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[1] In an MHD particle simulation of the September 1998 magnetic storm the evolution
of the radiation belt electron radial flux profile appears to be diffusive, and diffusion
caused by ULF waves has been invoked as the probable mechanism. In order to separate
adiabatic and nonadiabatic effects and to investigate the radial diffusion mechanism during
this storm, in this work we solve a radial diffusion equation with ULF wave diffusion
coefficients and a time-dependent outer boundary condition, and the results are compared
with the phase space density of the MHD particle simulation. The diffusion coefficients
include contributions from both symmetric resonance modes (w � mwd, where w is the
wave frequency, m is the azimuthal wave number, and wd is the bounce-averaged drift
frequency) and asymmetric resonance modes (w � (m ± 1)wd). ULF wave power spectral
densities are obtained from a Fourier analysis of the electric and magnetic fields of the
MHD simulation and are used in calculating the radial diffusion coefficients. The
asymmetric diffusion coefficients are proportional to the magnetic field asymmetry, which
is also calculated from the MHD field. The resulting diffusion coefficients vary with the
radial coordinate L (the Roederer L-value) and with time during different phases of the
storm. The last closed drift shell defines the location of the outer boundary. Both the
location of the outer boundary and the value of the phase space density at the outer
boundary are time-varying. The diffusion calculation simulates a 42-hour period during
the 24–26 September 1998 magnetic storm, starting just before the storm sudden
commencement and ending in the late recovery phase. The differential flux calculated in
the MHD particle simulation is converted to phase space density. Phase space densities in
both simulations (diffusion and MHD particle) are functions of Roederer L-value for fixed
first and second adiabatic invariants. The Roederer L-value is calculated using drift
shell tracing in the MHD magnetic field, and particles have zero second invariant. The
radial diffusion calculation reproduces the main features of the MHD particle simulation
quite well. The symmetric resonance modes dominate the radial diffusion, especially in the
inner and middle L region, while the asymmetric resonances are more important in the
outer region. Using both symmetric and asymmetric terms gives a better result than using
only one or the other and is better than using a simple power law diffusion coefficient. We
find that it is important to specify the value of the phase space density on the outer
boundary dynamically in order to get better agreement between the radial diffusion
simulation and the MHD particle simulation.
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1. Introduction

[2] Relativistic electron fluxes in the outer radiation belt
have been observed to vary significantly during magnetic
storms. Flux enhancements of these energetic particles are
potentially hazardous during space missions, causing radi-
ation damage to spacecraft instrumentation and presenting a
radiation hazard to astronauts [e.g., Baker et al., 1998, 1994;
Gussenhoven et al., 1991; Space Studies Board, 2000].
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[3] A number of approaches to radiation belt modeling
have been proposed. One fundamental method is the direct
simulation of test particle motion in electric and magnetic
fields provided by global MHD simulations. Such ‘‘MHD
particle’’ simulations provide global pictures of the dynamic
evolution of radiation belt flux over a variety of timescales
and geomagnetic conditions [Li et al., 1993; Hudson et al.,
1998; Elkington et al., 2003]. The MHD/particle techniques
used in this study are discussed in detail by Elkington et al.
[2004] and relevant points are reviewed below.

[4] The Lyon-Fedder-Mobarry global MHD code [Lyon
et al., 1998, 2004; Wiltberger et al., 2000] was used to
specify the time-evolving geomagnetic environment during
the 24–26 September 1998 magnetic storm. This event was
characterized by high solar wind speeds and an order-
of-magnitude increase in outer zone energetic electron
fluxes. Solar wind conditions from the upstream monitor
WIND were used to provide time-dependent boundary
conditions for the LFM model. The results of the MHD
simulation were passed to a test particle code, which solved
the guiding center equations in these fields for an equato-
rially mirroring test particle population comprising �106

electrons distributed throughout the inner magnetosphere.
Each test particle in the simulation (representing an ensem-
ble of particles with similar phase space coordinates) was
given an initial weight dictated by the NASA AE-8 trapped
electron flux model [Vette, 1991], and the time-evolving
state of the radiation belts calculated by evolving the
differential flux associated with each test particle in a
manner satisfying Liouville’s theorem along the individual
test particle trajectories Elkington et al. [2004]. Particles
failing to maintain the first adiabatic invariant (according to
the Chirikov criterion [Chirikov, 1987]) and particles drift-
ing through the magnetopause and beyond the boundaries of
the simulation were removed from the simulation.
[5] The storm sudden commencement on 24 September

led to a limited injection and energization of electrons, but
the timescale of bulk acceleration in the simulations sug-
gests another acceleration mechanism was active. Examples
of equatorially mirroring electron fluxes calculated by an
MHD particle simulation of this storm are shown in Figure 1,
for the periods prior to storm onset (top), following sudden
commencement (middle), and during the initial period of the
recovery phase (bottom). Contours of constant first adia-
batic invariant are indicated in grey. The simulation results
show electrons have been transported inward. Since this
guiding center simulation conserves the first invariant these
particles gain energy, particularly in the main phase and
recovery phase.
[6] In Figures 2 and 3 we compare the results of the

MHD/particle simulations with geosynchronous observa-
tions of the particles and fields during the time period
modeled. Figure 2 shows the observed (red) and simulated
(blue) magnetic fields observed at GOES 8 from the
beginning of the simulation on 24 September through
midday during the recovery phase on 26 September. While
the large-scale fluctuations observed during the main
phase are not reproduced in exact detail by the simulation,
the onset of the sudden commencement, the increased
dynamic activity during the main phase, and the large-scale
magnetic trends during the recovery phase are all captured
by the MHD simulations.
[7] A comparison of the simulated electron fluxes to those

observed at geosynchronous orbit is shown in Figure 3. Here
integral electron fluxes >2 MeV are plotted for a 30 hour
period at the location of GOES-8. The character of the
fluxes seen within the simulation at this spacecraft match
those observed at the spacecraft both qualitatively and, to a
large degree, quantitatively. Substantial variations over three
orders of magnitude are seen in this period, and are well-
reproduced in the simulations. While a good deal of the
variation can be attributed to variations in the local magnetic

Figure 1. Electron flux profiles at three different times
taken from MHD particle simulations of the 24 September
1998 geomagnetic storm. Flux is plotted in color versus
energy and radial distance at local midnight. Grey contours
indicate lines of constant first adiabatic invariant, M,
calculated in a dipole magnetic field.
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field and the motion of the spacecraft across L shells as it
moves in a circular orbit within the asymmetric dipole of the
Earth, the agreement between the measured and simulated
fields and fluxes suggest that the MHD/particle simulations
do a reasonably good job of quantitatively tracking the
evolution of the fields and particles over an extended period
of time.
[8] We note that the nature of the guiding center simu-

lations conducted in this study precludes inclusion of any
nonadiabatic effects that may have been present in the real
magnetosphere (e.g., local heating and loss due to wave-
particle interactions). However, the fact that these results are
strictly limited to processes related to the radial transport of
particles makes them especially useful as a means of testing

radial transport models. A comparison between the MHD/
particle simulations presented above and a purely diffusive
formulation of radiation belt dynamics can therefore provide
insight into the extent to which radial transport may be
treated as a diffusive process and the accuracy of current
models of radial diffusion in the outer zone.
[9] Diffusive transport of relativistic electrons in the radi-

ation belts can be modeled by a general Fokker-Planck
equationwhich describes the evolution of phase space density
in the coordinate space of the three adiabatic invariants
[Schulz and Lanzerotti, 1974; Beutier and Boscher, 1995;
Bourdarie et al., 1997]. For the special case where the first
two adiabatic invariants are conserved, the general equation
reduces to a radial diffusion equation. Radial diffusion

Figure 2. Simulated and observed magnetic fields at the location of GOES-8 during the 24–26
September 1998 geomagnetic storm.

Figure 3. Simulated (top) and observed (bottom) electron fluxes at the location of GOES-8, for a
30 hour period spanning storm main phase and recovery phase.
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calculations using semiempirical diffusion coefficients can
successfully model MeVelectron fluxes at synchronous orbit
[Li et al., 2001]. In this paper we present a radial diffusion
calculation that employsULFwave diffusion coefficients and
includes time-dependent outer boundary locations and
values. The calculationmodels a time interval of about 2 days,
from the beginning of the September 1998 storm to the late
recovery phase. The radial diffusion calculation results are
compared with the MHD particle simulation results.
[10] The remainder of the paper is organized as follows:

Section 2 describes the radial diffusion modeling methods.
In section 3 results of the radial diffusion calculation are
presented and compared to the MHD particle results. A
summary and discussion are given in section 4.

2. Modeling Methods

[11] In this section we describe the radial diffusion
equation, the ULF wave diffusion coefficients, the
calculation of phase-space density from differential flux,

and the dynamic outer boundary condition used in the radial
diffusion calculation.

2.1. Radial Diffusion Equation

[12] In this work we assume conservation of the first
adiabatic invariant M and equatorially mirroring particles. It
is convenient to use the Roederer L value [Roederer, 1970]:

L ¼ 2pk0
REF

; ð1Þ

where k0 = BERE
3 is the Earth dipole moment (BE =

0.32 gauss, RE = Earth radius) and F is the magnetic flux
enclosed by a drift shell, F =

H
B � dS.

[13] Ignoring losses, sources, drag, and nonstochastic
processes, we use the well-known radial diffusion equation:

@f

@t
¼ L2

@

@L

DLL

L2
@f

@L

� �
; ð2Þ

where f is the phase space density averaged over all phase
angles, a function of M, L, and t, [Schulz and Lanzerotti,
1974; Schulz, 1996].
[14] Our diffusion calculation for the September 1998

storm solves this radial diffusion equation with a ULF wave
diffusion coefficientDLL and time-dependent outer boundary
location and value. The phase space density corresponding
to the AE8MAX flux model is used as the initial condition.
The MHD particle simulation of the 24–26 September 1998
storm also used the AE8MAX model as the initial flux
condition. The Crank-Nicholson implicit finite-difference
method is used to solve equation (2) with a uniform grid in
L which ranges from 2.3 to 9 and with a fixed time step. The
diffusion coefficient DLL, the outer boundary location
Lmax(t), and the value of the outer boundary phase-space
density f(Lmax, t) are updated at every time step. The phase
space density f from the radial diffusion calculation will be

Figure 4. AE8MAX flux and phase-space density. (top)
Log10 of AE8MAXmodel electron flux (cm�2 s�1 MeV�1).
(bottom) Log10 of AE8MAX phase space density
((cm MeV/c)�3), using dipole field (L = R).

Figure 5. Lmax vs. time from 2200 UT, 24 September
to 1600 UT, 26 September, calculated by tracing
particle guiding center motion and finding the last closed
L shell.
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compared with the phase space density fMHD calculated
from the MHD particle simulation result.

2.2. ULF Wave Driven Diffusion Coefficients

[15] The effects of ULF waves on energetic electrons
have been investigated theoretically in a number of previous
papers [Fälthammar, 1965; Schulz and Lanzerotti, 1974;
Elkington et al., 1999; Brizard and Chan, 2001; Elkington
et al., 2003]. Fälthammar [1965] and Schulz and Lanzerotti
[1974] obtained particle diffusion rates due to stochastic
electric and magnetic perturbation fields. Recently, Elkington
et al. [2003] discovered new contributions to radial diffusion
in an asymmetric background magnetic field and gave
estimates of the diffusion rate. Using a treatment similar
to Fälthammar [1965], we have derived electric and
magnetic diffusion coefficients of relativistic electrons in
an asymmetric magnetic field. Some details of the derivation
of these diffusion coefficients are given in Appendix A; here
we briefly summarize the main results that will be used in this
paper.
[16] The magnetic field model is based on a dipole

magnetic field, plus a day-night asymmetry term [Elkington
et al., 2003]:

B0 r;fð Þ ¼ BER
3
E

r3
þDB rð Þ cosf : ð3Þ

Here f is the azimuthal angle (or local time angle, zero at
noon), BE = 0.32 Gauss, and the degree of asymmetry is
given by DB.
[17] The ULF wave perturbation of the electric and

magnetic fields are assumed to be the sum of azimuthal
components with azimuthal mode numbers m:

~E r;f; tð Þ ¼ ~E0 r;fð Þ þ
X
m

d~Em r; tð Þ cosmf ð4Þ

~B r;f; tð Þ ¼ ~B0 r;fð Þ þ
X
m

d~Bm r; tð Þ cosmf ð5Þ

Here d~E and d~B are general electric and magnetic
perturbations (with no assumed polarization). As shown in
Appendix A the radial diffusion coefficients for both
electric and magnetic wave perturbations can be written as
a sum of ‘‘symmetric’’ diffusion coefficients and ‘‘asym-
metric’’ diffusion coefficients. There are two diffusion
modes for both electric and magnetic wave perturbations:
symmetric mode and asymmetric mode. The symmetric
diffusion coefficients are shown in equations (6) and (7).

D
E;Sym
LL ¼ 1

8B2
ER

2
E

L6
X
m

PE
m mwdð Þ ð6Þ

D
B;Sym
LL ¼ M2

8q2g2B2
ER

4
E

L4
X
m

m2PB
m mwdð Þ ð7Þ

Here g is the Lorentz factor, Pm
E (mwd) is the power spectral

density of the azimuthal wave electric field at resonant
frequency mwd, and Pm

B is the power spectral density of the
compressional wave magnetic field at frequency mwd. The
electric diffusion coefficient has L6 dependence, plus the L
dependence in Pm

E . The L dependence of the magnetic
diffusion coefficient is more complicated since g also
depends on L. In the ultrarelativistic limit g2 / L�3, so for
radiation belt electrons L4/g2 is approximately proportional
to L7. Equation (6) agrees exactly with the corresponding
result in the work of Fälthammar [1965] and so does
equation (7) in the appropriate limit (Falthammar’s calcula-
tion is nonrelativistic, has only m = 1 terms, and assumes a
relation between the wave magnetic and induced electric
fields which we do not assume).
[18] The asymmetric diffusion coefficients have different

resonance frequencies, and they are also proportional to the
square of the asymmetry factor DB/BE:

D
E;Asym
LL ¼ 2

9B2
ER

2
E

DB

BE

� �2

L12
X
m

m2

� PE
m mþ 1ð Þwdð Þ þ PE

m m� 1ð Þwdð Þ
� �

ð8Þ

D
B;Asym
LL ¼ 2M2

9q2g2B2
ER

4
E

DB

BE

� �2

L10
X
m

� m2 PB
m mþ 1ð Þwdð Þ þ PB

m m� 1ð Þwdð Þ
� �

ð9Þ

The asymmetric coefficients have steeper L dependence,
indicating they may be more important in large L shells.

Figure 6. Solar wind conditions observed at the spacecraft
WIND in the period between 1200 UT, 24 September 1998
and 1200 UT 26 September 1998. The geomagnetic
response as characterized by the hourly Dst index is plotted
in Figure 6f.
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Specifically, the electric asymmetric diffusion coefficient
has L12 dependence (apart from the L dependence in the DB
and Pm

E factors) and the magnetic asymmetric diffusion
coefficient has approximately an L13 dependence, in the
ultrarelativistic limit (apart from the L dependence in the
DB and Pm

B factors).
[19] Assuming random phases between electric and mag-

netic perturbations, the total diffusion coefficient is the sum
of equations (6) to (9), including asymmetric and symmetric
diffusion coefficients and all m modes:

DLL ¼
X
m

D
Asym;m�1
LL þ D

Sym;m
LL þ D

Asym;mþ1
LL

	 

ð10Þ

The diffusion coefficients in equations (6) to (9) have been
compared with numerical test particle calculations in model
wave fields and good quantitative agreement has been
obtained. These results will be presented in a future
publication. These analytical diffusion coefficients will be
used as a starting point for the September 1998 storm radial
diffusion calculation.

2.3. Calculation of Phase Space Density
From Differential Flux

[20] The MHD particle simulation provides electron dif-
ferential flux j in the equatorial plane, at radial distances
from 2.3 RE to 9 RE, with energy from 0 to 10 MeVand 90�
pitch angle. This flux is converted to phase space density
(PSD) f(M, K, L) according to the relation f = j/p?

2 , where p?
is relativistic momentum, L is the Roederer L shell, and
second invariant K = 0.

[21] The Roederer L shell value is calculated by tracing
the particle equatorial guiding center motion, then mapping
the trajectory to the ionosphere and calculating the enclosed
magnetic flux [Roederer, 1970]. The MHD magnetic field is
used for the particle tracing and ionosphere mapping, and a
dipole magnetic field is used for the magnetic flux integrals
on the ionosphere.

Figure 7. Phase-space density from the MHD particle simulation. From 2200 UT 24 September to 1200
UT 26 September.

Figure 8. Outer boundary value of phase-space density
calculated from MHD particle result at Lmax. The time axis
is the same as Figure 7.
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[22] The AE8MAX differential flux is used as the initial
condition for the MHD particle simulations. Figure 4 shows
the AE8MAX differential flux and the corresponding phase
space density. In the conversion from j to f, there are two
main effects: (1) The mapping of the energy-R domain to
the M-L domain and (2) the scaling factor p?

2 . At higher L,
the same energy E maps to larger M; this is becauseM = p?

2 /
2mB, where B is smaller at larger L. The two-zone (inner
zone and outer zone) structure is visible in the flux plot but
is barely identifiable in the phase space density plot
(because it maps to such a small region of small-M and
small-L in the M-L plane). In all plots of phase space
density, the units are (cm MeV/c)�3.

2.4. Location of the Outer Trapping Boundary

[23] In the radial diffusion calculation we locate the outer
boundary by tracing particle guiding center motion in the
MHD magnetic field, starting at low initial L and moving
outward along local midnight until the drift shell is no
longer closed. The last closed drift shell is denoted Lmax(t).
Figure 5 shows that Lmax(t) varies from about 4.5 to 10
during the September 1998 storm. Lmax went down to 4.5
and 5.5 at 0200 UT and 0600 UT 25 September,
corresponding to peaks in the solar wind dynamic pres-
sure. The Lmax calculated using our drift shell tracing is

Figure 9. Azimuthal electric ULF wave power spectral density (V2/m2/Hz), at resonance frequencies of
an M = 1870 MeV/G electron. The first zero on the time axis is UT = 0 of 25 September.
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slightly inside the particle boundary of the MHD particle
simulation.

3. Results and Comparison With MHD
Particle Simulation

3.1. Phase Space Density of the MHD
Particle Simulation

[24] As mentioned in section 1, the MHD particle simu-
lation calculates differential flux. In order to remove adia-
batic changes, we convert the differential flux j(E, R, t) of
the MHD particle simulation (measured at midnight) to
phase space density fMHD(L, t) at constant first invariant
M = 1870 MeV/G, corresponding to a 1 MeVelectron at 6.6

RE. The phase space density was calculated only at L
smaller than Lmax.
[25] Figure 7 shows the evolution of fMHD(L, t) during the

24–26 September 1998 magnetic storm. For reference, the
corresponding storm time solar wind parameters and Dst
value are plotted in Figure 6. During the storm sudden
commencement and the main phase (2300 UT 24 September
to 0200 UT 25 September), the magnetopause has been
compressed from larger than 9RE into approximately 5RE,
and trapped particles were lost during this time. In the early
recovery phase (0200 UT to 1400 UT, 25 September) Lmax

gradually relaxed outward but was still quite dynamic.
Particles diffused both inward and outward from the center
of the phase space density peak at L� 4.5. In the late recovery

Figure 10. Compressional magnetic ULF wave power spectral density (nT2/Hz), at resonance
frequencies of an M = 1870 MeV/G electron. The first zero on the time axis is 0000 UT of 25 September.
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phase, Lmax wasmore steady, the value of phase space density
was lower at higher L shell, and the peak of phase space
density continued to spread and move inward, but the
diffusion rate was rather slow.
[26] Figure 8 shows the values of the phase space density

of Figures 7 and Figure 8 at the outer boundary location
Lmax(t). These time-dependent values are used as the outer
boundary condition fBC = f(Lmax, t) in the radial diffusion
calculation. Initially, a constant outer boundary value was
used, but the agreement with fMHD was poor. The outer
boundary value, fBC, has a fairly constant high value before
the storm onset, then after the sudden commencement and
during the beginning of the main phase the trapping

boundary location moved inward to L � 4.5 and fBC
decreases. During the main phase and the beginning of
the recovery phase both the location of the outer boundary
and the value of fBC are very dynamic. After 1800 UT
25 September, the trapping boundary stays at larger L and
fBC decreases to more steady low values.

3.2. Inputs to the ULF Wave Diffusion Coefficient

[27] The values of the radial diffusion coefficients of
equations (6)–(10) are calculated using the ULF electric
and magnetic field power spectral densities obtained from
the global MHD simulation of the September 1998 storm.
Following the method of Holzworth and Mozer [1979], an
FFT series expansion is taken in azimuthal angle to obtain
the power spectral density in each m = 1,2,3,4 mode. Then,
for each mode, an FFT transform is taken in the time
domain to calculate the power spectral density Pm(w). The
time step of the MHD simulation varies from 30 to 50 s,
interpolated to uniform time steps of 15 s, and the time
window of the FFT calculation is 2 hours. The resulting
frequency range of the spectral analysis is 0.27 mHz to
10 mHz.
[28] The storm time power spectral densities for the

resonance frequencies are shown in Figure 9 for electric
fields and Figure 10 for magnetic fields. The resonance
frequencies are w = (m � 1)wd, w = mwd, and w = (m + 1)wd

for each of the azimuthal modes m = 1, 2, 3, 4 (for the m = 1
mode there are only m and m + 1 modes). The plots are
arranged as follows: The first row is m = 1, the second row
is m = 2, etc. The left column shows m � 1 resonances, the
center column shows m resonances, and the right column
shows m + 1 resonances. All the electric and magnetic
power spectral densities show the following common fea-
tures: (1) there is more power in the main phase than at other
times, (2) there is more power at higher L shells, (3) there are
more power in low-m modes. Note that the m + 1 resonance
with m = 1, the m resonance with m = 2, and the m � 1

Figure 11. Asymmetry parameter LOG10((DB/(BE/L
3))2).

The time axis is the same as Figure 7.

Figure 12. DLL (hour�1) versus L.
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resonance with m = 3 all correspond to the same frequency
(diagonal plots), and note that there is more power in the
low-m modes at these equal frequencies. Compared with the
electric power spectral density (Figure 9), the magnetic
power spectral density (Figure 10) has steeper L depen-
dence. Also, the magnetic wave power decreases faster in
higher m modes than the electric power, but note that the
magnetic radial diffusion coefficient contains an m2 factor
which elevates the effect of the high-m magnetic power.
[29] As indicated in section 2.2, the diffusion coefficients

must be summed over all azimuthal wave numbers m. Since
most of the power is in the lower m numbers, only m =
1,2,3,4 are considered in this radial diffusion calculation.
Adding contributions with m > 4 slows down the calculation
but does not significantly alter the results.
[30] In addition to the ULF wave power, the asymmetric

diffusion coefficients (equations (8) and (9)) also depend on
the square of ratio of DB to the local magnetic field
magnitude ((DB/(BE/L

3))2), which is a measure of the
day-night asymmetry of the magnetic field. The compres-
sion coefficient DB is determined from the time-varying
magnetic field of the MHD simulation using noon and
midnight values of the equatorial magnetic field [Elkington
et al., 2003]. Figure 11 shows the asymmetric coefficient
(DB/(BE/L

3))2. The magnetic asymmetry is enhanced in the
main phase of the storm from 0000 UT to 1200 UT,
25 September, and begins to diminish in the early recovery
phase. In the later recovery phase the field asymmetry in
middle- and high-L regions increases, and the asymmetry is
higher at higher L. This indicates that the asymmetric
diffusion coefficient will be more important in the recovery
phase and in high-L regions. The analysis of asymmetric
diffusion coefficients in Appendix A assumes that DB is
smaller than the local magnetic field and the values shown
in Figure 11 indicate this assumption is valid.

3.3. Radial Diffusion Result and Comparison

[31] The radial diffusion calculation of the 24–26
September 1998 magnetic storm starts at 2200 UT of
24 September, right before the storm sudden commencement,
and ends at 1600 UT of 26 September in the late recovery
phase. The total duration of the simulation is 42 hours. The
power spectral densities of Figures 9 and 10, and the
asymmetry factor of Figure 11 are used in the formulae for
the radial diffusion coefficient (equations (6) to (9)).
[32] The total diffusion coefficient (equation (10)) at three

selected times: 2200 UT 24 September (prestorm), 0600 UT
25 September (main phase), and 1100 UT on 26 September
(late recovery phase), is plotted in Figure 12. The main
phase diffusion coefficient is about 1 to 2 orders of
magnitude higher than the prestorm and late recovery phase
values because both ULF power and magnetic field asym-
metry are higher.
[33] For comparison we have also included a simple static

power-law diffusion coefficient of the form DLL = D0L
n,

where D0 = 1.5 � 10�6day�1, and n = 8.5. The value of D0

and n are chosen to represent an average of the time-varying
ULF-driven diffusion coefficient.
[34] Figure 13 shows the separate contributions of the

symmetric and asymmetric terms in the total diffusion
coefficient, at 0600 UT 25 September (main phase). The
asymmetric diffusion increases more strongly with L than
the symmetric contribution and when L is greater than about
5 it dominates. This is also true in the early recovery phase,
but at other times (before the storm and in the late recovery
phase) the asymmetric diffusion is generally smaller than
the symmetric contribution. The static diffusion coefficient
of Figure 12 is shown for reference.
[35] The results of the storm time radial diffusion calcu-

lations are shown in Figures 14 through 17. All the plots
shown are for M = 1870 MeV/G electrons. The upper panel

Figure 13. Comparison of symmetric (dashed line) and asymmetric (dotted line) contributions to DLL

(hour�1) versus L.
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of each plot is the radial diffusion phase space density f, the
lower panel shows the log difference between the diffusion
result and the MHD particle result: log10(f/fMHD), where
fMHD is the phase space density of the MHD particle
simulation shown in Figure 7.
[36] We also define an RMS deviation s

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

log10 f =fMHDð Þð Þ2=n
q

; ð11Þ

as an overall measure of the difference between two
simulations, where the summation is over all L and time,
and n is the total number of values of f and fMHD.

[37] Figure 14 shows radial diffusion calculation results
using the ULF-driven radial diffusion coefficient of
equation (10), where both symmetric and asymmetric terms
are included. Figures 15 and 16 show results using only
symmetric or only asymmetric terms, respectively. Figure 17
shows results using the simple static power law radial
diffusion coefficient of Figure 12. Figures 14 to 17 are now
discussed separately.
[38] Comparing Figure 14a to Figure 7, the radial diffu-

sion calculation with the ULF wave diffusion coefficients of
equation (10) is able to reproduce the main features of the
electron transport shown in the MHD particle simulation.

Figure 14. Radial diffusion PSD (f, top) and log difference with MHD PSD (log f � log fMHD, bottom)
for symmetric and asymmetric diffusion terms.
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From 0000 UT to 0300 UT of 25 September, during the
main phase and early recovery phase, the trapping boundary
was deeply compressed into L � 5 and phase space density
at higher L was depleted. During this period, high ULF
wave power and high asymmetry of the magnetosphere led
to enhanced radial diffusion, and both the MHD particle
simulation and the diffusion calculation show the peak of
phase space density moves inward rapidly from L > 6 to
L � 4.5. From 0400 UT to 1500 UT, during the recovery
phase, the trapping boundary location is quite dynamic and
gradually expands outward. The ULF power spectral density

during this time period is still considerable and leads to
effective radial diffusion; the peak in phase-space density
moves in from L � 4.5 to L � 4.2 and also spreads to both
lower L and higher L. In the late recovery phase, 1500 UT of
25 September to 1700 UT of 26 September, the outer
boundary location is more steady, the outer boundary value
remains low, the ULF wave power drops to low values, the
radial diffusion rate is very slow, and the peak moves only
slightly inward. Generally, radial diffusion gives a phase
space density close to that of MHD particle simulation in all
phases of the storm. The MHD particle simulation result

Figure 15. Radial diffusion PSD (f, top) and log difference with MHD PSD (log f � log fMHD, bottom)
for symmetric diffusion terms only.
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shows small-scale fluctuations (due to the noise associated
with counting statistics), while the radial diffusion result is
smoother, as would be expected.
[39] The difference plot in Figure 14b can better display

regions where the two simulations agree or disagree.
Positive values mean the phase space density of the radial
diffusion calculation is higher than the phase space density
of the MHD particle result, and vice versa. Overall, the two
simulations agree to within about 0.5 in log10(f), and s =
0.21.
[40] Figure 15 shows the result of radial diffusion using

only the symmetric diffusion coefficients. The difference

between f and fMHD is slightly larger than in Figure 14, at
later times and at higher L (t from 2200 UT 25 September to
1000 UT 26 September, L from 6 to 8.). This is because the
symmetric diffusion rate is not high enough at higher L to
diffuse phase space density outward through the outer
boundary. Figure 16 shows results obtained using only the
asymmetric diffusion coefficient. We can clearly see that
asymmetric diffusion modes are not very effective, espe-
cially at low L.
[41] Overall then, the time-dependent ULF wave radial

diffusion with both symmetric and asymmetric terms in the
diffusion coefficient shows good agreement with the MHD

Figure 16. Radial diffusion PSD (f, top) and log difference with MHD PSD (log f � log fMHD, bottom)
for asymmetric diffusion terms only.
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particle simulation with most of the diffusion due to the
symmetric terms. For comparison, Figure 17 shows the
result of radial diffusion using the simple static diffusion
coefficient of Figure 12. There is good overall agreement
with the MHD particle result, but in the late recovery phase
f for the static diffusion coefficient is significantly under-
estimated at higher L values and overestimated at low
L values. The values of the RMS parameter s for each
Figure 14 to 17 are listed in Table 1. Table 1 supports the
conclusion that better agreement is obtained using symmetric
and asymmetric contributions than any of the other three

cases, although the symmetric-only and static coefficients do
fairly well overall.

4. Summary and Conclusion

[42] Test particle simulations combined with a global
MHD simulation of the 24–26 September 1998 magnetic
storm yields electron flux profiles which appear to evolve
diffusively on timescales of several hours. In order to
investigate the diffusive nature of the particle motion,
we performed radial diffusion calculations of phase space

Figure 17. Radial diffusion PSD (f, top) and log difference with MHD PSD (log f � log fMHD, bottom)
for a constant power law diffusion coefficient DLL = 1.5 � 10�6 L8.5 day�1.
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density evolution of the same storm and compared the
results. The differential flux of the MHD particle simulation
result was converted into phase space density at M =
1870 MeV/G, assuming equatorially mirroring particles.
Different ULF wave diffusion coefficients have been inves-
tigated, and the location of the outer boundary and the value
of the phase space density on the outer boundary are
dynamic.
[43] We used analytical radial diffusion coefficients

which contain symmetric and asymmetric field contribu-
tions. The diffusion coefficients are proportional to the ULF
power spectral density at drift resonance frequencies. Apart
from the L dependence in the ULF wave power spectra, the
electric symmetric diffusion coefficient is proportional to
L6, while the electric asymmetric diffusion coefficient is
roughly proportional to L12 and is also proportional to the
square of the field asymmetry, which increases during the
period of significant radial distortion. The ULF power
spectral density is calculated using the MHD simulation
results. The power is higher during the main phase and in
the beginning of recovery phase, and increases with L,
which is consistent with observations [Mathie and Mann,
2000, 2001]. During the main phase and beginning of the
recovery phase, the diffusion coefficient can be 1 to 2 orders
of magnitude higher than that of the prestorm and late
recovery phase because of enhanced ULF wave power and
greater asymmetry of the geomagnetic field.
[44] In the radial diffusion calculation we saw strongly

enhanced inward diffusion during the main phase and early
recovery phase. The rate of inward diffusion is much slower
in the late recovery phase, when the peak moved steadily
from L = 4.5 to L = 4. The differences between the radial
diffusion calculation and the MHD particle simulation are
mostly small-scale at higher L regions. Overall, the two
simulations are in good agreement. A static power law
diffusion coefficient (DLL = D0L

n) can roughly reproduce
the phase space density of MHD particle result, but it is not
able to capture the dynamics during the storm.
[45] By comparing the symmetric and asymmetric contri-

butions separately, we conclude that for this storm the
symmetric terms dominate but the asymmetric terms make
a significant contribution to storm at higher L values. For the
symmetric diffusion (Figure 15), there is a minor discrepancy
with the MHD particle result in the recovery phase, at higher
L (t > 15 hours, L > 4), where the outer boundary value has
dropped to low values and the outward diffusion is not fast
enough. The asymmetric diffusion is shown in Figure 16. The
diffusion is fast enough at higher L to deplete particles in the
recovery phase, but the main discrepancy with the MHD
particle result is at middle and low L, where inward
diffusion is too weak. Adding asymmetric diffusion coef-
ficients to symmetric diffusion coefficients gives a better

result than the symmetric mode alone, although the
improvement is small for this 24–26 September 1998
storm. Since the asymmetric diffusion coefficients are
proportional to the square of field asymmetry term DB/B,
for storms with greater compressional asymmetry we expect
the asymmetric modes be more important.
[46] Overall, the ULF wave-driven radial diffusion coef-

ficients of equations (6) to (9) did a good job of reproducing
the relativistic electron transport of the MHD particle
simulation. We emphasize that this study is a model-model
comparison (i.e., a comparison of the MHD particle simu-
lation with the radial diffusion simulation), primarily for the
purpose of better quantifying ULF wave radiation belt
electron transport. In order to make these simulations more
realistic and to enable more meaningful comparisons with
spacecraft measurements, additional processes (such as
convective transport, impulsive injections, and acceleration
and loss by high-frequency wave-particle interactions, for
example) should be added.

Appendix A

[47] This appendix presents an outline of the derivation of
the radial diffusion coefficients in equations (6) to (9).
Consider high-energy, equatorially mirroring electrons
whose unperturbed drift orbit coincides with a contour of
constant B. For the field model of equation (3), the
unperturbed orbit is given by [Elkington, 2000]

r fð Þ ¼ LRE 1�DB

BE

L3 cosf
� ��1=3

; ðA1Þ

and the normal vector to this orbit is

n̂B ¼
3BE

R3
E

r3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9B2

E

R6
E

r6
þDB2 sin2 f

q r̂ þ DB sinfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9B2

E

R6
E

r6
þDB2 sin2 f

q f̂ : ðA2Þ

A perturbation of the electric or magnetic field can cause a
deviation from the unperturbed orbit. Defining r as the
distance of the deviation in the direction normal to the
constant-B contour, we have

dr
dt

¼ vd � n̂B ; ðA3Þ

where vd is the guiding center drift velocity. To first order in
the asymmetry factor DB, from equation (A1) we have

dr

dL
¼ RE 1þ 4

3

DB

BE

L3 cosf
� �

; ðA4Þ

and dr/dr = O(1), so the rate of change in L is (to first-order
accuracy):

dL

dt
¼ dr

dt

dr

dr
@L

@r
¼ dr

dt

1

RE

1� 4

3

DB

BE

L3 cosf
� �

: ðA5Þ

Table 1. RMS Deviations Between the Radial Diffusion Calcula-

tion and MHD Particle Simulation

DLL Type s

Sym and Asym, Figure 14 0.213
Sym only, Figure 15 0.222
Asym only, Figure 16 0.328
Power law, Figure 17 0.223
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The electric and magnetic perturbations to the background
field are assumed to be random and statistically time
stationary. For electric perturbations

dr
dt

¼ dE � B

B2
� n̂B ¼ 1

B
dEf �

DB sinf
3B2

dEr: ðA6Þ

Then:

dL

dt
¼ 1

BERE

L3dEf �
1

3

DBsin fð Þ
B2
ERE

L6Er �
4

3

DBcos fð Þ
B2
ERE

L6Ef

ðA7Þ

The factors in front of the second and third terms are 1/3
and 4/3, and in the final diffusion coefficient these factors
will be squared. The power spectral analysis of the electric
field of the MHD simulation of the September 1998
magnetic storm shows that Er and Ef are generally in the
same order, and the maximum value Ef is about 4 times that
of Er only temporarily in the recovery phase, at higher L.
This means in the September 1998 storm the diffusion
coefficient containing by Er to be generally smaller, and to
the maximum not exceeding that of Ef. Even a factor of 2 is
is a small amount, given that DLL ranges over many orders
of magnitude. Also, in the recovery phase the radial gradient
of PSD is small at large L. So for this storm we ignore the Er

term. Ignoring the second term in equation (A7) and using
equation (4):

dL

dt
¼ 1

BERE

L3
X
m

Em tð Þ cosmf

� 4

3

DB

B2
ERE

L6
X
m

Em tð Þ cosmf cosf; ðA8Þ

where Em is the Fourier amplitude of the azimuthal
component of the wave electric field. For magnetic
perturbations,

dr
dt

¼ M

qg Bþ dBð Þ2
Bþ dBð Þ � dB � n̂B; ðA9Þ

and

dL

dt
¼ M

qgBER
2
E

L2
X
m

mBm tð Þ sinmf

þ 4

3

M

qgBER
2
E

DB

BE

L5
X
m

mBm tð Þ sinmf cosf; ðA10Þ

where Bm is the Fourier amplitude of the compressional
component of the wave magnetic field.
[48] Using the symbol hi to denote the expectation value

of the enclosed variable, the radial diffusion coefficient is

DLL ¼ h L� L0ð Þ2i
2t

¼ 1

2t

Z t

t¼0

d L� L0ð Þ2
D E

dt
dt: ðA11Þ

[49] Next we show the derivation of the diffusion coef-
ficient from the symmetric electric term in equation (A8) as
an example. We define u1 = L3/(BERE)

X
m

Em(t) cos mf,

and u2 =
4

3

DB

B2
ERE

L6
X
m

Em(t) cos mf cos f such that
dL

dt
=

u1 + u2. Then the integrand in equation (A11) is

d L� L0ð Þ2
D E

dt
¼ 2

Z
u1 tð Þu1 xð Þh i dx

þ 2

Z
u1 tð Þu2 xð Þh i dx þ 2

Z
u2 tð Þu1 xð Þh i dx

þ 2

Z
u2 tð Þu2 xð Þh i dx: ðA12Þ

[50] Equation (A12) is integrated again to obtain DLL.
The first term is the autocorrelation of the symmetric term
u1, and the integration is very similar to the appendix of
Fälthammar [1965]: the terms which are not growing with t
are negligible and application of the Wiener-Khinchin
theorem (i.e., the Fourier transform of an autocorrelation
function is given by the power spectral density of that
function) gives the diffusion coefficient as a function of
power spectral density, as in equation (6):

D
E;Sym
LL ¼ 1

8B2
ER

2
E

L6
X
m

PE
m mwdð Þ : ðA13Þ

Here Pm is power spectral density,

Pm wð Þ ¼ 4

Z1

0

Am t0ð Þ � Am t0 þ tð Þ½ � cos wtð Þdt ; ðA14Þ

where Am = Em or Am = Bm for the electric or magnetic
power spectral densities.
[51] The second and third term in equation (A12) are

cross terms of the symmetric term u1 and the asymmetric
term u2. The integration over these terms vanishes. The
fourth term is the autocorrelation of the asymmetric term u2.
Owing to the extra cos(f) in the u2 term, the integration
contains four times the number of terms in the calculation
which led to equation (A13), but the manipulations are very
similar. After ignoring terms which are not growing with t
and collecting all terms together, the final result is
(equation (8))

D
E;Asym
LL ¼ 2

9B2
ER

2
E

DB

BE

� �2

L12
X
m

m2

� PE
m mþ 1ð Þwdð Þ þ PE

m m� 1ð Þwdð Þ
� �

ðA15Þ

The integrations of magnetic terms are very similar to the
electric terms and lead to the magnetic diffusion coefficients
in equations (7) and (9).
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