) given by (A10) in the appendix; note
that in our case of no rain � � �c]:

��qc

�t �cond
�



�c�

�
A�

�c�
�

�

�c��t
�0 � A���1 � exp���t

� ��.

�9�

Aerosol properties are specified as follows: geometric
mean radius of 0.05 	m, geometric standard deviation
of two, soluble fraction of 0.7, and the soluble portion
consisting of ammonium sulfate. The new approach is
tested over a range of total aerosol concentration Nt,
updraft velocity w, and �t.

As the parcel cools by adiabatic ascent, supersatura-
tion is rapidly attained and droplet activation occurs.
As the new droplets grow by condensation, � decreases;
eventually, the rate of supersaturation production bal-
ances its depletion by condensation and the supersatu-
ration begins to decrease (Fig. 1). No additional activa-
tion occurs after this point since we assume a steady
updraft velocity and neglect mixing. Once the parcel
is supersaturated, the maximum supersaturation is
reached within 5–25 s for an updraft velocity of 1 m s�1,
meaning that maximum supersaturation occurs within
5–25 m of cloud base for the assumed conditions, con-
sistent with previous studies (e.g., Rogers and Yau
1989). Increasing the vertical velocity decreases the
time it takes to attain maximum supersaturation. In
terms of its application in Eulerian models, these re-
sults indicate that high resolution in the vertical is re-
quired to explicitly calculate droplet activation. This
issue is discussed in more detail in section 4a.

The number concentration of activated droplets after
reaching maximum supersaturation is shown in Table 1.
Note that since collision–coalescence has been ne-
glected, there is exact correspondence between Nc and
maximum supersaturation for given aerosol conditions.
Relative error using the new approach with a time step
of 1–3 s is less than 10% compared to the benchmark
simulations. Using a longer time step of 8 s with the new
approach leads to increasing error, especially for high
aerosol concentration and updraft speed. In the simu-
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lations with �aNt � 1000 cm�3, relative error exceeds
45% for updraft speeds of 0.5 and 1 m s�1. This error is
due to rapid changes in � during the activation process
that are not adequately resolved using �t greater than
�3 s. With a high aerosol loading, higher numbers of
droplets are activated quickly (hence, the maximum su-
persaturation is attained more quickly; see Fig. 1),
meaning that changes in � are more difficult to resolve
temporally. Table 1 also shows results using the explicit
forward numerical solution as the benchmark but with
a time step of 3 s. This comparison illustrates improve-
ments using the semianalytic approach compared to the
explicit approach for a given �t. Note that in these runs
� � 3 s, ensuring that the explicit solution is numerically
stable. However, the explicit solution, even when nu-
merically stable, produces significant error using a time
step of 3 s, exceeding 35% for high aerosol concentra-

tion and moderate updraft speed. Thus, the new semi-
analytic approach significantly reduces error compared
to the explicit approach for a given �t, in addition to
having the advantage of being numerically stable for
arbitrary �t. Similar conclusions can be made using
other values for the assumed aerosol parameters (e.g.,
rd0, �).

4. Application in an Eulerian framework

a. Supersaturation prediction

As described in the introduction, numerical solution
of the supersaturation equation is complicated by issues
related to its application in an Eulerian framework. In
particular, diagnosing grid-mean supersaturation from
the advected T and q� fields can produce significant
error in the form of spurious supersaturation at cloud

FIG. 1. Evolution of supersaturation and droplet number concentration using the parcel model with explicit
forward numerical solution and time step of 0.01 s, i.e., benchmark (solid); with semianalytic solution and time step
of 3 s (dotted). The updraft velocity is 1 m s�1 and aerosol concentration is (left) 50 and (right) 1000 cm�3.
“Distance” indicates the total vertical displacement of the parcel.
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edges for purely numerical reasons (see discussion in
Stevens et al. 1996a). Grabowski (1989) addressed this
issue by diagnosing water vapor from the predicted
temperature and supersaturation fields, but this ap-
proach did not conserve total water. In this section, we
extend the Lagrangian supersaturation/condensation
treatment described in section 2 to an Eulerian frame-
work that produces consistent thermodynamics, con-
serves total water, and mitigates the problem of spuri-
ous supersaturation at cloud edge. The new approach is
outlined below and described in detail in a companion
note (GM08).

The time evolution of absolute supersaturation in
Eulerian form is

�

�t
�

1
�a

� · ��au� � A �


�
, �10�

where � and � are given by (A9) and (A11) in the
appendix, respectively. In the traditional approach, su-
persaturation is diagnosed from the temperature and
water vapor fields after these fields are updated with
advective tendencies together with all of the other
physical forcing terms. The key point is that the super-
saturation diagnosed from the temperature and water
vapor fields is not monotone inside the cloud layer,
even if a monotone advection scheme is used for solu-
tions of the temperature and water vapor equations,
because of the nonlinear coupling between temperature
and moisture. Clark (1973) noted that inconsistencies
might arise between the supersaturation predicted by
the supersaturation equation and the supersaturation

diagnosed directly from the temperature and water va-
por fields.

Here, we assume that the predicted rather than di-
agnosed supersaturation is the more physically consis-
tent solution. Thus, the new approach adjusts the tem-
perature and water vapor fields to the predicted super-
saturation given by the solution of (10), by condensing
or evaporating the right amount of cloud water to pro-
duce consistency between the temperature and water
vapor fields and the predicted supersaturation. As
shown by GM08, this adjustment procedure is neces-
sary but not sufficient to remove spurious cloud edge
supersaturation; advection of the supersaturation with
a monotonic scheme is also required. By combining the
adjustment procedure along with monotonic advection
of supersaturation, spurious cloud-edge supersatura-
tion is eliminated in 1D tests detailed in GM08. How-
ever, evaporation at the cloud edge still occurs due to
the advection of cloud water into grid cells with mean
relative humidity below 100%. The latter problem can
only be mitigated by explicit consideration of partially
cloudy grid cells (cf. Margolin et al. 1997).

The solution of (10), along with the equations for
temperature, water vapor, and cloud variables, is cal-
culated using a nonoscillatory forward-in-time integra-
tion scheme (see section 3 of GM08 for details). The
scheme is applied here in a simple 1D vertical frame-
work with constant updraft velocity. The temperature
and pressure at the bottom of the domain are 290 K and
8 � 102 hPa, respectively. The initial relative humidity
is 90% and the lapse rate is 9 K km�1. The vertical
extent of the model domain is 400 m. Advection of T,
qc, Nc, and � is given by a 1D version of the multidi-
mensional positive-definite advection transport algo-
rithm (MPDATA) scheme (cf. Smolarkiewicz and
Clark 1986). Two different aerosol conditions are
tested: polluted (total concentration of 1000 cm�3) and
pristine (total concentration of 100 cm�3). The other
aerosol chemical and physical properties are specified
as in section 3. Four different updraft velocities are
tested: 0.2, 0.5, 1, and 4 m s�1. Simulations are run to
the point of near equilibrium. We focus on the impact
of different values of vertical grid spacing �z and time
step �t. The benchmark simulations use �z � 2 m and
dt � 0.2 s; decreasing �z and �t from the benchmark
values does not produce significant changes in the re-
sults.

Figures 2 and 3 show equilibrium profiles of super-
saturation ratio for different values of �z and updraft
velocity w (Nc is directly related to maximum super-
saturation and is therefore not shown). Table 2 shows
the maximum values of supersaturation and �aNc. At
low w, maximum supersaturation occurs very close to

TABLE 1. Droplet number concentration (cm�3) after attaining
maximum supersaturation using the Lagrangian parcel model, for
a range of aerosol concentration �aNt (cm�3) and updraft velocity
w (m s�1). “SA” and “E” indicate the semianalytic approach and
explicit forward numerical solution, respectively.

�a Nt w
Benchmark
�t � 0.01 s SA � 1 SA � 3 SA � 8 E � 3

50 0.1 25.4 25.6 26.1 27.4 26.7
50 0.5 41.1 41.4 42.0 43.7 42.8
50 1.0 45.7 45.9 46.4 47.8 46.8
50 5.0 49.7 49.7 49.8 50.0 49.9
50 10.0 49.9 49.9 50.0 50.0 50.0

200 0.1 65.6 65.9 68.0 74.7 73.0
200 0.5 129.3 131.1 136.3 153.2 146.8
200 1.0 156.7 158.7 164.0 181.5 166.5
200 5.0 193.5 194.5 197.0 199.2 197.7
200 10.0 198.1 198.5 199.3 200.0 199.3

1000 0.1 169.3 165.1 170.1 194.1 202.1
1000 0.5 419.0 416.9 447.7 617.8 571.7
1000 1.0 571.2 575.1 612.5 836.9 709.5
1000 5.0 875.7 892.7 948.6 978.9 940.6
1000 10.0 948.3 960.9 982.7 998.6 940.6
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cloud base (within 5 m for w � 0.2 m s�1). Thus, when
w is small, using a relatively large �z results in signifi-
cant underprediction of supersaturation and hence
droplet concentration (up to 50% for �z � 50 m). This

underprediction tends to be larger for polluted com-
pared to pristine for a given �z and w because maxi-
mum supersaturation occurs closer to cloud base for
polluted. This difference is due to the faster supersatu-

FIG. 2. Vertical profiles of supersaturation ratio s for the 1D updraft simulations with polluted aerosol
and different values of vertical grid spacing �z updraft velocity w: w � (a) 0.2, (b) 0.5, (c) 1, and (d) 4
m s�1. Simulations with �z � 2 m use a time step of 2 s; all other simulations use a time step of 1 s.
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ration relaxation time scale associated with more nu-
merous droplets for polluted. Increasing the time step
results in a larger maximum supersaturation and hence
increased concentration similar to the parcel model re-
sults described in section 3, which somewhat compen-
sates for errors resulting from using large �z. The larger

supersaturations at longer time steps are consistent
with previous studies, such as Clark (1973, see his Fig.
4), although differences emerge as the simulations
progress in time, which likely reflects the inclusion of
collision–coalescence in the tests shown by Clark. For
1 � �t � 6 s and �z � 10 m, the underprediction caused

FIG. 3. As in Fig. 2 but for pristine aerosol conditions.
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by poor vertical resolution dominates time truncation
errors due to long �t, except at the highest updraft
velocity tested (4 m s�1). The decrease in number of
activated droplets caused by spatial averaging in the
vertical is similar to findings reported by Clark (1974),
Stevens et al. (1996b), and others.

b. Droplet evaporation during entrainment and
mixing

Conservation (3) and (4) describing changes of cloud
water variables Nc and qc contain terms associated with
condensation and evaporation of cloud water, (�Nc /
�t)cond, (�qc /�t)cond. As explained in MG07 (following
Khairoutdinov and Kogan 2000; Cohard and Pinty
2000, and others), for grid-scale motion it is assumed
that condensation and evaporation proceeds through
changes of qc without any changes in Nc, except during
activation of new cloud droplets and when cloud water
mixing ratio becomes negligible due to evaporation.
Such an approach is appropriate when condensation or
evaporation occurs via a reversible process due to
model-resolved vertical motions, but it has to be modi-
fied when parameterized subgrid turbulent mixing be-

tween a cloud and its subsaturated environment is con-
sidered, because the case of constant Nc during subgrid
evaporation corresponds only to the homogeneous mix-
ing scenario. However, one might anticipate a whole
range of mixing scenarios, from the homogeneous to
extremely inhomogeneous, based on the ratio between
characteristic time scales of the cloud turbulence and of
the droplet evaporation (e.g., Andrejczuk et al. 2006;
Burnet and Brenguier 2007), that is, the local Dam-
khöler number (see discussion in Jeffery and Reisner
2006).

In the case of homogeneous mixing, there is no
change in droplet concentration during microscale ho-
mogenization. Thus, Nf � Ni, where Nf is the final
droplet concentration after homogenization and Ni is
the droplet concentration after advection and turbulent
mixing, that is, the “initial” value for the homogeniza-
tion. Note that this is a simplification, as the smallest
droplets in the size distribution may completely evapo-
rate even when all droplets are exposed to the same
environmental conditions. In the case of extremely in-
homogeneous mixing, droplet concentration changes in
such a way that the mean volume radius remains con-
stant, that is, qf /Nf � qi /Ni, where qf and qi are the final
and the initial cloud water mixing ratios. The general
equation for Nf under arbitrary mixing scenario is

Nf � Ni�qf

qi
��

, �11�

where 0 � � � 1. For the case of homogeneous mixing,
� � 0; for the extremely inhomogeneous mixing, � � 1.
For the case between homogeneous and extremely in-
homogeneous mixing with the same relative changes of
Nc and the mean volume radius cubed as described in
Andrejczuk et al. (2006), � � 0.5.

The impact of parameterized turbulent mixing on
cloud microphysics is partitioned as follows in the
model. First, direct dilution of the cloudy volume by
clear air leads to a reduction in droplet mixing ratio and
number concentration as dictated by the subgrid mixing
scheme applied to the qc and Nc fields. At the same
time, mixing of subsaturated air into the cloudy grid
box leads to a reduction of the relative humidity and
hence a further reduction of droplet mixing ratio (rela-
tive to the adiabatic value) due to evaporation. This
second step may reduce number concentration and/or
droplet size depending upon the assumed mixing sce-
nario. With the partitioning between direct dilution and
evaporation, the changes in droplet size and number
concentration for a given mixing scenario due to evapo-
ration are found from (11) in the following way. Taking
the time derivative of (11) and assuming the initial

TABLE 2. Maximum supersaturation s (%) and droplet concen-
tration �aNc (cm�3) using the 1D updraft model as a function of
updraft velocity w (m s�1), total aerosol concentration �aNt

(cm�3), vertical grid spacing �z (m), and time step �t (s).

w � �z �t �aNt 0.2 0.5 2 4

s
2 0.2 1000 0.074 0.121 0.183 0.450

10 1 1000 0.062 0.098 0.146 0.415
25 1 1000 0.053 0.085 0.129 0.342
25 3 1000 0.053 0.086 0.131 0.426
25 6 1000 0.054 0.087 0.146 0.761
50 1 1000 0.046 0.072 0.106 0.275

2 0.2 100 0.169 0.295 0.467 1.264
10 1 100 0.131 0.236 0.382 1.180
25 1 100 0.115 0.202 0.320 0.987
25 3 100 0.117 0.206 0.335 1.114
25 6 100 0.118 0.210 0.365 1.792
50 1 100 0.098 0.167 0.266 0.813

�aNc

2 0.2 1000 155.0 294.4 444.7 766.0
10 1 1000 119.0 234.1 368.7 751.8
25 1 1000 92.4 191.0 315.7 698.2
25 3 1000 93.2 193.9 324.3 766.5
25 6 1000 93.6 195.0 390.4 892.6
50 1 1000 71.5 150.5 253.4 599.2

2 0.2 100 41.3 62.6 77.6 95.7
10 1 100 32.3 54.2 72.0 95.0
25 1 100 27.9 48.1 66.1 93.1
25 3 100 28.3 49.4 68.8 95.0
25 6 100 28.6 50.5 70.9 98.0
50 1 100 22.8 40.9 58.7 90.2
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droplet concentration Ni � N*c and the initial mixing
ratio qi � q*c (where * marks variables after advection
and mixing) yields an expression for the time rate of
change of Nc due to evaporation during final homog-
enization:

�dNc

dt �evap
�

dNf

dt
� min�N*c��qf

q*c
���1 1

q*c

dqf

dt
, 0�,

�12�

where dqf /dt is the evaporation rate of cloud water mix-
ing ratio due to homogenization (i.e., the second step
above) calculated following (9), except that the param-
eter A given by (A11) only includes the relevant mixing
terms. The limiter used in (12) is necessary because
when environmental humidity is high (�95%), mixing
may result in condensation rather than evaporation of
cloud droplets.

For illustration, the scheme described above is ap-
plied to a 1D framework similar to that described in
section 4a, but considering only diffusional processes in
the horizontal direction. The domain extends 2.5 km,
with constant pressure of 800 hPa. The initial tempera-
tures outside and inside the cloud are 290.0 and 291.88
K, respectively. The initial in-cloud relative humidity is
assumed to be 100%, and environmental (out of cloud)
relative humidity is 50%. The cloud initially covers 600
m in the center of the domain. Diffusional transport
between the cloud and the environment is calculated
using a 1D version of MPDATA (cf. Smolarkiewicz
and Clark 1986). Droplet activation is turned off.

Figures 4 and 5 show the evolution of qc, Nc, and
volume mean radius r� � (3qc /4�Nc�w)1/3 for the ho-
mogeneous (i.e., � � 0) and extremely inhomogeneous
(i.e., � � 1) mixing scenarios, using a grid spacing of 25
m, �t � 1 s, and constant turbulent mixing coefficient
K � 10 m2 s�1. Moreover, initial �aNc � 50 cm�3 and
qc � 1 g kg�1 within the cloud. Over time qc decreases
from the cloud edge toward the center through both
evaporation and direct dilution. Its evolution is nearly
the same in Figs. 4 and 5 as anticipated. The extremely
inhomogeneous mixing scenario produces nearly con-
stant r� in both time and space as expected.

Note that even though Nc is unchanged during
evaporation for the homogeneous mixing scenario, it
still decreases via direct dilution of the cloudy volume.
As expected, the results for the intermediate mixing
with � � 0.5 (Andrejczuk et al. 2006) fall in between
the results presented in Figs. 4 and 5 and are not shown.
Different initial conditions and values of K change the
details of the simulations but do not alter the funda-
mental characteristics of the cloud evolution under the
different mixing scenarios.

5. Results for an idealized 2D rising thermal

The condensation and mixing/evaporation scheme
developed and tested in the previous sections is applied
in a 2D dynamic model to illustrate the performance of
the scheme and explore droplet activation and mixing/
evaporation processes in the early stages of an idealized
rising moist thermal. The scheme is applied in the
anelastic semi-Lagrangian–Eulerian model EULAG
documented in Smolarkiewicz and Margolin (1997).
The model setup is similar to that presented in
Grabowski (2007). Moist thermals, initially at rest, rise
in a stably stratified unsaturated environment (static
stability of 1 � 10�5 m�1, relative humidity of 10%) due
to an initial buoyancy perturbation. The rising motion
and accompanying adiabatic cooling produces super-
saturated conditions and hence droplet activation and
condensation. The initial buoyancy anomaly is caused
by an excess of water vapor within the initial perturba-
tion. This perturbation is circular with center at (x, z) �
(2.5, 1.2 km). Relative humidity of 95% is assumed
within a radius of 400 m, and it linearly decreases to
10% at a distance of 500 m from the center of the
perturbation. Random perturbations are added to the
temperature and water vapor mixing ratio field at t � 0
within the 500-m radius to excite interfacial instabilities
(amplitudes of 0.05 K and 0.1 g kg�1). The water vapor
field is adjusted after the random perturbations so that
the relative humidity does not exceed 95%, ensuring
evolution of supersaturation from initially subsaturated
conditions. The model domain is 5 km in the horizontal
and vertical. Boundary conditions are periodic in the
horizontal and a free-slip rigid lid in the vertical. The
spatial grid length is 25 m in both x and z with a time
step of 1.5 s. Given that the vertical velocities during
cloud-base droplet activation generally exceed 1–2
m s�1 as described below, this vertical grid spacing is
sufficient to resolve maximum supersaturation near the
bottom edge of the cloud based on the previous 1D
tests (section 4a). Subgrid mixing is applied in both the
horizontal and vertical using constant K � 5 m2 s�1. All
rain and droplet collision–coalescence processes are
again neglected. Simulations are of short duration (8
min); the point is to illustrate the performance and
some key features of the new scheme, rather than in-
vestigating in detail dynamical–microphysical feed-
backs arising from different mixing scenarios (which is
left as a subject of future work).

Five different model configurations are used to illus-
trate the impact of droplet activation and mixing/
evaporation processes and are listed in Table 3. The
first two configurations, HOMIX and EXMIX, apply
either homogeneous (i.e., � � 0) or extremely inhomo-
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geneous (i.e., � � 1) mixing scenarios for the param-
eterized mixing, respectively. These simulations also
apply the mixing term for the activated aerosols [i.e.,
the last term on the rhs of (7)], but the aerosols created
during evaporation following the extremely inhomoge-
neous mixing are not subtracted from the number of
activated aerosol Nact. The impact of these assumptions
is investigated in three sensitivity simulations, where
either mixing of activated aerosols is suppressed (simu-

lations HONOMCCN and EXNOMCCN) or aerosols
created from evaporating droplets are subtracted from
Nact (simulation EXREFORM). Two simulations are
run for each model configuration corresponding with
either pristine (�aNt � 100 cm�3) or polluted (�aNt �
1000 cm�3) aerosol conditions. The other aerosol
chemical and physical parameters are the same as de-
scribed in section 3.

Figure 6 shows the vertical velocity field and cloud

FIG. 4. Time t (min) evolution of horizontal pro-
files of (a) cloud water mixing ratio qc, (b) droplet
number concentration, and (c) volume mean drop-
let radius r�, for the 1D simulation assuming ho-
mogeneous mixing.
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boundaries at t � 4 and t � 8 min for the rising thermal
simulation with homogeneous mixing (HOMIX) and
polluted aerosol. The vertical velocity fields for other
simulations are virtually the same and therefore not
shown. The maxima of the vertical velocity occur below
cloud base and the typical vertical velocity near cloud
base is a few meters per second. Fields of cloud water
qc, droplet concentration �aNc, and supersaturation s
are shown in Figs. 7 and 8 for HOMIX and EXMIX

with polluted aerosol and in Figs. 9 and 10 for HOMIX
and EXMIX with pristine aerosol. Corresponding fields
in Figs. 7–10 have a similar appearance, but the contour
intervals for �aNc and s differ between the figures. As
expected, the polluted case has larger �aNc and smaller
s than pristine. A critical point is that the supersatura-
tion field is smooth across the thermal, without the spu-
rious cloud-edge values, in agreement with results ap-
plying the diagnostic approach in Grabowski (1989, see

FIG. 5. As in Fig. 4 but for the 1D simulation
assuming extremely inhomogeneous mixing.
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Fig. 7 therein). Values of �aNc are fairly evenly distrib-
uted over the depth of the cloud (in regions with qc �
0.1 g kg�1), with values reaching about 550 and 80 cm�3

for polluted and pristine cases, respectively. As ex-
pected, droplet number concentrations are somewhat
higher assuming homogeneous mixing, for given aero-
sol conditions, even though the overall structure is
quite similar using either mixing scenario. The activa-
tion of fresh droplets in the areas of vortical small-scale
circulations associated with entraining eddies (e.g., near
the center of the cloud at t � 8 min) occurs in all of the
simulations, but they are more pronounced in the pris-
tine case. This entrainment-induced activation of fresh
cloud droplets is similar to the activation simulated by
the detailed microphysics model developed by Bren-
guier and Grabowski (1993, see Figs. 5–9 therein and
accompanying discussion). The activation of droplets is
initially concentrated near cloud base in all simulations.

The domain-averaged qc, �aNc, cloud water path
(CWP, vertically integrated cloud water content), cloud
optical thickness for scattering �(s) � 1.5/�w � �aqc /re dz
[where �w � 103 kg m�3 is the water density and the
effective radius re is the ratio of the third and second
moments of the droplet size distribution given by (2)
(see MG07)], and the mean (“effective”) effective ra-
dius re for the various simulations at t � 8 min are
shown in Table 4. For each cloudy column, re is defined
following Grabowski (2006):

re �
3
2

CWP

�w��s�
. �13�

Domain-averaged �aNc and qc only include regions with
qc � 0.0001 g kg�1 and average �(s), CWP, and re only
include columns with CWP � 1 g m�2. As Table 4 docu-
ments, the mean �aNc for the simulation assuming
homogeneous mixing (HOMIX) is 27%–39% larger
than it is for EXMIX. Correspondingly, re (averaged

over columns with CWP � 1 g m�2) is 0.8 and 1.5 	m
larger in EXMIX for polluted and pristine, respectively.
The assumption of extremely inhomogeneous mixing is
also associated with somewhat smaller values of in-
cloud qc and �(s). The differences between EXMIX and
HOMIX increase with integration time, with little dif-
ference in the simulations for t � 4 min. Increasing the
mixing coefficient K beyond 5 m2 s�1 reduces CWP,
�(s), qc, and �aNc, but differences between HOMIX and
EXMIX are similar to the simulations with K � 5
m2 s�1.

The subgrid mixing of CCN (simulations EXNOM-
CCN and HONOMCCN) appears to have little impact
on the overall results for the simulations assuming ei-
ther homogeneous or extremely inhomogeneous mix-
ing. Subgrid mixing of CCN also has little impact in
sensitivity tests with a binned representation of the
CCN (see section 2c). Thus, the prediction of only the
total number of activated CCN in the standard configu-
ration of the model seems to be adequate for this case.
The minimal impact appears to be due to the fact that

FIG. 6. Vertical velocity w at (bottom) t � 4 min and (top) t �
8 min for the rising thermal simulation with homogeneous mixing
and polluted aerosol. Contour interval is 2 m s�1. Cloud outline is
shown with a single dotted contour of 0.01 g kg�1. Regions with
negative vertical velocities are gray shaded.

TABLE 3. List of model simulation using the 2D rising thermal
framework. “Reform CCN” refers to the addition of CCN from
droplets evaporated during extremely inhomogeneous mixing;
“Mix CCN” refers to the subgrid mixing of CCN.

Run Mixing
Reform CCN
assumption

Mix
CCN

HOMIX Homogeneous — Yes
EXMIX Extremely

inhomogeneous
No Yes

EXREFORM Extremely
inhomogeneous

Yes Yes

EXNOMCCN Extremely
inhomogeneous

Yes No

HONOMCCN Homogeneous — No
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most of the subgrid mixing of CCN occurs at cloud
edges in regions of relatively low supersaturation asso-
ciated with negative or weakly positive vertical velocity
(see Fig. 6). The regeneration of CCN from evaporating
droplets during inhomogeneous subgrid mixing (simu-
lations EXREFORM) also has a small impact (�10%
increase in domain-average �aNc for both polluted and
pristine conditions at t � 8 min) and thus is comparable

to the uncertainty associated with cloud-base activation
due to limited model vertical resolution (section 4a).

6. Discussion and conclusions

In this paper, we describe further developments of a
two-moment warm rain bulk microphysics scheme suit-
able to address the indirect impact of atmospheric aero-

FIG. 8. As in Fig. 7 but for extremely inhomogeneous mixing and polluted aerosol.

FIG. 7. (left) Fields of droplet mixing ratio qc, (middle) number concentration �aNc, and (right) supersaturation s at (bottom) t � 4
min and (top) t � 8 min for the rising thermal simulation with homogeneous mixing and polluted aerosol. Contour intervals are 0.5 g
kg�1 for qc, 200 cm�3 for �aNc, and 0.1% for s. Regions with cloud droplet activation are gray shaded overlying s in the right panels.
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sols on ice-free clouds. This work builds upon the
framework developed in Morrison et al. (2005) and
tested against the detailed microphysics model in Mor-
rison and Grabowski (2007). Herein, the emphasis is on
the prediction of supersaturation, activation of cloud
droplets, and the representation of microphysical trans-
formations during parameterized turbulent mixing. As
far as microphysical transformations during parameter-
ized cloud–environment mixing are concerned, the ap-

proach developed here allows representation of all pos-
sible scenarios, from the homogeneous to the extremely
inhomogeneous mixing. We note that other LES mod-
els with either detailed or bulk microphysics schemes
typically allow only homogeneous scenario for subgrid-
scale mixing, which is not always the case in real clouds
(see Andrejczuk et al. 2006; Burnet and Brenguier
2007).

A comprehensive approach capable of simulating

FIG. 10. As in Fig. 9 but for extremely inhomogeneous mixing and pristine aerosol.

FIG. 9. As in Fig. 7 but for homogeneous mixing and pristine aerosol. Contour intervals are 0.5 g Kg�1 for qc, 20 cm�3 for �aNc,
and 0.2% for s.

MARCH 2008 M O R R I S O N A N D G R A B O W S K I 807



droplet activation at cloud base, at the lateral bound-
aries due to entrainment, and in the cloud interior due
to increasing updraft strength was proposed. This ap-
proach requires high vertical and horizontal spatial
resolution to reasonably capture maximum supersatu-
ration at cloud base, as well as to resolve entraining
eddies leading to additional activation above cloud
base. The goal was to develop a modeling tool capable
of simulating in detail droplet activation in high-
resolution LES models, as well as providing a bench-
mark for developing and testing schemes suitable for
lower resolution. Such low-resolution cloud models
(e.g., Phillips et al. 2007) must diagnose rather than
prognose maximum supersaturation at cloud base and
are not able to resolve additional activation above
cloud base due to entraining eddies.

In this paper, we presented an approach to the nu-
merical solution of the supersaturation equation, moti-
vated by the semianalytic technique proposed by Clark
(1973), but applied to the absolute supersaturation � �
q� � qs (Khvorostyanov and Curry 1999). As in the
approach of Clark, our semianalytic approach mitigates
the problem of numerical instability in solving the su-
persaturation equation in time. The key feature of the
new approach, and major difference with Clark (1973)
and similar approaches, concerns its application in an
Eulerian framework. Clark (1973) noted that inconsis-
tencies may arise between the predicted supersatura-
tion and that derived from the temperature and water
vapor fields. Our approach assumes that the predicted
rather than diagnosed supersaturation is the more
physically consistent solution, and thus adjusts the tem-
perature and water vapor fields to the predicted super-
saturation by condensing or evaporating an amount of
cloud water needed to produce this consistency (see

GM08 for details). The key is that this approach pro-
duces consistency between the temperature, water va-
por, and predicted supersaturation fields, while also
mitigating spurious cloud-edge supersaturation noted
in the past (e.g., Klaassen and Clark 1985; Grabowski
1989; Kogan et al. 1995; Stevens et al. 1996a). The re-
moval of spurious cloud-edge supersaturation repre-
sents a step forward in the ability of high-resolution
models to represent the cloud microphysics, especially
in terms of predicting droplet number concentration.
Note that our approach also has relevance to bin micro-
physics models that require supersaturation for calcu-
lating spectral transformations due to droplet con-
densation/evaporation and activation (see discussion in
section 4 of GM08).

The new scheme was tested using a 1D updraft
model. In agreement with previous studies (e.g., Clark
1974; Stevens et al. 1996b), these tests demonstrate that
high vertical resolution is needed to resolve maximum
supersaturation and hence droplet activation near
cloud base. Especially small vertical grid spacing is re-
quired (�10 m) for low vertical velocities (�1 m s�1).
For vertical velocities typical for shallow convective
clouds (a few m s�1), vertical gridlength of 25 m is suf-
ficient to predict droplet concentration to within about
10% error (see Table 2). Time truncation errors are
small compared to errors related to the vertical resolu-
tion, except at high vertical velocities (k1 m s�1).
These results put into question modeling studies that
predict cloud droplet number concentration in deep
convective clouds by attempting to resolve cloud-base
activation using much lower vertical resolution, typi-
cally a few hundred meters (e.g., Khain et al. 2004;
Wang 2005).

A novel approach to parameterizing the evaporation
of droplets during entrainment and mixing was also de-
veloped and generalized for a range of subgrid mixing
scenarios from homogeneous to extremely inhomoge-
neous. This scheme was tested in an idealized 1D
framework that included horizontal diffusion and drop-
let evaporation only. The results show that the scheme
predicts anticipated changes of the mean volume radius
of cloud droplets, from a significant decrease for homo-
geneous mixing to essentially no change for extremely
inhomogeneous mixing. As already noted above, this
development is an important step forward because cur-
rent techniques applied in LES models typically allow
only homogeneous mixing between a cloud and its en-
vironment.

We note that in this context the importance of ho-
mogeneous versus inhomogeneous mixing also depends
on other model constraints, in particular, the relative
roles of subgrid mixing versus grid-scale transport

TABLE 4. Domain-averaged cloud water mixing ratio qc (g
kg�1), droplet number concentration �aNc (cm�3), cloud liquid
water path CWP (g m�2), cloud optical depth �(s) (nondimen-
sional), and “effective” effective radius re(	m) at t � 8 min for the
2D rising thermal simulations with either polluted or pristine
background aerosol concentration �aNt (cm�3). The various simu-
lations are defined in Table 3.

Run �aNt qc �aNc CWP �(s) re

HOMIX 100 1.33 42.6 433.5 30.7 20.4
EXMIX 100 1.17 30.7 430.8 28.9 21.9
EXREFORM 100 1.19 34.1 429.8 29.5 21.1
EXNOMCCN 100 1.18 32.6 429.5 29.2 21.5
HONOMCCN 100 1.33 40.6 434.4 30.4 20.7
HOMIX 1000 1.41 275.2 414.5 48.4 12.4
EXMIX 1000 1.38 216.2 425.4 47.3 13.2
EXREFORM 1000 1.38 245.0 414.2 47.2 12.8
EXNOMCCN 1000 1.38 238.9 421.3 47.8 12.9
HONOMCCN 1000 1.42 269.4 415.5 48.3 12.5
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(which is by definition inhomogeneous). Thus, a key
constraint is the model resolution, which largely deter-
mines the amount of subgrid versus grid-scale mixing.
Recently, Grabowski (2007) developed an approach
that predicts the length scale of turbulent filaments
based on the scale evolution occurring during the ho-
mogenization process, with the evaporation during sub-
grid mixing delayed until a sufficiently small scale of the
turbulent filaments is attained. Thus, using this ap-
proach, the evaporation due to subgrid mixing will be
delayed longer as the model resolution is decreased. By
coupling the prediction of filament scale in Grabowski
(2007) with our approach developed here, some of the
constraints posed by model resolution should be miti-
gated. Once the filament scale is small enough and sig-
nificant evaporation begins, the type of mixing should
depend locally on factors such as droplet size, relative
humidity of the entrained dry air, and local turbulence
intensity (Burnet and Brenguier 2007). For example, it
has been suggested that situations in which the turbu-
lent time scale is much longer than the droplet evapo-
ration time scale should lead to more inhomogeneous
mixing (Baker et al. 1980; Burnet and Brenguier 2007).
Direct numerical simulations, such as those of An-
drejczuk et al. (2006), can provide guidance in param-
eterizing the degree of inhomogeneity of the mixing for
various conditions.

The new supersaturation/mixing scheme was applied
to idealized simulations of a 2D rising moist thermal to
illustrate the performance of the scheme. The vertical
grid spacing used in these simulations was 25 m, which
appears to be sufficient to reasonably represent droplet
activation at cloud base for vertical velocities of a few
m s�1 according to the 1D tests described above. As
anticipated, changes in the aerosol between pristine
and polluted environments had a negligible impact on
the dynamics but had a significant impact on cloud mi-
crophysical and optical properties. Changing the repre-
sentation of microphysical transformations due to pa-
rameterized turbulent mixing from the homogeneous to
extremely inhomogeneous reduced the mean droplet
concentration 27%–39%, increased “effective” droplet
effective radius by 0.8–1.5 	m, and reduced mean cloud
optical thickness by about 2%–7%. Such an impact is
not as dramatic as in simulations discussed in Chosson
et al. (2004, 2007) and Grabowski (2006). However, it is
anticipated that changes in the cloud microphysical and
optical properties may be more significant over the en-
tire cloud life cycle, especially during dissipation when
mixing processes are expected to dominate. This analy-
sis, consistent with the findings of Chosson et al. (2004,
2007) and Grabowski (2006), suggests that results from
LES models with detailed microphysics need to be

treated with caution as far as indirect effects of aerosols
are concerned, because such models generally apply by
design only homogeneous mixing for subgrid-scale pro-
cesses.

Although droplet activation was mostly confined to
cloud base early in the simulations, activation shifted
mostly to regions of entrainment at the lateral cloud
edges once vortical flow structures developed along the
interfacial boundary (see Figs. 7–10). This is consistent
with recent observations and ground-based retrievals
that have suggested indirectly that droplet activation
during entrainment can have a significant impact on the
vertical and horizontal distributions of droplet number
concentration and effective radius in shallow cumulus
(Gerber 2006; McFarlane and Grabowski 2007). These
structures resembled the entrainment due to cloud-
scale vortical structures simulated by the model of
Brenguier and Grabowski (1993). It should be empha-
sized, however, that the ability of the model to simulate
droplet activation above cloud base in entraining eddies
requires a sufficient resolution to actually resolve the
entraining eddies. While it is beyond the scope of this
paper to examine the impact of model resolution on the
simulation of these eddies and the resulting impact on
droplet activation, such investigations should be con-
ducted in the future. In contrast to the suggestion of
Baker et al. (1980), the reactivation of CCN produced
by subgrid-scale mixing and evaporation did little to
replenish droplet number for the simulation with ex-
treme inhomogeneous mixing. This was because re-
gions with significant subgrid evaporation coincided
with grid-scale downdrafts that limited droplet activa-
tion. Similarly, the impact of subgrid mixing of CCN
also had little impact on the results.

The developments presented in this paper, as well as
those documented in MG07, are currently being ap-
plied to realistic 3D simulations of a cloud field using
shallow convection setups as described in Siebesma et
al. (2003) for the nonprecipitating case and the model
intercomparison case based on Rain in Cumulus over
the Ocean (RICO) experiment data (see http://www.
knmi.nl/samenw/rico/) for the case with precipitation.

Such studies can also address some of the additional
factors impacting the microphysics that have not been
addressed in this paper, such as surface–atmosphere
interactions and spatial variability in the aerosol. Re-
sults of these simulations will be discussed in forthcom-
ing publications.
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APPENDIX

Derivation of the Semianalytic Solution for
Supersaturation

The Lagrangian time tendency of absolute supersatu-
ration � � q� � qs is given by

d

dt
�

dq�

dt
�

dqs

dt
. �A1�

The Lagrangian time rate of change of q� is given by

dq�

dt
� �dq�

dt �mix
� C, �A2�

where (dq� /dt)mix is the change in water vapor mixing
ratio due to subgrid mixing and

C �


��
, �A3�

is the condensation rate. Here � is the psychrometic
correction to the growth rate to account for release of
latent heat:

� � 1 �
dqs

dT

L�

cp
, �A4�

where cp is the specific heat at constant pressure and L�

is the latent heat of vaporization.
Although in this paper droplet collision–coalescence

and rain are neglected, rain is included in the derivation
of semianalytic supersaturation here for completeness.
The supersaturation relaxation time scales associated
with droplets �c and raindrops �r are given by

�c � �4	D�Nc�r�c�
�1, �r � �4	D�Nr�rr f�r����1,

�A5�

where the subscripts r and c imply rain and cloud drop-
lets, respectively; D� is the diffusivity of water vapor in
air, �x� � � xn(r) dr/� n(r) dr is the mean value of
size-dependent variable x, and f(r) is the ventilation
factor. Note that ventilation effects are considered for
rain but ignored for cloud droplets. The Lagrangian
time rate of change of qs is given by

dqs

dt
�

dqs

dT

dT

dt
�

dqs

dp

dp

dt
�

dqs

dT

dT

dt
�

qs�agw

p � e
, �A6�

where g is the acceleration of gravity, w is the vertical
wind speed, p is the air pressure [taken as the environ-
mental pressure, see discussion in section 7 and appen-

dix A of Lipps and Hemler (1982)], e is the saturation
vapor pressure, and

dT

dt
� �

gw

cp
� �dT

dt �mix
� �dT

dt �rad
�

L�

cp
C. �A7�

Here, (dT/dt)mix is the temperature tendency due to
mixing, and (dT/dt)rad is the temperature tendency due
to radiative transfer or other diabatic processes.

Combining (A1)–(A7) and rearranging terms yields

d

dt
� �dq�

dt �mix
�

qs�agw

p � e
�

dqs

dT

� ��
gw

cp
� �dT

dt �mix
� �dT

dt �rad
��



�
, �A8�

where

1
�

�
1
�c

�
1
�r

�A9�

is the generalized supersaturation relaxation time scale
accounting for simultaneous condensation/evaporation
of rain and cloud droplets. Assuming that the changes
in dqs /dT and � are small compared to their magni-
tudes, these parameters are approximated as constant
over the model time step. It is also assumed that ten-
dencies due to mixing, radiative transfer, and vertical
motion are constant during the time step. Then (A8)
represents a linear differential equation with a solution
given by

�t� � A� � �0 � A�� exp��
t

��, �A10�

where �0 is the initial absolute supersaturation and

A � �dq�

dt �mix
�

qs�agw

p � e
�

dqs

dT

� ��
gw

cp
� �dT

dt �mix
� �dT

dt �rad
�. �A11�

Since � � � in the absence of cloud and rainwater, a
maximum value for � of 108 sec is applied in the code
when using (A10) to calculate �. For a mean droplet
radius of 10 	m, this value of � corresponds with an
approximate droplet concentration of 4 � 10�6 cm�3

(or liquid water content of about 1 � 10�8 g m�3).
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