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1 INTRODUCTION

NCAR presently operates three aircraft equipped with inertial navigation systems 

(INS) and a gust probe or a radome with pressure ports for air motion measurements. 
These aircraft (King Air, Sabreliner, and Electra) can be instrumented to measure both 

mean horizontal wind and turbulent fluctuations of the three air velocity components. 
The components are obtained by subtracting the velocity of the airplane, measured by the 

INS, from the velocity of the air, measured by the radome or gust probe. Since the flow 

measurements are in the aircraft frame of reference, these measurements are first converted 

to the earth’s frame of reference by using the three airplane attitude angles measured by the 

INS, and are then subtracted from the airplane velocity components, which are obtained 

from integrated accelerometer outputs (corrected for Coriolis accelerations) in an earth- 

based frame of reference.

Most applications of air-motion sensing systems involve either (1) measurement of 
the mean horizontal wind, which is useful mainly for synoptic or mesoscale meteorological 

experiments, or (2) measurement of high-frequency fluctuations of all three velocity com

ponents, which are used mainly to calculate turbulence statistics such as variances, and 

turbulence fluxes of heat, moisture, momentum, and turbulence energy.

2 AIR VELOCITY EQUATIONS

In this section we derive the equations for calculating the air velocity components 

from the INS and the flow-sensing probes. The derivation is similar to Axford’s (1968). 
However, the terminology and coordinate systems are modified to conform to standard 

aeronautical engineering usage (Etkin, 1959) for the aircraft coordinate system and to 

standard inertial navigation (Kayton and Fried, 1969) and meteorological usage for the air 
velocity in the local earth coordinate system.
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The velocity of the air with respect to the earth, v = iu  +  j v  +  k w , is obtained by 

adding the velocity of the aircraft with respect to the earth, vp , and the velocity of the air 
with respect to the aircraft, va. If all the measurements are made at the same point, we 

have
v — vp + v a (2-1)

The components of va are measured with sensors mounted on the aircraft, either on a 

boom forward of the aircraft to reduce the effects of the distortion of the airflow by the 

aircraft or alternatively, from pressure ports on a radome to take advantage of the pressure 
differences produced by unsymmetric flow about the aircraft’s nose. On the NCAR aircraft 
the components of vp axe obtained from the integrated outputs of accelerometers mounted 

on the stabilized platform of an INS. Alternatively, vp could be obtained from radiation 

transmitting and receiving devices, such as Doppler radars or radar altimeters, or from 

radio or radar navigation techniques.
If the aircraft velocity is obtained from integrated accelerometer outputs, the velocity 

is measured in an inertial frame of reference. In an earth-based coordinate system, we have

dv
=  a -  ( u p + u e) x vp + g (2.2)

at

where a is the measured acceleration; we and <2 p are the angular velocities of the earth 
and platform, respectively; and g is the gravitational acceleration (which includes the 

centripetal acceleration). Since the accelerometers may not be collocated with the air 

velocity sensors, it may be necessary to add the term Clp x  R  to (2.2), where is the 

angular acceleration of the aircraft and R  = i X  +  j Y  +  k Z  is the distance from the 
accelerometers to the air velocity sensors. Thus, (2.1) can be combined with the integral 

of (2 .2) and rewritten as

v =  va +  J [a — (up +  <jje) x v p + g ] d t  + Qp x  R  = va + vp  + n p x  R  (2.3)

In the general case, the measured components of va and vp may not be in the local earth 

coordinate system. The airflow sensors, for example, are usually rigidly connected to the 

aircraft fuselage. Therefore, it is necessary to know the angles between the coordinates of 

the airflow sensors and the local earth coordinates. The measured velocity components can 

then be rotated by means of the appropriate angular transformation to the local eaxth axes 
so that the rotation angles of the platform gimbals are equivalent to the aircraft attitude 

angles. From the inside platform gimbal outward, i.e., from the stabilized accelerometer
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and gyro cluster outward to the aircraft frame, the order of the rotations is as follows: 

first, a rotation ij> about the 2-axis of the earth coordinate system; second, a rotation 6  

about the y'-cixis, which is the j/-axis rotated in the horizontal plane by the angle V’i and 

third, a rotation (f) about the z'-axis, which is the x-axis in the aircraft coordinate system. 

The aircraft axes are shown in Fig. 2.1; a right-handed angular rotation is positive. The 
symbols and axes have been defined to correspond to standard aerodynamic conventions 

(Etkin, 1959).

Fig. 2.1. Top: Coordinate systems used in deriving equations for calculating the air velocity 
components. Bottom: Airplane attitude angles and axes used in equations for calculating 
the air velocity components.

In matrix notation, the transformation of the air velocity from aircraft (x \ y \ z ') to 

platform ( x ,y ,  z) coordinates [same as (b) coordinates in Fig. 2.1] is given by

[«<] =  [Tii] * [«}]
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where

cos ip — sin ip O' cos 9 0 sin 9 '1 0 0
p y  = sin ip cos ip 0 • 0 1 0 • 0 cos (p — sin^

0 0 1 — sin 9 0 cos 9 0 sin (p cos <p
(2.5)

cos ip cos 9 — sin ip cos <p +  cos ip sin 9 sin <p 
sin ip cos 9 cos ip cos <f> +  sin ip sin 9 sin <f>

— sin 6  cos 9 sin (p

sin ip sin 9 +  cos ip sin 9 cos <p 
sin ip sin 9 cos <f> — cos ip sin <p 

cos 9 cos <p
(2 .6)

_
The terms of f lp x R  must also be transformed to the local earth coordinate system. 

X  is more than an order of magnitude larger than Y  and Z  on all the NCAR aircraft 
installations, so that terms involving Y  and Z  can be neglected. Setting X  = L, we have

' L L  cos ip cos 9£IIft? 0 = L  sin ip cos 9
0 —L  sin 9

(2.7)

Similarly for we have

'o ' c o s  i p — s i n  i p O' 'o' c o s  i p  c o s  9 —  s i n  i p c o s  i p  s i n  9 T
[n„] = 0 + s i n  i p c o s  i p 0 • 9 + s i n  i p  c o s  9 COS 1 p s i n  i p  s i n  9 • 0

r p 0 0 1 0 —  s i n  9 0 c o s  9 0

—9 simp +  
9 cos ip +

cP cos Tp cos 9 
<p sin ip cos 9 

<ps\n9

Thus, in vector notation,

C l x R  = L  sin 9 cos ip — ip sin ip cos 9)

+ j  (ip cos ip cos 9 — 9 sin ip sin 9) — k9 cos 9\

(2.8)

(2.9)

The angle of attack, a, is the angle of the airstream with respect to the aircraft in the 

aircraft’s vertical plane, with a  positive in the downward direction; the angle of sideslip, 
/?, is the angle of the airstream with respect to the aircraft in the aircraft’s horizontal 
plane, with clockwise (looking from above) rotation positive, as shown in Fig. 2.1. The 

air velocity components with respect to the aircraft are calculated by first correcting the 

measured true airspeed for angle of attack and sideslip sensitivities (see Section 4); the 

magnitude of the corrected true airspeed is defined as Ua. We then rotate the airflow vector 

to the airplane coordinate system. If we first rotate through the angle a  to the horizontal
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plane, then rotate to the longitudinal aircraft axis, the components of air velocity in the 

aircraft frame of reference are —UaD ~ l along the x'-axis, —UaD ~ 1 tan/? along the y'-axis, 
and —UaD ~ l tana along the z'-axis, where D  =  (1 +  tan2 a  +  tan2 /?)1/ 2.1

So far, the equations have been derived using standard aeronautical engineering ter
minology. In converting to a meteorological and inertial navigation frame of reference, 
we make the following changes: first, the sign of vertical velocity is changed so that w is 
positive in an upward direction; second, ip} which now corresponds to the true heading, 

is measured from the y-axis, or from north, and the z-axis now points east, as shown in 
Fig. 3. As a result, ^>(new)= ^>(old)—90°, u(new)= —r(old), and io(new)= —u;(old). The 

final equations used for calculating the air velocity with respect to the earth are:

u  =  — UaD - 1  [sin ip cos 9 +  tan/3(cos cos (p +  sin^> sin 9 sin <f>)

+  tan a(sin ip sin 9 cos <p — cos ip sin (p)\ +  up — L{9 sin 9 sin ip — ip cos ip cos 9) 

v = -  UaD - 1 [cos ip cos 9 — tan /?(sin ip cos <f> — cos ip sin 9 sin <p) (2.10)

+  tan a(cos ip sin 9 cos (p + sin ip sin (p)\ +  vp — L(ip sin ip cos 9 + 9 cos ip sin 9) 

w = — UaD ~ 1(sin 9 — tan (3 cos 9 s\n<p — tan a  cos 9 cos <p) +  ivp +  L9  cos 9

These are the exact equations that are used in the standard NCAR data processing 
routines for calculating the air velocity. For purposes of illustration, however, it can be 

shown that for approximate straight and level flight (i.e., when the pilot or autopilot 
attempts to keep the aircraft level, but air velocity fluctuations still cause perturbations in 

the aircraft velocity and attitude angles) many of the terms in (2.4) are negligible. First 
we assume that terms involving the separation distance, £ , are small. This is generally 

true if the separation distance is less than about 10 m and the aircraft is not undergoing a 
pilot-induced pitching maneuver. Next we make the following small angle approximations: 
for the horizontal components, u and v , we assume that the cosines of a , 9, and <p are unity; 
that terms that involve the products of sines of two of the above angles are negligible; and 

that tan(a,/3) ~  sin(a,/?). For the vertical component w, we make the same assumptions 
for the angles /J, 9, and <p. Equations (2.10) then reduce to a form commonly used for

1 This differs from the expressions given by Lenschow (1972). For small flow angles, 
however, the magnitudes of the differences are negligible. We axe grateful to A. Weinheimer
and J. Leise, who each independently pointed out the error and corrected the previous 
derivation.
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approximate calculations of the three velocity components,

u  =  — Ua sin(rj} + (3) + u p

v — — Ua cos(V> +  (3) +  vp (2-11)

w — — Ua sin(0 — a) -f wp

We can estimate the required accuracy of attitude and airstream incidence angle 

measurements from (2.11). In order to obtain the mean horizontal wind, the angle (V> +  /?) 

must be measured accurately. For a mean wind accuracy of 0.5 m s-1 and an aircraft speed 

of 100 m s-1 , this angle must be measured with an absolute accuracy of 0.005 rad, or 0.3°. 
A heading angle of this accuracy is difficult to measure with a standard aircraft magnetic 

compass. An INS, however, can measure true heading to well within this accuracy.
A reasonable figure for short-term velocity accuracy necessary to estimate turbulence 

fluctuations is 0.1 m s-1 . At an airplane speed of 100 m s-1 , the required angular accuracy 
for the first terms on the right side of (2.11) is 0.001 rad, or 0.06°. This can be a difficult 
requirement to meet. Fortunately, an INS has even more stringent accuracy requirements 
than this for accurate navigation, so attitude angles of this short-term accuracy can be 

measured.

3 DESCRIPTION OF INSTRUMENTATION

3.1 Gust Probe Sensors
The three air velocity components with respect to the airplane are obtained from 

measurements of the two airflow angles and the true airspeed. Figures 3.1 and 3.2 show 

the two types of sensors that are used on NCAR aircraft to measure the airflow angles; 
the differential pressure probe and the instrumented radome sense the pressure difference 

across a symmetric set of ports at varying flow angles. On the differential pressure probe, 
airspeed is obtained from a differential pressure measurement across the dynamic and static 

ports of the probe.

3.1.1 Differential Pressure Probe and Radome Technique
An inevitable consequence of aircraft flight is distortion of the flow in the vicinity of 

the aircraft. Therefore, any probe mounted on the aircraft is sensing in a perturbed flow 

field (Wyngaard et al., 1985). This means that for air velocity measurements using a boom- 
mounted gust probe, corrections must be made for the effects of this perturbation. These 
corrections are determined from the flight maneuvers discussed in Section 4. Alternatively, 

in the case of the radome technique, the pressure field resulting from the flow perturbations
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Fig. 3.1a. The NCAR Sabreliner aircraft equipped with both the differential pressure 
probe (at the end of the boom) and the radome with pressure ports. Both are used to 
obtain flow angles by pressure difference measurements.

S E N S I N G  PORI

Fig. 3.1b. Schematic representation of the differential pressure probe manufactured by 
Rosemount Engineering, Inc., Model 858. Pressures at the ports are labeled on the figure.
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1. Radome with fluted deiced area
2. Differential pressure ports
3. Nose weather radar
4. Sensor mount pods
5. Pressure transducers

Fig. 3.2. Schematic views of radome differential pressure gust probe system.

induced by the aircraft itself is used to obtain the flow angles. As discussed by Brown et 
al. (1983), for a hemispherically-shaped radome, this pressure difference is a nearly linear 

function of the flow angle.

The differential pressure flow angle sensor is constructed in the shape of a hemisphere 

capping a cylindrical tube (Fig. 3.1b). The flow around it leads to the pressure distribution 
shown in Fig. 3.3 when the tube axis is parallel to the flow. If the flow is at an angle with 

respect to the tube axis, the pressure distribution is no longer symmetric with respect to 

the tube axis. Thus, for a pair of ports symmetrically located above and below the tube 

axis, as in Fig. 3.3, an angular rotation causes an increased pressure in one port and a 

reduced pressure in the other. The net effect is a differential pressure between the top 

and bottom ports which is a function of flow angle and indicated airspeed. By placing a 

second pair of ports at right angles to the first, simultaneous measurements of both airflow 

angles with respect to local flow are obtained. Further details of the differential pressure 

measuring technique are discussed by Brown et al. (1983).



Fig. 3.3. Top: pressure distribution normalized by the dynamic pressure on the surface 
of a hemisphere-capped cylinder embedded in a uniform flow parallel to the axis of the 
cylinder. Bottom: A schematic cross-sectional view of the cylinder shows the arrangement 
of pressure sensing ports for sensing airflow angles, and Pitot and static pressures.

RAF currently has available an electrically deiced differential pressure probe (Rose
mount Model No. 858A J) for use on the Sabreliner aircraft. This probe can be used 

for limited measurements in clouds and in icing conditions. However, long flight legs in 

clouds or precipitation can lead to water accumulation in the pressure lines, which can 

cause errors in the pressure measurements. The probe has symmetric sets of holes drilled 

in the 2.5-cm-diameter hemisphere at an angle of 45° and a forward-looking port 0.14 cm 

in diameter. The probe also has a ring of static ports surrounding the cylindrical part 

of the probe 8.9 cm from the probe tip. Pressure differences are sensed by transducers 
mounted at the base of the nose boom connected to the ports by pressure lines. The 

inside diameter of the tubing inside the probe is 0.36 cm; the inside diameter of the lines 

connecting the probe tubing to the pressure transducer is 0.43 cm. The length of these 

pressure lines limits the instrument frequency response. In the Sabreliner, for example, the 

tubing length is about 5 m. The time responses of both the dynamic pressure and the flow 

angle measurements on the Sabreliner with the differential pressure probe are discussed in 

Appendix A.

The radome technique is similar, in principle, to the differential pressure technique. 
The major difference is that the nose of the airplane itself is used as a probe instead of a 

separate flow angle sensor. Therefore, a nose boom is not needed for this technique. The
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technique cannot be calibrated in commonly available wind tunnels, except possibly by 

using scaled models of the aircraft. In situ calibration techniques are used, and the system 
must be calibrated for each aircraft and whenever the nose configuration of the aircraft is 
significantly modified.

The radome system is capable of higher-frequency response than the differential pres

sure probe since the transducers can be mounted closer to the pressure ports. The fre
quency response of the radome system used on the Sabreliner is > 10 Hz. Details of the 

radome technique are discussed by Brown et al. (1983).

All three NCAR aircraft can be deployed using the radome technique. The Sabreliner 

radome is unheated and therefore is limited to operation in clear air and nonprecipitating 

cloud. The King Air and Electra radomes are deiced, and contain provisions for trapping 

ingested water; therefore they can be used in all weather.

Wind tunnel, flight test and theoretical analyses indicate that, for both the radome 
and the differential pressure probe technique, the flow angles are related to the pressure 

difference A P  across the respective angle-sensing pressure ports. For the attack angle a, 
this relation is

a  =  a 0 +  C - 1^  (3.1)
9

where q  is the Pitot-static pressure difference and a 0 is a bias in the measured flow angle. 

The sensitivity coefficients Ca,p can be estimated from measurements of (A P )a ,p at known 
values of q, as well as a  or /?. For the Rosemount 858AJ, Ca<p =  C a  0.079(deg)-1 for Mach 

number, M  < 0.52. This coefficient has been determined theoretically, as well as from wind 

tunnel calibrations conducted in the Cornell Aeronautical Laboratory (Andersen, 1955), 
and by the RAF in the U.S. Air Force Academy Subsonic Wind Tunnel. For M  > 0.52, data 

obtained from the manufacturer indicate that C  monotonically decreases to 0.056 (deg) -1 

at Af =  0.9. A fourth-order polynomial is used to approximate C  for 0.52 < M  < 0.90.

The sensitivity coefficients for the radome differential pressure system have been de

termined from theoretical studies, flow model calculations (for the Electra), wind tunnel 
scale model studies (for the King Air) and from the flight maneuvers discussed in Section 4, 
and are generally in close agreement; however, the flight-derived coefficients are used in 

practice for calculating the three air velocity components. These values are listed in Ta
ble 1, along with the tube lengths between the pressure ports and the transducers, and 

the angles 1? and <p, which are the angles between the ports and the longitudinal airplane 

axis in the vertical and horizontal planes, respectively.
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T ab le  1

Sensitivity coefficients, pressure port attitude angles (i? for the attack angle and <p for the 
sideslip angle) and tube lengths for the radome differential pressure systems on all three 
NCAR aircraft. In all cases the tube diameter is 4.3 mm.

Aircraft Ca (deg) - l C/9 (deg) - l Tube length (m)

King Air 
(N312D)

0.08207 33' 0.07448 33' 0.7

Sabreliner
(N307D)

0.0570 33' 0.0410 33' 1.8

Electra
(N308D)

0.07155 
a 0 = 0.4095

33° 0.06577 29°
/30 =  0.0375

3.5

The differential pressure transducers are calibrated on the airplane by applying known 

values of pressure difference across the pairs of probe ports.

3.1.2 Pitot and Static Pressure Probes

All NCAR airplanes have dynamic or ram and static pressure ports for measuring dy
namic — static pressure difference q which is used to calculate airspeed. Rosemount Models 
850L-2 and 852J Pitot-static tubes (Fig. 3.1, top) are mounted on the King Air and Electra 

wingtips; furthermore, the Rosemount Model 858AJ differential pressure probe (Fig. 3.1) 
already contains the necessary static and dynamic pressure ports. Dynamic pressure can 

also be measured at the front of the radomes, although they are more sensitive to airflow 

angles than the Pitot-static tubes. These pressure ports are connected to pressure trans

ducers, which are used to measure both the static pressure Pt as well as q. As discussed in 

Appendix A, the 858AJ probe has longer pressure lines, which limit its frequency response 

for pressure fluctuations to < 1 Hz on the Sabreliner.

The true airspeed is calculated from q, Pt , and the measured temperature, Tr, by 
application of Bernoulli’s equation for the conservation of energy in a compressible fluid 

(see Appendix B for details). The Mach number, M  (which is the ratio of the true airspeed
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to the speed of sound), is calculated from the relation

(3.2)

where 7  =  Cp/ C v is the ratio of the specific heat of air at constant pressure to the specific 
heat at constant volume. Then the true airspeed is obtained from the relation

1/2

(3-3)Ua =
R y T rM 7

1 +  0 . 5 ( 7 -  l ) r M J

where r =  (Tr — T ,) / (T t — Tt ) is the recovery factor of the thermometer, R  is the gas 

constant (=  287.04 J kg-1 k-1 for dry air), Tt is the ambient air temperature, and Tt is 

the total air temperature, which is the temperature attained by an adiabatic reduction of 
the air velocity to zero (with respect to the airplane).

3.2 INS Measurements
The inertial navigation system (INS) consists of an orthogonal triad of accelerometers 

mounted on a gyrostabilized gimbaled platform which is kept level by continuous com
putation and application of the required torquing rates. These rates are determined by 

integrating the horizontal accelerometer outputs and applying corrections based on the 
earth’s rate of rotation and the geographic coordinates of the platform. The geographic 

coordinates are obtained by a second integration of the accelerometer outputs, again with 

appropriate corrections. The two corrected horizontal velocity components are available 

from the INS computer. The vertical velocity is obtained from a counter that accumu
lates pulses from the vertical accelerometer. Thus the INS can provide measurements of 

the three airplane velocity components and, by recording the output of angular resolvers 

mounted on the platform gimbals, the three attitude angles of the airplane with respect 
to the earth.

The INS platform used by NCAR (Litton Systems, Inc. LTN-51) is not torqued about 

its vertical axis while operating in the navigation mode, and therefore the heading or 

azimuth of the platform remains constant in inertial space. In this mechanization, which 

is called a free-azimuth, or azimuth-wander, system, platform heading in the earth-based 

coordinate system changes with time and with east-west displacement of the aircraft. Its 

initial heading is determined by the orientation of the INS during alignment; early in 
the alignment sequence the platform is caged so that the platform axes are aligned to 

the INS case. True heading, therefore, is a calculated variable, obtained initially by a
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computer gyrocompassing of the system. Thereafter, during navigation the INS calculates 

and continuously updates the true heading. In the LTN-51, the angle between true north 

and the E-component of the platform (along which u t is measured) is called the azimuth- 
wander angle, e, as shown in Fig. 3.4. The airplane velocity components in an earth-based 

(geographic) coordinate system are then calculated from the rotation

u v = — ve cos e + u c sin e
(3.4)

vp = ve sin e +  u e cos e

N

Fig. 3.4. Angular orientation of an azimuth-wander INS platform with respect to geo
graphic coordinates.

The INS computer solves and integrates (2.2) in the horizontal plane of the local earth 

coordinate system; thus the instantaneous velocity and position are computed and can be 
displayed, along with related quantities, such as ground speed and drift angle, and range 

and bearing to selected targets or destinations. A block diagram of an inertial navigation 

system is shown in Fig. 3.5.

The inertial system’s computer also calculates the angular velocity required to keep 

the platform level. Torque is then applied (by electromagnetic coupling) to the appropriate 

gyro axes perpendicular to the spin axes of the gyro. The angular velocity of the gyro rotor 

along an axis mutually perpendicular to both the gyro spin axis and torque input axis is 
directly proportional to the applied torque. The axes of the stable platform are slaved to the 

gyro output axes by rotating the appropriate gimbals so that the angular deviation between
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Vp = /Jp-(wp+ue)x-Vp+q

Fig. 3.5. Block diagram of an inertial navigation system. The dashed rectangle represents 
the gimbaled stable element which is kept level with respect to local earth, and R p is the 
position vector.

the two sets of axes is negligible. Thus, the rotation angles of the gimbals are identical to 
the attitude angles of the aircraft in the local earth coordinate system. These angles are 

measured with dual-speed resolvers which have both single and eight-pole outputs. The 

outputs of each of the resolvers are thus approximately proportional to the sine and cosine 

of the attitude angle (for the single-pole output) and eight times the attitude angle (for the 

eight-pole output). Using the pitch angle 8  as an example, 6 / n  = tan-1 (E 1 / E 2 ), where 

n  is the number of poles and E \  and E 2 are the sine and cosine outputs, respectively. In 
practice, the single-pole output is used to determine the octant of the eight-pole output, 

and the eight-pole output is used for the attitude angle measurement.

A complete error analysis of an inertial navigation system is complicated. How

ever, several salient features can be easily demonstrated by considering a simplified two- 
dimensional case. As an example, we investigate the error propagation of an accelerometer 

bias error or an angular misalignment of the platform and an accelerometer or gyro drift 

error, assuming that the Coriolis terms of (2.2) can be neglected. The accelerometers 

along the horizontal axes sense an acceleration approximately equal to the angular devia
tion from the local geopotential surface 6 , times ga, which is the gravitational acceleration 

at some reference level, R 0, from the center of the earth. The inertial system’s computer
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integrates this acceleration twice; then changes its computed position a distance, £; and 

rotates the platform through an angle ( /R o-  Thus, the acceleration sensed by the inertial 
system is

( = 9 . ( S - ( / R , ) = - ( . 3 o / R c ) (  + e .  (3.5)

where ex is the acceleration error.

Along the vertical suds, the gravitational acceleration as a function of the vertical 
displacement, £, away from some reference level and the latitude can be obtained from the 

equation
<7(0 =  5(1 +  C/Ro)~2( 1 +  0.00529 sin2 A)

(3.6)
— <7o(l — 2 £ /R 0)( l  + 0.00529sin2 A)cm s 2

According to Kayton and Fried (1969), this equation is accurate to within 0.02 cm s-2 at 
sea level. The resulting equations for horizontal and vertical position errors (neglecting 

the latitudinal variation of g ) are

. i  + * —  (3.7)
c -  2u>2C =  ex

where =  y /g 0 / R 0 — 1-24 x 10-s  rad s-1 (equivalent to a period of 84.4 min, known as 
the Schuler period). The major effect of the neglected Coriolis terms involving up and vpi 

which are typically about 10% of u , ,  is to divide the horizontal error into two sinusoidal 

components with angular velocities of approximately u ,  ±  (l/2)(u;z +  flsin A).

Thus, the two sinusoidal components added together result in a modulated error with 

a carrier frequency of u>, and a modulation frequency of ( l / 2)(u;z +  flsinA).

As an example, we assume

0, t <0  
a0 + a i t  t >0

«o) = m =m = <:(o) = o

The solutions of (3.8) for the velocity error are

(3.8)



As can be seen, the vertical velocity error diverges rapidly. To compare the two errors, we 

assume a„ =  2 X 10-2 cm s~2 and aj =  2 x 10-5  cm s-3 . Substituting these values into 
(3.9), we obtain

f  =  16sinu>,i +  13(1 — cosu t t) cm s-1
(3.10)

= 8 sinh V 2 w t,  — 6(1 — cosh y/2 u~,i) cm s 1 

These variables are plotted in Fig. 3.6. The position errors, i.e., the integrals of (3.10) are

(  =  130[l -  1.3sin(u;,f +  51°) +  10"sflm
r  (3*n )£ =  46(cosh v2u>,t — 1) +  37 s i n h — 0.06/m

These variables are plotted in Fig. 3.7.
Other errors in position and velocity exist as well. Generally, the INS errors can be 

approximated by a monotonically increasing time-dependent error and a periodic error at 
the Schuler frequency. These errors can change drastically from one flight to another on 

the same system since unpredictable errors occur in INS gyros and accelerometers, and the 

initial alignment, which varies from flight to flight, plays an important role in subsequent 
INS performance. The alignment sequence, which normally takes 15 to 20 min, includes 

initializing the INS coordinates, leveling the platform, and gyrocompassing to determine 
true north. Once the INS is in its navigation mode, any interruption can cause it to lose 

its navigation capability for the duration of the flight. Much more detailed analyses of 
inertial systems and their errors are presented by Broxmeyer (1964), Kayton and Fried 

(1969) and Britting (1971).

3.3 Baro-inertial Loop

In the vertical, no closed loop exists for inertial measurements. However, pressure 

altitude can be used to limit errors introduced by errors in vertical acceleration. (An off
set, or bias in vertical acceleration, when integrated twice, results in an error in altitude 

that increases with time squared.) At NCAR, the pressure altitude is combined with the 

vertical acceleration in a third-order loop (see Fig. 3.8) to provide an absolute long-term 
reference for altitude and vertical velocity. The advantage of a third-order baro-inertial 
loop (Blanchard, 1971) over a second-order loop system is the elimination of velocity and 

position error due to bias in the measured acceleration. For the NCAR aircraft (Lenschow 

et al., 1978a), a 60-s time constant is used in the mechanization of this loop. This value 

is based on a compromise between minimizing the effect of high-frequency noise from the 

pressure altitude measurement (e.g., data system resolution, transducer noise, and pressure
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f

Fig. 3.6. Velocity errors in an inertial navigation system. (The error generating function 
is described in text.) Curve A-vertical velocity, curve B-horizontal velocity.

Fig. 3.7. Position errors in an inertial navigation system. (The error generating function 
is described in text.) Curve A-inertial altitude, curve B-horizontal position.
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line “ringing”); and (1) minimizing the recovery time of the loop for extraneous distur
bances (i.e., glitches) and (2) improving the long-term stability of the vertical accelerometer 

output.

t_ALJIM£TER_|

Fig. 3.8. Block diagram of a third-order baro-inertial loop for calculating altitude and 
vertical airplane velocity from a pressure altimeter and INS vertical airplane acceleration. 
Feedback loops involving C \, C2 , and C3 are set for a time constant of 60 s on NCAR 
aircraft. The term involving 2g / R  is a correction for the change of gravity with altitude 
(R  is the distance to the center of the earth).

4 IN-FLIGHT CALIBRATION MANEUVERS
Regardless of where instruments are located and how carefully they are calibrated, 

errors are likely to be present in the measured variables. Ground tests are not useful 
for calculating velocity-related errors. Wind tunnel tests are difficult and prohibitively 

expensive for exact simulation of flight conditions. Therefore, in-flight calibrations play an 

important role in estimating errors and correcting aircraft measurements.

Because of upwash ahead of the aircraft, the airflow angles (attack and sideslip) and 

airspeed measured at the tip of a nose boom may differ considerably from the actual 
values that would be measured far away from the aircraft. The upwash affects not only 

the sensitivity, but also the zero offset of angle measurements, which, therefore, must also 

be determined from in-flight calibrations.
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Maneuvers used for this purpose involve changes in aircraft speed and attitude angles. 
The following list summarizes several maneuvers used on NCAR aircraft equipped with an 
INS and the information that can be obtained from them; examples of these maneuvers 

are shown in Figs. 4.1:

REVERSE HEADING AIRSPEED

TIM E (Minutes)

Fig. 4.1a. Examples of reverse heading and airspeed maneuvers used to check the quality 
of air velocity measurements. The lateral and longitudinal velocity components are mea
sured with respect to the aircraft; therefore, the measured wind should change sign, but 
not amplitude, after the 180° turn, if the wind field remains constant and is measured 
without error. An error in airspeed will result in a difference in the amplitude of only 
the longitudinal component before and after the turn, while an error in the sideslip angle 
will similarly affect only the lateral component, which simplifies correction procedures. 
The airspeed maneuver modulates the attack and pitch angles; if pitch angle is measured 
accurately, the error in attack angle a  can be determined by comparing the vertical wind 
component with respect to the airplane (i70 sina:) with the vertical wind component with 
respect to the earth (w ). In this example, there is little correlation between the two, so 
the fluctuations in w are presumed to be due to turbulence rather than an inaccurate mea
surement of a. The airspeed maneuver can also be used to estimate airspeed-dependent 
errors in other variables and the temperature recovery factor.
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PITCH YAW

T IM E  (M inutes)

Fig. 4.1b. Examples of pitch and yaw maneuvers. The pitch maneuver is used as an overall 
check on the accuracy of the w  measurement; in this example, there is little modulation 
of w  during the pitching maneuver, which implies that fluctuations in w  are measured 
accurately. Similarly, the yaw maneuver is used as an overall check on the lateral (with 
respect to the aircraft) component; again there is little modulation of u  and v (in geographic 
coordinates) by the yawing maneuver.

■ REVERSE HEADING MANEUVER

Fly at constant altitude and heading (usually in smooth air above the boundary layer) 

for several minutes. Then turn 180° by first turning 90° in one direction, then 270° in the 

other direction at a constant rate so that the airplane flies through the same volume of air 
on its return track. This maneuver modulates the airspeed and sideslip angle errors, since 

they are measured in the airplane coordinate system. The INS errors are not modulated, 

however, since they are measured in an inertial frame of reference. If the wind along the 

flight track is assumed to stay constant during this maneuver, differences in the two wind 

components between the two headings can be used to independently estimate errors in 
both airspeed and sideslip angle.
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• SPEED VARIATION MANEUVER

Fly at constant altitude and heading, and smoothly vary the aircraft speed from close 

to stall to close to maximum cruise speed. Since the lifting force on the aircraft is directly 

proportional to the attack angle and the square of the airspeed, modulating airspeed also 

modulates attack angle. For level flight, wp =  0 in (2.11); if w a is small, a  =  6 . Thus, 
a can be calibrated in flight by this technique, provided that 0  is measured accurately. 

The attitude angle transducers, in contrast to airflow angle sensors, can be accurately 

calibrated in the laboratory.

If airspeed is measured incorrectly, temperature may also be affected. Temperature 

recovery factors (B.8) can also be measured or corrected with this maneuver since air
speed variations modulate the measured temperature because of dynamic heating effects. 
Any other measurements affected by either airspeed or attack angle variations are also 

modulated by this maneuver.

• PITCH

Vary the aircraft elevator angle while holding the heading constant to obtain a si

nusoidal pitching motion with a period of 10 to 20 s and a maximum rate of ascent and 

descent of 2.5 to 4 m s-1 . This maneuver modulates vertical airplane velocity, wp\ airspeed, 
£7„; and, to a lesser extent, attack angle, a. If any of these variables have significant errors, 
a periodic error in vertical air velocity should be evident. Since the terms do not have the 

same phase angle, in practice it is often possible to determine which of the variables is in 

error simply by determining the phase of the error in w and comparing it with the phase 
of wp, 0, Ua, and a .  This maneuver can also be used to detect dynamic errors in static 

pressure or rate-of-climb instruments by comparing their outputs with the integrated INS 

vertical acceleration.

• YAW MANEUVER

Vary the aircraft rudder angle while holding the roll and altitude constant to obtain 

a sinusoidal skidding or sideslip motion with a period of about 10 s and a maximum 

amplitude of about 2° sideslip. This maneuver modulates heading ip, horizontal airplane 
velocity components u p and vp, and (3. As with the pitch maneuver, errors in any of these 

variables cause a periodic vernation in the horizontal wind velocity.

On the NCAR aircraft, the system performance is judged to be satisfactory if the 

vertical air velocity error is less than 10% of the vertical airplane velocity for the pitch 

maneuver, and the lateral air velocity component is less than 10% of Ua sin/3 for the yaw
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maneuver.

We estimate that short-term (i.e., not including long-term INS drift) velocity errors 
can be reduced to < 0.3 m s_1 by in-flight calibrations, which agrees well with the analysis 

by Nicholls (1983).

4.1 Use of Aircraft Response Characteristics
An alternative to measuring all the components of va and the three attitude angles 

in order to obtain v is to measure the response of the aircraft to fluctuations in the air 

velocity and use the aircraft transfer function (i.e., the ratio of the airplane response to 
the input forcing function) to help estimate the air velocity. This process, however, has 

inherent limitations. First, the airplane transfer function is not known exactly; further
more, it depends upon the airplane mass, which is not constant with time because of fuel 
consumption. Second, the aircraft cannot respond to high-frequency variations in the air 

velocity. Third, the airplane responds indistinguishably to both horizontal and vertical 
gusts. Nevertheless, for some applications (e.g., Lenschow, 1976), useful results can be 

obtained by this technique. This approach was used by Bunker (1955) for turbulence flux 

measurements, and more recently by Kyle et al. (1976) to estimate updraft profiles in 

thunderstorms.
An intermediate approach, which is considerably more accurate, is to measure the 

airspeed and pitch angle of the aircraft and use its aerodynamic characteristics to calculate 
angle of attack, from which the vertical air velocity can be obtained. This approach is 
discussed by Kelly and Lenschow (1978). Here again, the accuracy depends upon aircraft 
flight characteristics and response time.

5 LIMITATIONS OF AIR MOTION MEASUREMENTS
As with all physical measuring systems, there are limitations, both in the accuracy of 

the measurement and in the bandwidth (range of wavelengths) over which air velocity can 

be measured. Furthermore, the limitations are somewhat different for different velocity 

components. The horizontal velocity error, for example, has two components: a cyclic 

component with a period of 84.4 min, and a nonperiodic component that usually increases 

with time. A typical navigational accuracy of the INS is approximately 0.5 m s-1 . Because 

of the periodic component, the velocity error for a position error rate of 0.5 m s-1  is usually 

larger than 0.5 m s-1 h-1 (or 1 kn h-1 ). Exact numbers cannot be specified since sources 

of error are multifarious. Some of these are the following:

(1) The length of the initial alignment time.
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(2) The alignment environment (movement inside the airplane can degrade the align

ment by disturbing the platform).

(3) The flight pattern and turbulence during the flight (and perhaps even the condi
tion of the runway).

(4) Incorrect biases on the gyroscopes.

(5) Random changes in instrument performance.

In the vertical direction, the airplane velocity error is limited by using the measured 

pressure altitude as a long-term reference. Since this is a relatively accurate and stable 
reference, the vertical velocity of the airplane can be measured to better than 0.1 m s_1 if 

horizontal pressure gradients are not unusually large.

The wind component along the longitudinal axis of the airplane is obtained from the 
difference between the airplane true airspeed and the INS-measured longitudinal airplane 

velocity. Since the airplane speed is usually several times the wind speed, this involves a 

small difference of two large numbers (the faster the airplane flies, the larger the numbers). 
Because of the upstream effects of the air flowing around the airplane and the sensor- 
mounting structures, the Pitot-static and static pressure measurements used in the true 

airspeed calculation must be empirically corrected. This is done by (1) tower fly-bys, 
(2) flying in opposite directions through a volume of air (reverse heading maneuver) with 
the wind speed assumed to be constant and removing any observed difference in wind 

speed along the flight path by adjusting the pressure calibration, and (3) the trailing cone 

method. The trailing cone method (Brown, 1985) employs a 30 m long section of tubing
0.95 cm in diameter trailing behind the aircraft with an aerodynamically shaped cone 

attached to the end for stabilization. The static pressure is obtained from four rings of 
pressure ports 2.1 m ahead of the cone. This method can be used at all normal research 
speeds and altitudes.

Because of the small angles involved in measuring the airflow angles (a change of 0.1° 

at an airspeed of 100 m s-1 is equivalent to a change of 17 cm s-1 in the lateral or vertical 

air velocity) and the upstream effects of flow around the airplane, the absolute calibration 

of the airflow angle measurement is (as discussed in Section 3.1.1) dependent upon flight 
tests rather than laboratory calibrations. An additional problem is the dependency of the 
measurement on the shape of the sensor. For example, if a new port or radome is used, or 
if a port becomes dented or scratched, the bias of the sensor may change significantly.

The vertical wind component measurement has an additional constraint. Flight tests
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cannot determine a mean absolute vertical air velocity. One approach is to assume that 

the vertical velocity is zero over a particular segment of a flight and reference the velocity 

measurement to this. It should be kept in mind, however, that this is not an absolute 

mean vertical velocity and furthermore that the vertical air velocity averaged over a path 

of longer than a few kilometers may be too small to be measurable.

Some of the drift in the vertical air velocity measurement may, under certain condi

tions, be reduced by using the airplane itself as a probe. This amounts to calculating the 

attack angle from the lift characteristics of the airplane. This can only be done by flying 
with constant airplane power without turns and keeping track of the airplane’s weight. 

But even this technique does not provide an absolute mean vertical air velocity.

Because of these limitations, a “quick look” at the data processed immediately after 

a flight may not reveal offsets in both the lateral and vertical air velocity components. 
The lateral velocity offset is removed by comparing wind measurements along reciprocal 
headings. The vertical velocity component offset can only be approximately removed by 

assuming that the vertical velocity component is zero along some portion of the flight 
track.

A further problem that should be kept in mind is the degradation in the accuracy 

of the air velocity measurement during turns or other abrupt changes in aircraft attitude. 
Although the equations used to calculate the air velocity are exact in the sense that no 

significant terms are omitted and small angle approximations are not used, system errors 

are accentuated in turns for the following reasons:

(1) The heading may not be sampled frequently enough during rapid turns to provide 

sufficient resolution for instantaneous wind measurements.

(2) The air-sensing probes are not as accurate and flow distortion effects may become 
more important at the larger airflow angles encountered during rapid turns.

Thus far we have discussed mainly factors that affect the long-wavelength measure

ment of air velocity. The primary limitations at short wavelengths are vibration and 

frequency response limitations of the pressure lines. For the Rosemount probe, which is 
mounted on a nose boom protruding several meters in front of the airplane, nose-boom 

vibration is a limitation. The location of the air-sensing probe is a compromise between 

measuring in a region of minimal perturbation of the airflow by the airplane and main
taining a rigid coupling between the air-sensing probe and the INS.

This discussion is summarized in Table 2. Keep in mind that these numbers represent
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our present capabilities. In some cases, we expect improvements or some relaxation of 

limits in the future. An example is the improvement in horizontal wind measurement 
that is possible by updating the INS with external position or velocity information (e.g., 
LORAN C or other radio navigation). These potential improvements await further testing 

and software development.

Table 2
Present Specifications of Air Velocity Component Measurement Accuracies

Airplane
Normal 

True Airspeed 
Range (m/sec)

Accuracy of Wind Components 
Upper Limit (Relative) (Absolute)

Frequency Short-Term Long-Term
Response (u ,v ,w )  (horizontal ,u, v )

(Hz) (<  10 min) (m/s) (m /s, t in hours)

Electra 
Sabreliner 
King Air

90-125
140-220
70-100

10
10
10

±0.1
±0.1
±0.1

± (1 .0 +  0.5*) 
±(1.0 +  0.50 
±(1.0 +  0.5t)

t =time in hours from start of flight.

The level of accuracy summarized in Table 2 is useful for a wide variety of research 
objectives, but is not sufficient for all proposed applications. One class of observations for 

which this accuracy is not sufficient is measurement of the integrals of velocity components 

around closed paths. Divergence (d w /d z  =  ( l / A )  J v - n d t )  and vorticity (£ =  (1/^4) Jv-clT) 

are examples of this type of measurement. Ching (1975) has used this integral approach 

to estimate the drag coefficient ( C d ) from the vorticity equation, with the result

C oW  =  (M )  
k  • curl(v  |v|)x

where h  is the height of the boundary layer, r j  =  £  +  / ,  and /  is the Coriolis parameter. 

We note that by Stokes’ theorem, k • cur/(£T|v|) =  (1 /A ) f  |r|r • dl. Thus all terms in (5.1) 

involve integrals of velocity components (or products of velocities) around a closed path.
The errors in divergence or vorticity are due either to errors in the air velocity mea

sured in the airplane coordinate system or in the velocity and attitude angles measured
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in an earth-based coordinate system with an INS. Constant velocity and heading errors 
normal to the flight path cancel out for vorticity measurements, and constant velocity 
errors parallel to the flight path cancel out for divergence measurements. Similarly, con
stant INS velocity errors integrated around a closed path cancel out for divergence and 

vorticity measurements. However, the denominator of (5.1) also depends upon the mean 

wind speed, which does not cancel out for a closed path integration of a constant error in 
INS velocity.

Ching (1975) has estimated the terms in (5.1) from Barbados Oceanographic and 
Meteorological Experiment (BOMEX) ship and rawinsonde data for a station separation,
I , of about 5 x 10s m. Typical values that he found for these terms (excluding the time 
derivative term) in this maritime tropical environment are:

C ~  -0 .8  X 10- 5s-1

^ ( 1 ,3 0 0  m) =  -0 .4  x 10~5 s"1 
oz

k ■ cuW(r'l'ul) =  —0.8 x 10-4  m s-2

If the airplane is assume to fly around a closed path in the shape of a regular poly
gon, with n sides of length I , the enclosed area is [ \ / \ ) n i 2 cot{-K/n). The ratio of the 
circumference, C , to the enclosed area, A , is

4 , 7rx 4ntan(7r/n) .
C/A =  -  ta n (- )  = -------(5.2)

The error in divergence or vorticity due to an error in the velocity component normal or 

parallel to the flight path, ev , integrated around the closed flight path, is

^  evC  eB4ntan(7r/n)
A  C

If the error is assumed to be a constant plus a linear function of time,

(a0 +  a1<)4ntan(7r/n) /  ^  C  \  4ntan(7r/n)

(5.3)

£ =
/  a! C  \  4ntan(7r/n) ^

=  a ° { 1  +  T a v J ^ T J - 1  ( 5 '4 )

where Ua is the airplane velocity.

If the airplane is flown around the same closed path successively in opposite directions, 

the contribution of the mean velocity error to the divergence of vorticity should vanish. 

However, the term in the denominator of (5.1) depends upon the mean wind speed, and
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thus the mean velocity error contribution does not vanish. Therefore, for divergence and 

vorticity,
^  4aintan(7r/n)

£l =  u l

and for the denominator of (5.1),

~  , “i C \4 a m ta n (7 r /n )
£2 = r + ^ ^ J — v . —

For the BOMEX case, using the error given in the first paragraph, n =  4 and Ua =  

100 m s-1 , we have Ci =  0.2 x 10~4 s-1 and e2 =  0.3 x 10-4  m s-2 . In terms of the 
estimated values of divergence and vorticity, this is too large by an order of magnitude. 
The error in the denominator of (5.1), however, seems within reach of present systems. 
Although the error estimate is conservative, the distance between BOMEX stations may 
not be optimal, and techniques can be used operationally to reduce this error (e.g., flying 

around a closed path many times), the fact remains that the current NCAR systems are 
not capable of routinely measuring divergence or vorticity by the closed integral method 

except in extreme cases such as severe weather phenomena, rapidly developing cumuli, or 

frontal uplifting. Raymond and Wilkening (1982) have measured divergence with NCAR 

aircraft around developing mountain cumuli, Nicholls (1983) has estimated divergence 

over the ocean with a system using an INS updated with radio navigation information, 
and Gultepe et al. (1989) have estimated divergence in a cirrus cloud deck from closed 

loops flown during a spiral descent.
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APPENDIX A

TIME RESPONSE OF THE ROSEMOUNT MODEL 858AJ 
DIFFERENTIAL PRESSURE PROBE

(

In order to determine the effect of long tube lengths on the time response of pressure 

measurements, flight tests were conducted on a Queen Air flying both the Rosemount 
probe and, for reference, a fixed-vane probe which has a much faster response time (on 

the order of 0.01 s) for both Pitot pressure and attack angle. None of the variables were 

filtered. The power spectral densities of the attack angle pressure difference, using tube 

lengths identical to the Sabreliner’s («  5 m), are plotted in Fig. A l. There is little obvious 

indication of attenuation at high frequencies or of a large resonance peak. Because of 

this insensitivity, we will not consider attenuation characteristics, but only phase angle 

differences. Figure A2 shows that the phase angle of the Rosemount Pitot pressure is 
<f> ~  —6/ ° ,  where /  is frequency (Hz). In Fig. A3, the phase angle of the Rosemount 
attack angle differential pressure is <f> =  —9 °/. These results were obtained at a flight level 

of 790 mb; the absolute dynamic Pitot pressure was about 820 mb.

FREQUENCY (Hz)

Fig. A l. Spectral density of the Rosemount differential pressure probe attack angle output 
(uncalibrated units). Line of —5/3 slope is drawn for reference. The tube length was about
5 m, and ambient static pressure was about 790 mb.

(
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FREQUENCY (Hz)

Fig. A2. Phase angle of fixed-vane-probe Pitot pressure versus the Rosemount differential 
pressure probe Pitot pressure. Negative phase angle means that the Rosemount lags the 
fixed vane Pitot. Dashed line is a phase lag of <f> = —6/° .

Fig. A3. Phase angle of attack angle differential pressure versus fixed vane. Positive phase 
angle means that the differential pressure probe lags the fixed vane. Dashed line is a phase 
lag of $  =  9 /° .

29



We can compare these results with the theoretical results obtained by Iberall (1950) 

for the attenuation and phase lag of a pressure measurement at one end of a tube with an 
oscillating pressure applied at the other end. The theory takes into account compressibility 

and the volume of air contained in the instrument sensing chamber. However, it does not 
apply exactly to the Sabreliner system since the tubes Eire terminated at ports which have 
a smaller diameter than the tubes. We can make one simplification; the instrument volume 

is negligible compared to the tube volume.

For the Pitot pressure tube with an assumed diameter of 0.36 cm and a ratio of 

instrument volume to tube volume of Vi/Vt =  0 , the theory predicts a phase lag of 22° 
at 10 Hz. At higher frequencies, the signal is attenuated and the phase shift continues 

to increase. The observed phase lag is about 60°. This considerable difference may be 

because the initial section of the tube is smaller in diameter than the main section. If we 

assume that this effectively changes V i/V t , we find that for a ratio of Vi/Vt =  0.5, <f> = 60° 
at 10 Hz. Alternatively, we can calculate the effective diameter of a tube which has a 60° 

phase lag at 10 Hz. This turns out to be d = 0.25 cm. Recently, the Pitot pressure tube 

diameter has been changed to 0.14 cm, the same as the flow angle port diameters; the 
effect of this modification on the frequency response has not yet been tested. We would 

not expect it to be the same as the flow angle frequency response since the diameter of the 

interior tubing is different.

For the attack angle differential pressure, if we use a tube diameter of 0.14 cm, the 

theoretical phase angle is about 90° at 10 Hz, which agrees well with the observed phase 

lag.

Obviously, the effect of a varying diameter in the pressure lines is significant. Since 

Iberall (1950) does not cover such complex geometry, we can only use his results for 
qualitative comparisons with the observed results. However, we can apply the theory 

quantitatively to estimate what happens when we vary the geometry or the fluid properties. 

In particular, the Sabreliner typically flies much higher than the altitude of these test 
results. The time constant of the pressure lines is inversely proportioned to the static 

pressure. At 12,200 m (40,000 ft), the atmospheric pressure is 188 mb. We add to this 

80 mb for the Sabreliner Pitot pressure. The ratio of the flight test pressure to this pressure 

is 3.06. Thus, at this level the phase lags for Sabreliner measurements of true airspeed 
and incidence flow angles are —18/° and —27/°, respectively. At a normal Sabreliner data 

sample rate of 1 s- 1 , the phase lags for true airspeed and flow angles at 0.5 Hz (the Nyquist
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frequency) are —9° and —14°, respectively. This should be kept in mind when using the 

Rosemount probe, particularly for calculating cospectra or covariances.

31



APPENDIX B 

CALCULATION OF TRUE AIRSPEED 
D.H. Lenschow, P. Spyers-Duran, and C. Friehe1

The true airspeed of the aircraft, Ua, is calculated from measurements of the Pitot- 
static pressure difference, q = P t~P ,]  the static pressure, Pt \ and the total air temperature, 
Tt, using Bernoulli’s equation for the conservation of energy of a perfect gas undergoing 

an adiabatic process,

U \!  2 +  CPTX =  U H  2 +  CpT2 (B .l)

where Cp is the specific heat at constant pressure. The dynamic pressure, Pt, is normally 
measured at the forward-facing front port of a Pitot tube. The static pressure, Pt , may be 

measured either at the static ports of a Pitot-static tube or at static ports on the aircraft 

fuselage. Applying this equation to the aircraft, f72 = 0 ,  T2 =  Tt , TJ\ = Ua and T\ =  Tt . 

Thus,

Ul =  2Cp{Tt -  T .)  (B.2)

For an adiabatic process,

T. = Tt ( P j P t)
r-1 
7 (B.3)

where 7  =  CPIC V and Cv is the specific heat at constant volume. By substituting this into 

(B.2),

Ul = 2 C .T ,
- O '

(B.4)

or equivalently, using Tt ,

Ul = 2CPT,
(B.5 and B.6)

where

M d

= j R T . M 2

-  1 (B.7)

and R  = Cp — Cv is the gas constant. The Mach number, M ,  is equal to the ratio of the 

true airspeed to the speed of sound.

1 Dept, of Mechanical Engineering, University of California at Irvine, Irvine, CA 92717
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r
Table B1

Correction factors (COR) for specific heat of air at constant pressure Cp, and ratios of 
moist air to dry air Mach numbers (M )  and true airspeeds (Ua) for several values of dew 
point temperature (T4 ). The values of r axe saturated mixing ratio at a static pressure of
1,000 mb.

Td
(°c )

r
(xlO 3)

e
(mb)

COR M  (m o ist a ir )  
M  (d ry  » ir)

t/« (m o is t a ir )  
17. (d ry  » ir) % chang 

in Ua

0 3.84 6.11 1.0084 1.00071 1.0017 0.17
10 7.76 12.27 1.0160 1.00144 1.0033 0.33
20 14.95 23.27 1.0300 1.00274 1.0067 0.67
30 27.69 42.43 1.0542 1.00476 1.012 1.2

In practice, neither the total nor the ambient temperature is measured. Instead, the 

measured temperature, Tr , lies between Tt and T$. Therefore, a recovery factor,

(B.8)

is determined for each thermometer on the airplane. This factor is assumed to be constant 
and independent of humidity. Substituting (B.8) into (B.2),

T, = --------^ -----------  (B.9)
K & )  7 + ( ! - r )

and finally, substituting (B.7) and (B.9) into (B.6),

Ua =  T T T T ^ T 1 (B -1 0 )r ( ^ i ) M 2 +  l

The values of 7  and Cp are not completely independent of humidity. The water vapor 

dependence of Cp (cal g -1 K_1) is given by (List, 1971):

Cp = 0.2399 + 0.4409r +  A Cp 

= 0.2399[1 +  1.838r +  4.168ACp]

=  0.2399 • C O R  (B .ll)

where r is water vapor mixing ration (g H20 /g  air) and A CP is a function of T ,, P , , and 

r. The value of COR—the moisture correction term—is given in Table B1 for moist air 

with dew points from 0 to 30°C.
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The effect of water vapor on 7 is given by (List, 1971)

7 =  7o —0.1—  =  7o 1 -  0.07129
P.

(B.12)

where e is the partial pressure of water vapor and 7 ,, =  1.4028 for dry air. Estimates of 
the moist air corrections to Mach number and true airspeed are also given in Table B l.
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