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FOREWORD

For certain research and engineering applications it is necessary

to create a nearly uniform electrostatic field within a given volume

of free space for which access is needed from all sides. A field of

this type can be created inside a series of identical, evenly spaced

coaxial loops which are charged to uniformly incremented voltages. In

this report the electrostatic field is calculated for such a structure

of loops. The methods of calculation are described for two different

cases: (1) a method using elliptic integrals is used for a finite set

of round loops of circular cross section, and (2) a solution of Laplace's

equation with approximate boundary conditions is used for an infinite

set of square loops of elliptical cross section. The number, spacing,

size, and shape of the loops influence the uniformity of the field

within the working volume; the effects of changes in these variables

are considered.

We thank J. Doyne Sartor for his support and encouragement while

we conducted this study.
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CASE I: FINITE SET OF'ROUND LOOPS OF
CIRCULAR CROSS SECTION

The electrostatic field will be calculated for a finite set of

round loops whose cross-sectional diameter is small compared to the

diameter of the loops themselves. The approach is to determine the

charge on each conductor and then to sum the contributions to the field

from each one at selected points within the volume. A line charge is

assumed at the center line of each conductor. In addition to being

useful for designing a structure of circular loops, the calculation

may be useful for estimating the number and spacing of loops of some

other shape and cross section which produce a field that is very diffi-

cult to calculate.

METHOD OF COMPUTATION

Consider a series of N-conducting round loops of radius a and

cross-sectional diameter b. The conductors are evenly spaced 2h units

apart and are placed at evenly incremented potentials V. = 0,2,4, etc.

units. The conductors are coaxial along the z-axis of a cylindrical

coordinate system as shown in Fig. 1 for N = 5.

The charge on each conductor is computed in the manner given by

Smythe (1968, pp. 36,37) from the matrix equation Q = CV. Q repre-

sents the matrix of charge values, C represents the matrix of coeffi-

cients of mutual and self-capacitance for the system, and V is the

column matrix of potentials on the individual conductors

Q1 Cl 1 C1 2 . . C1N V

Q2 c21 C22 2N 2

N "N3 ... cNN · N



v 5 =8 z=4h

P(pY)

v4 =6 z=2h

v3 =O az) =-4h

Fig. 1 Set of evenly spaced, round-loop conductors of circular
cross section, N = 5 conductors.
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Since the capacitance of any loop or pair of loops is influenced

by the presence of all others, C must be calculated as the inverse

of S , the matrix of coefficients of mutual and self-elastance

C S -1 (2)

where

S11 12 * iN

S21 S22 2N

$ = s s ... s (3)31 32 * * 3N

SNl SN2 S NN

The individual elements of S are determined from the expressions given

by Weber (1950, pp. 125-127) as

121 kn (4)
11 47z 7 2a b

= 1 2 1 Qn (16a) (4

and

= 1 2 k Xk k) (5)
ij 4re ff 2a

i = 1, 2, 3, .. . N

j = 1, 2, 3, . . . N

in rationalized mks units. Here

2

k2 = — —a2 and Xk)
a2 + (i-j) 2 h2
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is the complete elliptic integral of the first kind. X (k) has been de-

fined and values have been tabulated by Jahnke and Emde (1945, pp. 52-85).

Equations (4) and (5) were derived on the assumption that b << a. Once

the S matrix has been calculated, the C = S - matrix is calculated by

matrix inversion.

If p and z are the coordinates of any point within the structure,

the potential ((p,z) at that point may be calculated from the expression

N i ^ 2 52(k (

i=) 4l ' [(p + a) + z. 2]

where the modulus

2 4pa
(p + a) 2 + z2

z. is the distance in the z-direction between the point (p,z) and the

i-th conductor, and Qi is the charge on the i-th conductor. Equation (6)

is the sum of the contributions to the potential from each of the N con-

ductors making up the set. Along the axis, Eq. (6) reduces to

N 1

^^.17

The electrostatic field at the point (p,z) is calculated from

E (P,z) = - V¢(p,z) and since the field has axial symmetry, only the

p and z components are in the expression. The results for these

(Owen 1963, pp. 64-67) are

.E 2 Qizi 7(ki) (7)
Z (O, ) 'nC Tr . 2 / 2 21 k 12^~~~~~ ^ ^
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and

N Q
, - 1 2 2a i

i=l k +
EP ( il kl 21 [(p + a) 2 + z2]2

(8)

a2 + zi2 _ p2

x {ki _ i (ki )

(p - a)2 + z2

where C(k.) is the complete elliptic integral of the second kind, de-

fined and described by Jahnke and Emde (1945, pp. 52-85). The field

strength along the axis is

N Qi z.

E (O Z 4)T E = E3
E (O,~) [a2 + zi

COMPUTATION OF SOME SPECIFIC CASES

A Fortran program was written using the equations described above,

and equipotential lines and electrostatic field strength were calculated

for some specific geometries. The Hastings approximations described by

Milne-Thomson (1964, pp. 591,592) were used to calculate i(ki ) and

C(ki). The method of Gaussian elimination with complete pivoting,

described by Ralston (1965, pp. 399-401), was used to obtain the inverse

matrix S -1 . The potential was calculated for an array of about 40,000

evenly spaced grid points; a contouring routine was then used to plot

equipotential lines in a representative plane containing the z-axis.

The case of a = 1.95, b = 0.07 was chosen since it corresponds to

loops and spacing resistors which are commercially available for use in

the laboratory. Initially, a spacing of h = 1 unit was assumed. The

equipotential lines for the cases of N = 2, 4, and 8 are shown in Figs. 2,

3, and 4, respectively. As indicated previously, the potential differ-

ence between adjacent loops is two units. The equipotential lines are

drawn in 0.2 potential unit intervals. Only the lines in the midplane
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*/^^0^~N 2

Fig. 2 Equipotential lines for the structure of two round
loops with a = 1.95, b = 0.07, and h = 1. The poten-
tial difference between adjacent loops is two units,
and equipotential lines are constructed with a con-
tour interval of 0.2 potential units.
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Fig. 3 Equipotential lines for the structure of four round
loops with a = 1.95, b = 0.07, and h = 1. The poten-
tial difference between adjacent loops is two units,
and equipotential lines are constructed with a contour
interval of 0.2 potential units.
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i\i

Fig. 4 Equipotential lines for the structure of eight round
loops with a = 1.95, b - 0.07, and h = 1. The poten-
tial difference between adjacent loops is two units,
and the equipotential lines are constructed with a
contour interval of 0.2 potential units.
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(z = 0) and above are shown since the structure and equipotential lines

below the midplane are identical to those above. A qualitative idea of

the uniformity of the field may be gained by examining these maps of

equipotential lines.

The number and spacing of loops of given size and cross section

needed to create a field of numerically specified uniformity over a

given volume may be calculated. Since the electrostatic field is de-

scribed by a vector quantity, both the magnitude of the field and its

declination from the axial direction must be determined. For the struc-

ture of loops with a = 1.95 and b = 0.07, field values were calculated

at 201 uniformly spaced points within the area 0 < p 
< 0.975 and

0 < z < 2.0 which is outlined by dotted lines in Fig. 4. Because of

axial symmetry and symmetry about the z = 0 plane, it was necessary to

study only the field over the area rather than over the volume of 
revo-

lution about the z axis.

The two components of the field may be written E = I E I sin B and

E = I E I cos where E i is the absolute value of the field and 3 is
z

the angle between the direction of the field vector and the z direction.

Imax I E m' and I E I are defined as the maximum, minimum, and
E]max IEmin' a 'av

average values of I E I, respectively, over the area being examined.

Figure 5 shows

IElmax - E min

IElav

on a semi-log plot for increasingly long structures in the z direction

with one, two, and three conductors per unit length corresponding to

h = 1, 0.5, and 0.33. Figure 6 is a similar plot for

f -— .
max min

av
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O _ I I- I I I I I I I I I I 

a-To Conductor Per Unit Length Along Z-axis

o-Tone Conductors Per Unit Length Along Z-axis

I -Three Conductors Per Unit Length Along Z-axis

0-O IE maxiE" min For One,Two,and Three 
~: ' aIEov0

o Conductors Per Unit Length

b =0.07 a= 1.95

o

_5e ~ 0 

" O A 

^I C -o i

i_~ o

_0 0 -0

10

03

-4I a 
1 2 3 4 5 6 7 8 9 10 I1 12 13 14 15

Z-COORDINATE OF END CONDUCTOR

Fig. 5 Measure of the uniformity of the magnitude of the
electrostatic field I E I over the volume O p • 0.975,
0 1 z 3 2.0 for a = 1.95, b = 0,07, and h = 1, 0.5,
and 0.33, respectively.
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o-One Conductor Per Unit Length Along Z Axis
a -Two Conductors Per Unit Length Along Z Axis

0 -Three Conductors Per Unit Length Along Z Axis

mox min For One,Two,and Three

8 Conductors Per Unit Length

b=0.07 a= 1.95

l _ B
,_ -0

E 0

- 0 ._ o

cO2 0 000000
=(52

0

-~~~~~~~3~ ~ A

010

10-4 Illlll9

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Z-COORDINATE OF END CONDUCTOR

Fig. 6 Measure of the uniformity of the angle 3 between the
electrostatic field vector and the z direction over
the volume 0 < p < 0.975, 0 < z < 2.0 for a = 1.95,
b = 0.07, and h = 1, 0.5, and 0.33, respectively.
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As one might expect, uniformity is gained rapidly for the first few

conductors which are added, but little is gained by adding further

length to the structure. Closer spacing of the conductors contributes

to the uniformity but diminishes the accessibility to the volume from

the outside.

Some typical calculation times on NCAR's Control Data 6600 computer

are as follows:

1. Calculation and plotting of the equipotential lines for

the N = 2 conductor case is about 20 sec.

2. Calculation and plotting of the equipotential lines for the

N = 16 conductor case is about 2 min.

3. Calculation of the uniformity of the field for the 15 cases

N = 2 through N = 16 conductors is about 30 sec.
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CASE II: INFINITE SET OF SQUARE LOOPS OF
ELLIPTICAL CROSS SECTION

It is impractical to attempt to formulate a complete solution to

the three-dimensional boundary value problem of a structure of square

conducting loops of elliptical cross section. The principal difficulty

arises in the outer region which is unbounded. To avoid the necessity

of solving for the potential in the outer region, we assumed that the

potential on the boundary between the inner and outer regions could be

represented by the solution to the two-dimensional problem of a series

of equally spaced charged conductors of elliptical cross section. In

the limit of very large squares, far away from the corners, this should

be a good approximation, but it will get progressively worse as the

corners are approached. However, it was felt that for this limit the

resulting potential near the center of the structure would be accurate

enough. We set up a potential function for the inner region assuming

that the boundaries are plane and the geometry Cartesian. On the plane

boundaries, we required that the potential take on the values derived

by the solution of the two-dimensional problem of an infinite series of

charged conductors with elliptical cross section. An infinite series

solution to Laplace's equation for the potential near the center of the

array was then written, and from it the equipotential lines were calcu-

lated and plotted. In the following paragraphs we show the form of the

equation for the potential function within the conducting loops.

METHOD OF COMPUTATION

We consider a series of square conducting loops having cross-

sectional height 2d, thickness 2c, and center-to-center separation

along the z axis of 2H units where each loop has width 2L. A portion

of the set is shown in Fig. 7. A potential difference of two units is

assumed between each pair of adjacent loops. Since all of the region

within the volume enclosed by the conducting loops is charge free,

Laplace's equation V24(x,y,z) = 0 is satisfied for the potential

c(x,y,z) at each point.
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zL

etc. etc.

4=4 z=4H

4=2 — z=2H

=0 BY" z=O N=ao

2clz=- 2d
=-2 =-^ ) z-2H

c=-4 z=-4H

etc. etc.

Fig. 7 Central portion of an infinite set of evenly spaced

square loops of near-elliptical cross section.
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Since we have assumed that there is an infinite number of loops,

we need to study only the potential between one arbitrary pair. The

solution is facilitated by letting (' = ( - z/H which makes (' spatially

repetitive with interval 2H. The boundary conditions are

= 0 in the z = 0 plane

= 1 in the z = H plane

= 2 in the z = 2H plane

while on the boundary between the inside and the outside of the structure

~ = 0, 0 < z < d

= 1 (z), d < z < 2H-d

= 2, 2H-d < z < 2H

For the given geometry, a solution of the form given by Javid and Brown

(1963, p. 206),

'xz= Amn Hnn2 m + m (H()2 ]½ 2 

P'(x,y,z) =mE oAm -,in cos sn m 
m,n y 

(9)

is valid inside the enclosed volume. It is necessary to use two series

since one must vanish at x = ±L and the other must vanish at y = +L.

Since only odd values of n will cause the appropriate series to vanish

on the boundaries, we let n = 2j + 1.

The coefficients A can be found from the Fourier coefficients
mj

in the expression for the potential on the boundary. On the boundary



16

x = +L the potential may be written as the sum of terms with Fourier

coefficients o ,
m

-m -n z4'(±L,y,z) =C sin z (10)

m

Because of symmetry, the same equation applies for P'(x,±L,z). By

equating Eqs. (9) and (10) and solving for a we obtainm

a = Am j cos (2j + 1) cosh [(2j + 1)2 (L) + m2 () Lm j m~j2L 2L 

Using the series from Bromwich (1926, p. 359)

I = (_-1) j cos(2j + 1)
4 2j + 1

j=0

where - - < 6 < -, we write
2 2'

4 A cos (2j + 1) r cosh (2j + 1)2 ( + m2 L44a m mj 2L 2L 
m j L

where = L and -L < y < L. From the above
2L

A coshi ( 2j ( 
2j + 1 4ae mj ch H 

and we obtain

(-1)j 4am
A 2=) 4 m2(11)

mi (2j + 1) . cosh [(2 + 1) (L) + m ( L

m = 0, 1, 2, . .

j = 0, 1, 2, . .
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The potential on the boundary is calculated by a conformal mapping

described in the Appendix. The a are obtained directly from this

boundary potential.

COMPUTATION OF SOME SPECIFIC CASES

A Fortran program was written and used to calculate the potential

within the structure of square loops using the equations outlined in the

above section. The calculation of the electrostatic field for a plane

grating of evenly spaced conductors of elliptical cross section outlined

in the Appendix was used to calculate ¢(z) on the boundary. The Fourier

coefficients a were determined from ¢(z) using the Goertzel algorithm
m

described by Ralston and Wilf (1960, p. 258); 50 coefficients were found

to be adequate for all cases considered. Equation (11) was then used

to obtain A and the series expressions; Eq. (9) was used to generate
mj

an array of c values within the structure. Twenty j values were found

to be adequate for the series for all cases considered. Values of ¢

were processed by a contouring routine to obtain the required equipo-

tential lines.

Examples are shown here for the cases of a thin conductor, c = 0.010,

d = 0.5 (eccentricity 0.978), and L = 1.975, simulating conducting ribbon,

and c = 0.025, d = 0.025 (eccentricity 0), an'd L = 1.960, corresponding

to small wire, both cases with H = 1. Figures 8 and 9 show plots of

the boundary potential between conductors plotted for normalized

z = (z-d)/(H-d).
n

The equipotential lines in the y = 0 plane are shown for the two

cases considered in Figs. 10 and 11. Potential increments of 0.1 unit

were used in each case. Plots of equipotential lines in the y = ±0.463

and y = +0.925 planes show no significant difference from those in

Figs. 10 and 11. These maps show that the field is uniform over a

large volume within the structure for both cases that were considered.

Calculations of the electrostatic field for one structure of square con-

ductors require about 5 min using the Control Data 6600 computer.
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w

0.4 -O0

0.3

Fig. 8 Potential ¢ in the plane of the grating between the
top of the elliptical conductor and the midplane
z = I for c = 0.010 and d = 0.500.

1.0 I I I I I

0.9 -

0.8

0.7

0.6

- 0.5 
z /
- I I I I I I I 0.4 I
0

0.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
z-d

Zn H-d

Fig. 9 Potential ~ in the plane of the grating between the
top of the circular conductor and the midplane z = I
for c = 0.025 and d = 0.025.
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Fig. 10 Equipotential lines in the y = 0 plane for the case of the
structure of an infinite number of square conductors of el-
liptical cross section with c = 0.010 and d = 0.500. Poten-
tial between adjacent conductors is two units and equipoten-

tial lines are drawn in 0.1 potential unit increments.

Fig. 11 Equipotential lines in the y = 0 plane for the case of the

structure of an infinite number of square conductors of cir-

cular cross section with c = 0.025 and d = 0.025. Potential
between adjacent conductors is two units and equipotential

lines are drawn in 0.1 potential unit increments.
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CONCLUSIONS

Our calculations show that the uniformity of the electrostatic

field over a given volume which is centered within a structure of con-

ducting loops increases rapidly as the structure is lengthened through

addition of the first few loops. However, the gain in uniformity per

additional loop, beyond the first few, decreases as the structure is

lengthened, so that little is gained by going to very long structures.

It appears from our calculations, for both circular and square loops,

that the number and spacing of conductors are of primary importance,

while conductor shape and size are of secondary importance in determin-

ing the uniformity of the field.

The solution for the finite series of circular loops allows the

design of a structure which will produce a field of numerically speci-

fied uniformity over a given volume within the structure. The solution

for the case of square loops is of qualitative use in determining the

effects of changing the cross-sectional height and thickness of the

conductors. Since the results for the square conductor had to be de-

rived for an infinitely long structure, it is necessary to estimate the

number of conductors needed by using the solution for circular loops

having a diameter equal to the width of the square loops.
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APPENDIX

CALCULATION OF THE ELECTROSTATIC: FIELD FOR A PLANE GRATING OF EVENLY
SPACED CONDUCTORS OF ELLIPTICAL CROSS SECTION

We consider an infinite series of conductors forming a grating.

The cross section of a portion of this grating is shown in Fig. 12.

Because of symmetry it is necessary to make the calculation for only

one-half of one cell which is indicated by the shaded area in the figure.

Figure 13 shows this one-half cell of the grating along with equipoten-

tial lines and field lines in the Z-plane. Equipotential line 1-2 at

a midplane, field lines 3-2 and 6-1, equipotential of the conductor 3-5,

and equipotential line 5-6 constitute the boundary. The field for this

configuration may be obtained from an infinite half-plane (Fig. 14) by

the transformation from Weber (1950, p. 377)

2 z1a-2 1 1
z- 2~ ~ [tanwi ( + X + tanh -+(12)

Mapping points 3 and 5 between Zl-plane and Z-plane, we obtain the

expressions

id = 2+ tanh ( 1 )

and

c = ( + X) tanh ( l+ )

By squaring and adding these, we obtain

tanh c(l + X) Td(l + X) (13)
tanh — -2X = sin 2
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Z- Plane

jz

Fig. 12 Cross section of a portion of an infinite grating of
elliptical conductors. A typical half cell is shown
by the shaded area.
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Z-PLANE
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Fig. 13 Typical half cell (Z-plane) showing equipotential

lines as solid lines and field lines as dashed lines.
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which determines X by an iterative solution; by subtracting the two

we obtain

: = coth2 %c(l + X)cot d(1 + X) (14)2X 2

which determines C directly.

The Zl-plane field configuration is obtained through two transforma-

tions from the field of rectangular geometry shown in Fig. 15. The

transformation

Z2 = sin 7 Z3 (15)

where sin Tr Z is the sine of complex argument Z3 , maps the semi-infinite

rectangular area of the Z3-plane into the infinite half-plane which is

symmetrical about the origin. The transformation between the Z2-plane

and the Zl- p la n e is

- +1
1 Z 2 (16)

which provides the necessary scaling factor and shift in origin for

mapping to the Z-plane.

The question of how close the curve 3-5 for the case c = d comes

to a circle of constant radius has been investigated by Richmond (1923,

p. 389) who found that its distance from the origin varies from c by

less than 2%. We found no significant deviations between the true

ellipse and the calculated curves 3-5 for several c and d values

investigated.
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0- -- a

Z.- Plane

0

Fig. 15 Semi-infinite rectangle (Z3-plane) showing evenly
spaced equipotential lines and field lines.
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