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ABSTRACT

Discrete transitions in the heat flux through fluids confined

between horizontal plates were first observed by Malkus. The tran-

sitions, and the remarkable linear segments in a linear plot of

Nusselt number times Rayleigh number versus Rayleigh number, are con-

firmed experimentally up to a Rayleigh number of Ra = 2.8 x 10 in a

convection chamber of different geometry and in fluids of different

Prandtl numbers than those used by Malkus. Two transitions at

Ra' 8200 and 24,000 were always observed instead of the single tran-

sition suggested to occur at Ra ;18,000. The first four transitions

are explained by quasi-linear stability theory for the appearance of

unstable vertical modes upon a distorted mean temperature gradient,

/(z) , with rigid boundaries. The approximations of substituting a

constant iifplace of a realistic , (z , and free surfaces for rigid

boundaries, are shown to produce large errors in calculated critical

Rayleigh numbers for the higher modes.



1. Introduction

In an important experimental study, Malkus discovered that the

heat flux between horizontal plates varies in linear segments with

the impressed temperature difference ,AT between plates if their sep-

aration h and the fluid properties are held constant. Approximately

eight linear segments of different slopes were observed for Rayleigh
2 06

numbers ranging from the critical up to about 2 x 10 . Above this

value, further discrete changes in slope, if any, were too small to be

detected. In terms of dimensionless parameters, the linear segments

are observed upon examination of a linear plot of the product (Nu Ra)

versus Ra, where Nu is the Nusselt number ofdimensionless heat flux.

The Rayleigh numbers at which (Nu Ra) changes slope may be termed

transition Rayleigh numbers, 3 (Ra), where n is the number of the dis-

crete transition. (For the critical Rayleigh number n = 1.)

Malkus associated successive values of (Ra) with the increasing
n

values at which successive vertical modes m = 1, 2,, . . become un-

stable. For n $ 3, the observed values of (Ra) appeared to agree

closely with theoretical critical values of (Ra) assuming the stabil-
4 
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ity analysis is valid with free surfaces substituted for rigid boun-

daries and a constant mean temperature gradient , substituted for a

realistic and variable /3 (z). The experimental results led to Malkus'

well known theory for the upper limit to the turbulent heat flux at

large Ra. It may be recalled that this theory predicts discontinuous

changes in the upper limit of the Nusselt number at the discrete tran-

sitions, and does not attempt prediction of the behavior of Nu between

transition Rayleigh numbers.

Several uncertainties resulted from Malkus' experiment. Tran-

sitions n = 2 and 3 were sometimes noted to occur at (Ra) n=2 11,000

and (Ra) n3 26,000, neither of which corresponds to the rigid-boundary
n=3 

6
value (Ra)m = 17,600 determined by Pellew and Southwell. At other

m=2
times only a single transition was evident somewhere in this region.

Malkus associated both questionable transitions n = 2 and 3 with the

appearance of the single rigid-boundary mode m = 2.

It is not clear from Malkus' papers why the appearance of the



- 2 -

higher vertical modes should be independent of the large increase of

mean temperature gradient near the boundaries and the large non-linear

convective transports existing at larger Ra. These influences could

seriously modify the results of a linear stability analysis for modes

m> 1.

It is also not apparent that (Ra) for rigid boundaries should

coincide closely with that for free surfaces as suggested by Malkus

for m > 2 or 3. The free-surface modes m = 1,2 appear at significantly

lower Ra than do the corresponding rigid-surface modes. The accuracy

of Malkus' approximate method of calculating rigid-surface critical

values for m = 3,4 (which yielded about the same critical values as

for free surfaces) is questionable.

Although thirteen years have elapsed since publication of Malkus'

experimental study, no confirmation during that time is known to the

authors. Conceivably, the observed transitions may have depended upon

the geometry of the particular convection chamber used. Also, the

fluids studied (water and acetone) do not differ greatly in Prandtl

number, Pr, so that any weak dependence of (Ra) upon Pr could not be

determined. Thus, a confirming experiment using apparatus of differ-

ent geometry and fluids with highly different Pr is desirable.

The present study has, therefore, the following objectives:

(1) to confirm (or refute) the existence of discrete transition

Rayleigh numbers for n > 1, and the existence of linear segments in

measurements of (Nu Ra) versus Ra; (2) to determine if (Ra)n has essen-

tially the same values in a convection chamber with square horizontal

surfaces as in Malkus' circular chamber, and with air (Pr = .71) and

a silicone oil (Pr = 57) as the convecting fluids instead of acetone

and water (Pr = 3.7 and 7, respectively); (3) to determine if

(Ra) n2 11,000 and (Ra) 26,000 as sometimes observed by Malkusn=2 an=3
rather than at (Ra)m=2 = 17,600 as given by linear rigid-boundary stabil-

ity analysis; (4) to determine if a stability analysis for rigid boun-

daries which includes an approximately correct mean temperature gradient

as a function of height and Ra, but still neglects the fully non-linear



- 3-

terms, can explain the appearance of (Ra)n2 11,000 and the higher
n=2

transitions as observed; and (5) to determine, incidentally, if (Ra)

for the rigid-surface case differs significantly from the free-surface

case for m > 3 in an accurate but fully linear stability analysis.

2. Experimental Description

The convection chamber contained two horizontal, square aluminum

plates of thickness 2.54 cm and lengths 80 cm. They were separated by

six vertical plastic rods of diameter 0.6 cm. Side walls consisted

of plexiglass of thickness 1.27 cm. The average plate temperature dif-

ference AT was measured with the aid of two copper-constantan thermo-

couple pairs in each plate. The four junctions were inserted into two

holes drilled into each of the two plates, such that the junctions of

each pair were vertically in line. The two pairs were located near the

centers of the two plates and 20 cm apart horizontally. The sensitivity
-1

of each thermocouple pair was taken as 41lv C .

The heat flux was obtained from the boundary temperature gradients

as measured with the aid of two pairs of long resistance wires just

interior of the horizontal plates. The wire was platinum insulated with

a thin coat of enamel; the outer diameter was .05 mm. The wires of

each pair were separated vertically 1 mm by thin cardboard wafers

glued to the aluminum plates against which the lower wire of the lower

pair and upper wire of the upper pair were in thermal contact. A large

number of the small wafers were glued to the plates in order that the

separation between resistance wires of each pair could be maintained

essentially constant without imposing large tensions. However, the

plate area occupied by the wafers was only 0.24 percent, and it is

believed that their presence and that of the resistance wires could not

have presented any significant obstruction to the fluid motions. Each

pair of resistance wires was 692 cm long, and hence was stretched back

and forth several times across the respective aluminum plate in order

to provide a good average of the boundary gradient. The voltage dif-

ference from each pair of resistance wires was taken from a D.C. bridge
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and recorded separately, after amplification, on a two-channel strip

chart. The two signals were later averaged together to obtain a single

signal proportional to the average heat flux, (An alternate procedure

used by Malkus--to measure temperature differences associated with an

inner and outer pair of sensors, instead of an upper and lower pair--

has the merit of providing AT with the same sensors which measure

the heat flux. We did not use this procedure, however, as the heat

flux is then proportional to the difference signal between two voltages

of comparable magnitude.)

At small Ra the resistance wires were calibrated by requiring

Nu = 1 at subcritical Ra. For runs extending to higher Ra, the cali-

bration constant was adjusted slightly as necessary to produce the same

value for Nu of 3.6 at Ra = 10

The entire convection chamber was inserted, during measurements,

into a larger convection chamber previously described. This outer

chamber furnished the temperature difference A T, and also provided

additional lateral insulation for the inner chamber. In order to assure

good thermal contact between plates of the inner and outer chambers,

thick felt cloths soaked with a silicone oil were placed between them.

Unfortunately, a thin film of this oil seeped into the edges of the

chamber during experiments with air, and may have affected, slightly

and gradually, the calibration constant for the heat-flux measurements.

Another uncertainty was the assumption that the average boundary

gradient is linear over the first millimeter. Because of these uncer-

tainties, we estimate a relative uncertainty in Nu-I of 1 10 percent.
It should be pointed out, however, that with this method of flux mea-

surement no correction for the radiative flux from the horizontal plates

is necessary or applicable.

In the experimental runs, a slowly increasing temperature difference

was applied across the plates. The rates of increase ranged from 3 C

per hour to 11 C per hour. In one run the results with Ra slowly in-

creasing were compared with those for a slowly decreasing Ra. The dif-

ference in (Ra) 2 0 obtained was only 3'.percent, so that:lerrors of o
n 2
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(Ra) due to slow variation of Ra during an experiment are believed

very minor.

In Table I the various experimental runs are identified, and fluid

properties listed.

Table I

Max. 2 -l 2 -1. -
Run Fluid Max. Ra h (cm) [cm sec ) (cm2sec (C

A Air 11,050 15.7 2.15 .183 .257 3.39x103

B Air 89,000 21.8 3.90 .185 .260 3.38x10-3

C Air 676,000 18.6 8.00 .182 .256 3.39x10-3

D Air 2,840,000 23.5 11.95 .183 .257 3.39x10-3

E Oil 8  101,000 3.7 1.05 .05 8.8x104 1.05x10-3

3. Experimental Results

Graphs of (Nu Ra) versus Ra for runs A-E are presented in Figs.

1-5, respectively. The linear segments of the figures have been ex-

tended by dashed lines to emphasize the unmistakable transition points.

The data points are given by the dots, obtained by averaging Nu over

short intervals of Ra and applying the result to the mean Ra. Tran-

sitions n = 2,3 are seen to occur at (Ra)2 8200 and (Ra) n 24,000
n2 n=3.

which are somewhat smaller than the corresponding values sometimes ob-

served by Malkus. There seems no possibility that (Ra)n=2 equals the

rigid-surface value (Ra)m=2 17,600 as concluded by Malkus. Transition

(Ra) n 8200 was also observed in two runs preliminary to run A, in
n=2

a run preliminary to run B, and in the test run with slowly decaying Ra.

It is also discernible in Fig. 2.

Fig. 4 indicates that the discrete transitions and linear segments

occur for Ra at least as high as 2.8 x 10 . We have no evidence that

they disappear above this value.

Comparison of Figs. 2 and 5 shows no discernible dependence of

(Ra)n upon Pr for n •< 4. The silicone fluid could not be tested at much
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larger Ra because of limitations in the maximum rate of heat trans-

fer between plates of the outer convection chamber.

In Fig. 6, Nu is plotted against Ra on a log-log diagram using

the data points of Figs. 1-4. Only the first transition is pronounced;

the others are scarcely detectable as weak dips at the points indi-

cated by arrows. The even numbered transitions are, interestingly,

more perceptible than the odd ones for air, so that the dip at

Ra -55,000 is more apparent than the one at Ra e 24,000. However,

the opposite appears to be the case with the silicone fluid (compare

Figs. 2 and 5). The discontinuity in Nu at Ra = 1.1 x 10 in Fig, 6

occurs between runs A and B, and is associated with absolute errors

of calibration as previously mentioned. Also, the observed average

slope for Ra>5 x 105 is significantly smaller than the value 1/3

predicted from dimensional arguments, and should perhaps have approached

the latter value in this region. It is readily appreciated that because

of sampling errors and discrepancies such as those noted, the transi-

tions are easily overlooked. In particular, however, the widespread use

of the log-log type plot of Nu versus Ra instead of the linear plot of

(Nu Ra) versus Ra seems responsible for the lack of confirmation and

emphasis of the remarkable transitions and linear segments.

The transition values have not been pinpointed in this study.

Systematic experimental errors in Ra are estimated to be an additive

+ 600 or multiplicative + 10 percent, whichever is larger. A systematic

error in Nu-- up to + 10 percent has also been estimated. These esti-

mates were based more upon variations observed between results of pre-

liminary runs and those of Figs. 1-4 than upon estimated uncertainties

in individual factors comprising Nu and Ra. Non-systematic, random

errors were very small, judging from the lack of scatter of the data

points in Figs. 1-5.

4. Quasi-linear Stability Analysis for the Higher Vertical Modes

Malkus' association of (Ra) with the appearance of new vertical

modes at (Ra)m would seem to be incorrect if (Ra)n=2 differs greatlymifr n=2tl
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from (Ra) ,. However, the possibility exists that the second and

higher modes appear "early" because the distorted mean temperature pro-

file caused by the fundamental or first .mode has a de-stabilizing in-

fluence. To test this possibility rigorously, a quasi-linear stability

analysis was performed with inclusion of a realistically varying mean

temperature gradient, 8(z). The starting point is the well known

sixth-order, Boussinesq approximated, differential equation for the

vertical velocity component, w, at neutral stability given by

6 2i
w1 - Ra 2 w 0 (1)

where B(z) = - TI/ z, T is the horizontally averaged dimensionless

temperature, z is the dimensionless vertical coordinate, and Q is

the horizontal Laplacian operator. All lengths have been rendered dimen-

sionless by h, and temperature by AT. The rigid-surface boundary con-

ditions on w are

w = 0

w/ zz = 0 at z -½, ½ (2)

'7w = 0

The origin z = 0 is taken to lie midway between plates.

Confining our attention to a particular horizontal mode, we may

express w as

^ i(cl X + ey y)w = w (z)e x X y ) (3)

where w(z) contains the separated height dependence, and o( and oc are
x y

horizontal wave numbers in the respective x and y directions. Substi-

tution of (3) into (1) gives

^ (VI) 2 A(IV) 4 A(II) 4) 2 A
w - 3 7 w + 3 w + (Ra - 7) w = 0 (4)
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where 72 = o 2 + 2
x

and the superscripts represent differentiation with respect to z.

Boundary conditions (2) become

w= 0
A(II )w = 0 at z ,1 -o. (5)A^(I) 2w.(AII) A..4^

Sw - 27 W + 7 w =0

The distance between horizontal plates was subdivided into 99

equally spaced points at which (4) was applied. The simplest, space-

centered finite-difference formulations were used for the vertical

derivatives in both (4) and (5). Conditions (5) were applied at

z = ½, - by introducing w values at two fictitious grid points exter-

ior to each of the horizontal boundaries, and were then utilized to

eliminate these boundary and exterior grid values appearing in (4)

for interior points near the boundaries. This procedure is equivalent

to the use of Taylor series expansions for evaluation of finite differ-

ences occurring near the boundarieso Thus a system of 99 homogeneous
A

algebraic equations resulted for the 99 interior grid values of w.

For a specified value of Ra, the determinant of the coefficients of the

w values would, therefore, approach zero only when the horizontal wave

number 7 approached the eigenmode(s). For each value of Ra tested,

the 99 x 99 determinant was numerically evaluated for many specified

values of 7. The horizontal eigenmodes were obtained by interpolation

between 7 values at which the determinant changed sign. The computer

program was tested against the critical Ra for which the value 1706.3

was obtained instead of 1707.8. The discrepancy, associated with trun-

cation error, is considered tolerably small. The horizontal eigenmode
10

obtained, 7 = 3.1, also agrees well with more accurate analyses. The

program was further checked favorably against the critical Ra for

mode m = 2 again with pf= 1; and against the free-surface critical Ra

and horizontal eigenmode upon changing the middle boundary condition of

(2) to ,2 w/8 z = 0.

The mean gradient B in (4) is seen to become the Nusselt number

at z = z-, ½. It was specified to be a realistic function of z at a
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given Ra by assuming

.. (z) = Nu z + d (6)

½ -d < z.<

A (z) = - +d < z - d
. (Nu) 1

Eq. (7) was chosen to give a central gradient in reasonable agreement
6

with estimates and measurements for Ra ranging up to 10 , although near

the latter value (7) may overestimate slightly the interior gradient.

The depth of the constant boundary gradient, d, was evaluated by

requiring to be continuous with height. The T profile then obtained

by integration of (6) and (7) was smoothed numerically before being

used to derive /(z) by centered finite differences. Examples of T

profiles thus constructed are shown in Fig. 7. The dimensionless T has

been given the value 1 at z = -½ and 0 at z = ½. The dashed profile,

which was tested for 1708<Ra< 10,000, is given by

T(z) = - z+-(Nl sin 2.z (8)
2 i

Eq. (8) results from assuming the boundaries to be free surfaces,

assuming only the fundamental vertical mode in w and T-T to exist, and

assuming perfect horizontal correlation between them. In (6)-(8), Nu

was specified as a function of Ra to agree with the measurements of

Figs. 1-4.

The critical curves of Ra versus 7 using the realistic represen-

tation for / (z) are shown by the set of solid curves in Fig. 8. The

lowest curve is for the fundamental mode, and higher curves represent

the higher modes as numbered. For comparison, the neutral stability

curves which result from assuming A(z) = 1 at all levels are shown by

the dashed curves. The effect of the distorted temperature profile at

supercritical Ra is seen to be strongly de-stabilizing; higher vertical

modes appear at smaller Ra, and at a given Ra a broader range of hori-

zontal modes is unstable. In debugging the numerical program, it was

noticed that the neutral stability curves are fairly sensitive to the
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temperature gradient near the boundaries, but rather insensitive to

the gradient in the interior. Hence, the de-stabilizing influence

of steeper boundary gradients strongly outweighs the stabilizing influ-

ence of a more isothermal central region,

The result of using i (z) from (8) instead of that derived from

(6) and (7), for Ra- 10,000, was imperceptively different from the solid

curve of Fig. 8. Also, the second mode appeared at essentially the

same Ra. This result is not surprising since the two profiles of Fig. 7

for Ra = 9700 have the same boundary slopes and do not differ appre-

ciably elsewhere.

The effect of truncation error was tested for 130,000< Ra<150,000

by increasing the determinant size to 150 x 150. The solid curve m = 5

appeared at Rayleigh numbers imperceptively different from those of

Fig. 8 obtained from evaluation of 99 x 99 determinants. Hence, for

practical purposes, Fig. 8 is limited in accuracy only by uncertainty

in f (z),

In Table II we have listed, successively, the critical or tran-

sition Rayleigh numbers calculated for rigid surfaces from the constant

l stability analysis, from the realistic 3 (z) analysis, those we
observed, those Malkus observed, and finally, those applicable to free

surfaces with constant .11
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Table II

Mode m Rigid-surface Rigid-surface Our Malkus' Free-surface
or tran- (Ra)m with (Ra)m with observed observed (Ra)m with
sition n, = 1 Realistic A3 (Ra)n (Ra)n = 1

1 1706 (1708) 1706 (1708) ..1750 (1708) 658

2 17,600 9,400 8,200 18,000 10,500

3 76,000 29,300 24,000 53,300

4 219,000 67,500 56,000 55,000 168,000

5 510,000 133,000 180,000 170,000 411,000

6 1,020,000 235,000 410,000 425,000 855,000

7 382,000 830,000 860,000 1,580,000

8 595,000 1,400,000 1,700,000 2,700,000

9 880,000 2,250,000 4,320,000

Our values of (Ra) for n = 2,3, and 4 are seen from the fourth

column to agree, probably within the experimental and theoretical un-

certainty, with the calculated (Ra) for m = 2,3, and 4 in column three.
m

That is, a 10 percent error in (Nu-1), upon which W(z) is dependent,

would produce a comparable relative error in the theoretical critical

Ra for the higher modes. The fact that the calculated values of (Ra)m

for m = 2,3, and 4 seem about 20 percent too large may well reflect

a systematic underestimate of Nu in the measurements. On the other

hand, our measured Ra may have been too small in this region, since

Malkus occasionally observed modes m = 2,3 to appear at Rayleigh num-

bers roughly 20 percent larger than ours. Therefore, for m,n.4 we

believe the equality of (Ra) with (Ra) is reasonably well established.m n

For m,n > 5 the observed values of (Ra) are definitely larger
n

than (Ra) predicted from the quasi-linear stability analysis, andm
become increasingly so with further increase of Ra. It may be con-

jectured that the fully non-linear terms of the thermal diffusion

equation begin to exert a strong stabilizing influence upon the appear-

ance of new vertical modes for Ra > v10 5 The non-linear terms of
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the Navier-Stokes equations would not seem to be responsible because

of the rather close agreement between columns four and five of

Table II for which Pr differed by a factor of 10. The non-linear

terms of the Navier-Stokes equations are multiplied by 1/Pr when

variables are made dimensionless by / , h, and AT; whereas Pr does

not then appear in the thermal diffusion equation. Therefore the

fully non-linear terms of the latter equation appear to stabilize

or suppress the appearance of new vertical modes much more than those

of the Navier-Stokes equations. A fully non-linear stability analy-

sis of some sort would be helpful to check this point.

5. Concluding Remarks

The ingenuity of Malkus in first discovering the transitions is

readily appreciated by the present authors. Too, it is amazing that

Malkus could correctly identify the transitions with the appearance

of unstable vertical modes, since two arguments leading to this con-

clusion seem to have been in error. It must be considered a remarkable

coincidence that the observed transitions with rigid boundaries for

n = 4,5,6 ..'o. correspond rather closely with those calculated for

free boundaries from strictly linear stability theory for m = 3,4,5...

A recalculation of the neutral stability curves for the free-surface

case, allowing realisti-c T profiles, would undoubtedly show a similar

marked de-stabilizing influence as with the rigid-boundary case.

The linearity of the observed heat-flux segments invites theoreti-

cal explanation. Preliminary study in progress indicates that, with

plausible assumptions, each new vertical mode indeed contributes linearly

towards (Nu Ra) even though many horizontal modes may be present. The

theoretical arguments will be presented later in a separate paper.
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FIGURE CAPTIONS

Fig. 1. Linear diagram of (Nu Ra)

n = 1 and 2 are evident.

Fig. 2. Linear diagram of (Nu Ra)

n = 2,3,4 are evident.

Fig. 3, Linear diagram of (Nu Ra)

n = 4,5,6 are evident.

Fig. 4. Linear diagram of (Nu Ra)

6-9 are discernible,

versus Ra for run A.

versus Ra for run B.

versus Ra for run C.

versus Ra for run D.

Transitions

Transitions

Transitions

Transitions

Fig. 5. Linear diagram of (Nu Ra) versus Ra for run E.(silicone fluid).

Transitions 2,3,4 are evident.

Fig. 6. Log-log plot of Nu versus Ra from data of runs A-D. Tran-

sitions are denoted by arrows.

Fig. 7. Log-log plot of Ra versus horizontal wave number Y for neu-

tral stability, showing the higher modes. Dashed curves were

obtained from linear theory with constant A= --- = 1; solid

curves are from quasi-linear theory with realistic ,(z).

Fig. 8. Examples of mean temperature profiles from which p3 (z) was

taken in the quasi-linear stability analysis (solid curves).

The dashed profile was also tested.
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