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ABSTRACT

A new parameterization of sticking efficiency for aggregation of ice crystals onto snow and graupel is

presented. This parameter plays a crucial role for the formation of ice precipitation and for electrification

processes. The parameterization is intended to be used in atmospheric models simulating the aggregation of

ice particles in glaciated clouds. It should improve the ability to forecast snow.

Based on experimental results and general considerations of collision processes, dependencies of the

sticking efficiency on temperature, surface area, and collision kinetic energy of impacting particles are

derived. The parameters have been estimated from some laboratory observations by simulating the ex-

periments and minimizing the squares of the errors of the prediction of observed quantities. The pre-

dictions from the new scheme are compared with other available laboratory and field observations. The

comparisons show that the parameterization is able to reproduce the thermal behavior of sticking effi-

ciency, observed in published laboratory studies, with a peak around 2158C corresponding to dendritic

vapor growth of ice.

Finally, a new theory of sticking efficiency is proposed. It explains the empirically derived parameteri-

zation in terms of a probability distribution of the work that would be required to separate two contacting

particles colliding in all possible ways among many otherwise identical collisions of the same pair with

a given initial collision kinetic energy. For each collision, if this work done would exceed the initial collision

kinetic energy, then there is no separation after impact. The probability of that occurring equals the sticking

efficiency.

1. Introduction

Aggregation of ice crystals in collisions to form snow-

flakes is one of the important processes in the growth of

precipitation particles in natural clouds (Kajikawa et al.

2000). Kajikawa and Heymsfield (1989) concluded that

aggregation can be important in thunderstorm anvils

and trailing stratiform clouds. Generally the collection

mechanism depends on both the probability that a col-

lision will occur between two ice particles vertically
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aligned (‘‘collision efficiency’’) and the probability that

the particles remain aggregated to form a large particle

given that a collision has occurred (‘‘sticking efficiency’’).

The collision efficiency for ice has been studied theoret-

ically (Böhm 1992a,b,c, 1994) but the sticking efficiency

remains more uncertain. Moreover, for thunderstorm

electrification, noninductive charge separation occurs in

ice–ice collisions and so the sticking efficiency would be

expected to play a key role for lightning. Charge sepa-

ration occurs when an ice crystal collides with a graupel/

snow particle and rebounds in the presence of super-

cooled droplets (Reynolds et al. 1957; Takahashi 1978;

Jayaratne et al. 1983; Baker et al. 1987).

Ice particles in natural clouds are especially diverse in

their morphology. Crystals growing by vapor diffusion at

different temperatures develop a variety of shapes and

bulk densities. Near 2158C, dendritic crystals grow with

many branches, whichwould tend to increase stickiness in

collisions. Bailey and Hallet (2009) report many recent

experiments in the literature and provide also their own

observations. These confirm well-established descrip-

tions of habits from the older literature for temperatures

warmer than about2208C, including plates (08 to248C),
columns (248 to288C), and other planar crystals (288 to
2228C). For colder temperatures, the situation is more

complex than reported previously where most individual

crystals are now seen to be complex, irregular, and often

with polycrystalline structures (Bailey and Hallet 2009).

The habit of ice crystals depends primarily on tempera-

ture but also is influenced by supersaturation. Pruppacher

and Klett (1997) show that dendritic structures near

2158C are expected for relatively high humidity near

water saturation and at lower subsaturated humidity

plates are observed.

Such complexity of ‘‘habits’’ of crystals and types of

ice precipitation (graupel, hail, snow) would suggest

wide variations of sticking efficiency among particles in

natural clouds. However, little work has been done to

determine the sticking efficiency for graupel–crystal and

snow–crystal collisions. Cotton et al. (1986), Keith and

Saunders (1989), and Pruppacher and Klett (1997,

p. 609) all lamented the scarcity of observations of

sticking efficiencies. Keith and Saunders (1989) attributed

this disparity to the difficulty inmodeling themotion of an

ice crystal through the air. Most cloud models with bulk

microphysics scheme assume a constant value of sticking

efficiency without dependency on size or temperature

(e.g., Lin et al. 1983; Ferrier 1994). This could affect the

predictions of snowfall and distribution of charge in cloud.

The present paper provides a unified framework for

parameterizing the sticking efficiency by pooling ob-

servations from the few laboratory studies published in

the literature. In the next two sections, the empirical

assumptions underpinning the design of scheme and the

scheme itself are described. In section 4 a theoretical

interpretation of the model is proposed, in terms of the

statistical distribution of work needed to separate col-

liding particles. In section 5 is presented a comparison of

the proposed parameterization with independent data

inferred from experiments. The scheme’s implementation

is discussed in section 6. The last section provides the

conclusions and final discussion on the parameterization.

2. Observational basis

a. Dependency of sticking efficiency on diameter of
smaller crystal in laboratory experiments

Keith and Saunders (1989) present some experimen-

tal observations of ‘‘aggregation efficiency’’ (product of

collision and sticking efficiencies) for collisions between

two cylindrical glass rods and ice crystals in a controlled

environment. The cylinders were coated with formvar

solution. One rod was dipped in cold chloroform to

ensure a sticking efficiency of unity and was referred to

as a wet rod. Then they exposed the targets to the ice

crystals. The dry rod had an unknown sticking efficiency

of less than unity. During the same experiments, they had

carried outmeasurements of the collision efficiency at268
and 2118C. In addition, they provide the relationship to

determine the sticking efficiency.

From the observations, the natural logarithm of our

estimate of the sticking efficiency is seen to be approxi-

mately proportional to the smaller particle’s diameter in

the special artificial situation of a constant relative

velocity with the larger particle fixed to a rigid rod and

constant bulk density and shape of the smaller particle

over size. This is shown in Fig. 1 for the experiment

with a target diameter of 5mm and a relative velocity

(airspeed in experiment) of 3m s21. We propose that

any universal parameterization of sticking efficiency, if

applied to that artificial laboratory situation, should be

able to predict this observed relation of proportion-

ality. Note that this observed relation (Fig. 1) is not

itself universal.

b. Observation of coalescence efficiency for
droplet–droplet collisions and fundamental
dependencies

Regarding drop–drop collisions, observations of

coalescence efficiency were performed by Low and

List (1982). The coalescence efficiency is the proba-

bility that two drops remain stuck and do not separate,

given that a collision has occurred. They proposed

a parameterization of their experimental results that

expresses the coalescence efficiency as function of

surface area of colliding drops, surface tension, and
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collision kinetic energy Kc. Thus, the fundamental

dependencies for drop–drop collisions are on Kc and

work done to separate the coalesced drops (pro-

portional to their surface area) after impact against the

surface tension. The concept of Low and List is that the

surface tension provides the energy barrier to separation

that Kc must overcome.

Consequently, for ice–ice collisions, by analogy we

make the assumption that the same fundamental vari-

ables, namely Kc and work done to separate contacting

particles DS, all govern the processes occurring during

each impact. Note that in the artificial laboratory situ-

ation noted above (section 2b), the ratio between Kc

(proportional to volume) and DS (proportional to sur-

face area) is proportional to diameter for constant rel-

ative velocity and constant shape (e.g., sphere). Any

interlocking irregularities of the surface of the colliding

particles could govern DS. Conceivably, another possi-
bility is refreezing of ice melted on impact to form

a temporary bond, according to Faraday’s theory, as

applied by Baker et al. (1987) (section 4).

c. Dependency of sticking efficiency on temperature

Observations show a strong dependence of sticking

efficiency on temperature (Mitchell 1988, 1994). Similarly,

ice crystal habits produced during vapor growth also

have a strong variability with the temperature:

d Hosler and Hallgren (1960, hereafter HH) measured

the aggregation efficiency Ea of a fixed ice sphere

merged in a stream finding a strong dependence on

temperature; Ea showed a peak around 2138C.
d Mitchell (1988) shows a dependence on temperature

of the sticking efficiency with a peak between 212.58
and 2178C.

d Kajikawa and Heymsfield (1989) observed an aggre-

gation efficiency of 0.041 for thick plates at2408C and

a value of 0.069 at 2358C. With the assumption of

a collision efficiency of unity, the data of Kajikawa and

Heymsfield are consistent with the notion of sticking

efficiency being lower at such colder temperatures

than in the dendritic regime near 2158C.
d Connolly et al. (2012) observed aggregation efficiency

in a cloud chamber for ice crystals aggregating to

snowflakes with a peak at 2158C, consistent with

a similar peak in sticking efficiency.

This peak in sticking efficiency near 2158C is consis-

tent with the known regime of dendritic growth between

about 2138 and 2178C (Pruppacher and Klett 1997).

The geometrical complexity of the ice crystal affects its

ability to get stuck to the collecting particle—for ex-

ample, by interlocking branches. In other words, one can

expect that sticking efficiency varies with the shape and

surface texture of the ice crystal.

d. Effect of electric field

Saunders and Wahab (1975) observed a fractional in-

crease of 30% in the aggregation efficiency in the presence

of strong electric fields in a laboratory experiment. Strings

of ice crystals were seen to form. Latham and Saunders

(1970, hereafter LS)made similar observations. Together,

such laboratory experiments [reviewed by Pruppacher

and Klett (1997)] show that threshold fields from 100 to

600Vcm21 were required for a discernible effect. When

larger fields occur, the growth rate increased rapidly with

electric field strength, reaching values 80%–100% larger

than without any electric field ifE5 1500Vcm21. In the

absence of a field, only about 10%of the ice crystals were

aggregated. In fields of near 1500V cm21, about 100% of

the ice crystals were aggregated.

The effect of electric field on aggregation was con-

firmed recently by Connolly et al. (2005) in which they

show chains of ice crystals observed with the cloud

particle imager (CPI) probe during aircraft measure-

ments on anvil cirriform clouds over the Tiwi Islands.

This suggests that more comprehensive laboratory ex-

periments are needed to investigate the behavior of

sticking efficiency over a wide range of thermodynami-

cal and electrical conditions.

In summary, bonds may form during the collisions of

ice particles at points of contact between the irregular

asperities of the complex shape of particle’s surface.

FIG. 1. Sticking efficiency inferred from observations is plotted

logarithmically as a function of the impacting smaller particle’s

diameter. The data (dots) were derived in the present study from

the Keith and Saunders (1989) experiment for a target of 5mm and

fall speed of 3m s21. The sticking efficiency is calculated following

Keith and Saunders (1989) from their observation of collection

efficiency and event probability.
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Thus, we assume that DS depends on the crystal habit

and therefore on temperature, as well as on any intense

electric fields that may be present.

3. Description of the parameterization of sticking
efficiency

The aggregation (or ‘‘collection’’) efficiency is defined as

Ea5EcEs , (1)

where Ec is the collision efficiency and Es is the sticking

efficiency. The collision efficiency is the probability that

the particles collide given that their cross-sectional areas

are vertically overlapping. It takes account of the ten-

dency for the small particle to move with the flow

around the large collector as a consequence of deflection

by viscous forces away from the initial collision trajec-

tory. Usually, especially for smaller crystals, Ec , 1

(Pruppacher and Klett 1997). The sticking efficiency is

the probability that two or more particles remain stuck,

given that a collision has occurred.

a. Parameterization of sticking efficiency

Any universally valid parameterization of sticking

efficiency must be able to reproduce qualitatively the

following relation seen in laboratory experiments by

Keith and Saunders (1989) (section 2a) with artificially

controlled conditions when simulating those same lab-

oratory experiments: proportionality between ln(Es)

and diameter of the smaller colliding particle, if there is

constant relative velocity, constant bulk density, and

constant shape over all sizes. Other assumptions based

on laboratory observations are of 1) the fundamental

variables being DS (a function partly of surface area of

the smaller colliding particle) and Kc for controlling Es

(section 2b) and 2) DS depending on temperature, with

a peak in the dendritic regime, and on any strong electric

field if present. (Note that our scheme does not require

any assumption that ice particles have constant relative

velocity, constant bulk density, and constant shape in

natural clouds.) All of the above constraints are satisfied

by the expression for the sticking efficiency given by

Es5 exp

�
2
b(T, RHi)Kc

a

�
, (2)

where a is the area of the entire surface of the incident

smaller particle. For simplicity, a is calculated assuming

a spherical particle of the same volume and bulk density

as the actual particle and neglecting effects from habit

on the true surface area of contact [these are implicitly

folded into the expression for b(T, RHi)]. Note that

DS would be expected to be proportional to a. The

thermal smoothness coefficient b(T, RHi) is an empirical

temperature-dependent factor of proportionality linking

ln(Es) and Kc/a. The collision kinetic energy (CKE) is

given by Low and List (1982):

Kc5 0:53
msmallmbig

msmall1mbig

(Vbig2Vsmall)
2 , (3)

wheremsmall andmbig are themass of the smaller and the

bigger particle and similarly for the fall speedsVsmall and

Vbig, respectively. This is the kinetic energy calculated in

the frame of reference of the center of the mass of the

system of the two particles. This approach is needed when

both particles aremoving. Formore accuracy, CKEmay be

estimated by applying the impact velocity fromRasmussen

and Heymsfield (1985) to evaluate Vbig 2Vsmall.

Indeed, the observationally inferred values of sticking

efficiency shown in Fig. 1 would be fitted well by Eq. (2),

if applied to simulate the laboratory experiment by

Keith and Saunders (1989). This is because the di-

ameter of the smaller particle, in their experiment, was

proportional to Kc/a for their artificial situation of

constant relative velocities and a fixed larger particle

(target). Furthermore, Eq. (2) may also be derived with

a theoretical approach to treating the collision pro-

cesses with assumptions about the statistical distribu-

tion of energy needed to separate the particles after

impact (see section 4).

The thermal smoothness coefficient b depends on tem-

perature as follows:

b(T, RHi . . . )5x(RHi)d

"
c2

b

b1 (T2T1)
2

#,
j ykimpf

(4)

and

f5

(
[11 (jEj2E0)f ] if jEj$E0

1 if jEj,E0

. (5)

Now b(T, RHi) represents effects from the texture of

the surface and material characteristics such as the

elastic modulus of the ice and the surface roughness, and

it describes the dependency on temperature of the

amount of energy needed by the smaller ice particle to

overcome bonds created during the impact and the part

of kinetic energy converted to heat, noise, and kinetic

energy of any fragments that might form (e.g., Takahashi

et al. 1995) during impact. The thermal smoothness co-

efficient depends also on relative humidity; Mitchell

(1988) shows that for environments subsaturated with

respect to ice the sticking efficiency is almost independent
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of temperature and has low values (about 0.1). The factor

x(RHi) is unity for values of relative humidity with respect

to ice (RHi) above ice saturation (RHi . 100%) and oth-

erwise has a larger value to treat the smoothness of ice

surfaces during sublimation. There is uncertainty in

x(RHi) from lack of laboratory observations, especially

at lower humidity well below water saturation.

The term f describes the increase of sticking efficiency

produced by the electric field E when the aggregation

process occurs in thunderstorm. This parameterization is

based on observations byLS. In simulations for the present

paper, we assume f 5 1, since the threshold electric field

for any effect to occur, E0, is not reached by the back-

ground electric field in most of the atmosphere.

The surface of any aggregate is rougher by virtue of it

consisting of multiple crystals (‘‘monomers’’), boosting the

chance of interlocking of their monomers, branches, and

other asperities during impact. Colliding aggregates are

more likely to stick together than colliding crystals, if all

other properties of the collision are the same (e.g., for

a given combination of masses, fall speeds, temperature,

humidity). In Eq. (4) j represents this enhancement of

sticking efficiency; j increases monotonically with the

number of component ice crystals (monomers) per aggre-

gate in the vicinity of the point of impact (nj for aggregate

particle j) before collision. Otherwise, j5 1 when both

particles (j, k) are ordinary crystals initially (nj 5 nk 5 1).

In general, we propose an empirical power law,

j5 11v [(nj nk)
g 2 1], wherev andg are constants to be

observed (the valueofnj ornk appliedhere is thresholded so

as to be never greater than 100). This expression is justified

by considering that the fundamental quantity governing j

must be nj nk. During an impact, each monomer on one

(jth) aggregate has a probability of interlocking with edges

of monomers on the other (kth) aggregate that is pro-

portional to their number nk if each possible bond is as-

sumed equally likely, so that the expected total number of

bonds between both aggregates is proportional to nj nk.

Such a simple model corresponds to j5 ni nj, where

v5 g5 1, but more realism (e.g., statistical distribution

of bond strengths, multiple collisions) is afforded by

a wider range of possible values ofv and g. Of course, j is

intended primarily to represent the enhanced stickiness of

snowflakes (‘‘aggregates’’) relative to single crystals but

may also apply to graupel–snow aggregates, which were

studied by LS and HH.

Equally, the true surface area of contact must be

proportional to the impact velocity (relative to the

larger particle) of the incident crystal yimp raised to some

power close to unity, in addition to a. This follows from

Hertz’s theory of elastic collisions of perfectly spherical

balls (Barnes 1958). Consequently, this dependency on

yimp is represented by the factor ykimp, in Eq. (4) for b

(this is more convenient than modifying a). For ice

particles as small as cloud droplets, the approach from

Rasmussen andHeymsfield (1985) is applied to estimate

yimp by modifying the Stokes number for ice instead of

liquid. In reality, as the impact velocity tends to zero, the

true area of contact cannot go to zero as real crystals are

not spherical, and the sticking efficiency is expected to

tend to unity. Hence, the value of yimp used in Eq. (4) is

never less than some threshold (5 cm s21).

Finally, we define the intrinsic coefficient, b*5
dfc2 b/[b1 (T2T1)

2]g, to express all the thermal

dependency of b.

In summary, Eqs. (2) and (4) are the essence of our

parameterization of sticking efficiencies for snow–crystal

and graupel–crystal collisions. All variables are summa-

rized in Table 1. The scheme is regarded as a flexible

framework into which any future laboratory observations

may be easily assimilated. The nature of the physical

process involved for snow–crystal collisions is assumed to

be similar to that for graupel–crystal collisions. The bulk

density of the collector is much lower for snow, which

enhances the sticking efficiency. Generally snow would

be expected usually to have a lower probability of sepa-

ration owing to the correspondingly slower fall speed,

lower Kc, and greater stickiness than for graupel.

b. Empirical determination of parameters

Values for empirical parameters are summarized in

Table 2. They were obtained as follows.

1) GRAUPEL COLLISIONS WITH ICE CRYSTALS

We minimized the squares of the errors of the pre-

diction of observed collection efficiencies so as to infer

the parameters using a simplified 0D bin model that

simulates the laboratory experiments on an ice sphere

exposed to crystals in an airstream, presented by HH.

More details on the procedure are given in appendix A.

Figure 2 shows the values of b*(T) that we inferred from

the HH experiment with the parameters shown in Table

2. No dependence of b* on temperature was found for

graupel, since the measured dependency of collection

efficiency on temperature (HH) was predicted to arise

mostly from that of the crystal content of the aggregate

layer (via the factor j in b) forming on the initial ice

sphere during the experiments (section 5a). Indeed, in

another similar type of experiment with an ice sphere, the

collection efficiency itself was observed to have little

dependency on temperature (LS).

2) SNOW COLLISIONS WITH ICE CRYSTALS AND

SNOW

Connolly et al. (2012) investigated the collisions of ice

aggregates using a cloud chamber and provided indirect
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measurements of aggregation efficiency [Eq. (1)]. The

chamber had two CPI probes—one halfway up the

chamber and another at the base—in order to take de-

tailed pictures of the ice size distribution at two levels.

They created a small cloud of ice crystals at the top of

the cloud chamber with pop-up seeding of supercooled

droplets (about 20mm of mean diameter, relative dis-

persion of about 0.5). The chamber environment was

controlled to keep it in a condition of ice supersatura-

tion. Then ice crystals were observed during their fall

through the chamber with the two CPIs and the varia-

tion of the concentration of ice crystals due to aggre-

gation process was measured. The experiment was

repeated for several temperatures: 258, 2108, 2158,
2208, 2258, and 2308C.
As with our simulations for graupel–crystal inter-

actions [section 3b(1)] we developed a 1D Lagrangian

trajectory model with similar bin microphysics (appen-

dix B) using the new scheme [Eq. (2)] and a 0D bin

model of the average size distributions at the two ob-

servational levels to simulate the cloud chamber by

Connolly et al. (2012). We inferred the optimum values

for b*(T), v, and g at each temperature by minimizing

the squares of the errors of the prediction of observa-

tionally derived quantities. These optimum values had

the best fit of the raw observed data for numbers of ice

particles and other observations (appendix B) at two

levels in the chamber and therefore for sticking efficiency,

out of all possible values of b(T, RHi). The coefficients of

Eq. (4) are reported in Table 2. Figure 3 shows the best fit

for the coefficientsb*(T), a, and g for collisions involving

snow and/or crystals. There is a minimum for the thermal

smoothness coefficient predicted at about 2158C.
To evaluate how sublimation alters the sticking

events, a comparison has been done with the aggrega-

tion efficiencies using measurements from aircraft

flights through cirrus clouds at cold temperatures by

TABLE 1. List of symbols.

Symbol Description Units

B Reciprocal of the mean of W for many

collisions of a particle pair

m2 J21

B0 Bq2 m2 J21

b Width of the Lorentzian fit for b 8C2

c Coefficient of reciprocity —

d Amplitude of coefficient b kg21 s2

Dsmall Diameter of the smaller particle m

Dbig Diameter of the bigger particle m

E Electric field vector Vm21

Ea Aggregation efficiency —

Ec Collision efficiency —

Es Sticking efficiency —

E0 Minimum electric field for sticking

efficiency enhancement

Vm21

f Electrical effect amplitude mV21

K0 Collision kinetic energy before impact

of the center of the mass

J

K1 Collision kinetic energy after impact

of the center of the mass

J

Kth Energy converted to heat and noise J

Kc Collision kinetic energy of the center

of the mass

J

msmall Mass of the smaller particle kg

mbig Mass of the bigger particle kg

n Number of particles after a collision —

ni Number of monomers per (ith) aggregate

in vicinity of incident crystal (thresh-

olded to 100 if greater than this)

—

nice Size distribution function of ice m24

Nstuck Number concentration of crystals stuck m23

Ntot Number concentration of crystals incident m23

q Coefficient of restitution —

RHi Relative humidity with respect to ice %

T Temperature of ambient air 8C
T1 Temperature for the minimum value of b 8C

Vsmall Fall speed of the smaller particle m s21

Vbig Fall speed of the bigger particle m s21

W Bond energy normalized for the small

particle surface

Jm22

W0 Minimum energy needed to separate

the particles

Jm22

hWi Average of W for many identical particle

pairs

Jm22

a Surface area of the smaller particle m2

b Thermal smoothness coefficient for

sticking efficiency parameterization

kg21 s2

b* Thermal factor for b kg21 s0.5m1.5

g Constant exponent for expression of j —

DS Amount of work done to separate

particles

J

k Constant exponent of impact velocity —

j Factor for extra roughness of aggregates

(51 when both colliding particles are

not aggregates)

—

yimp Impact velocity of smaller crystal,

relative to large one

m s21

f Electrical effect factor for b —

x Sublimation factor for b —

v Constant factor in expression for j —

TABLE 2. Parameters of Eq. (4) for b(T, RHi) in the sticking

efficiency parameterization.

Parameter

Gaupel

collisions

Snow

collisions

b (8C2) 0 16.98

c 1 1.023

d (kg21 s0.5m1.5) 20 654 3981

f (mV21) 4 3 1026 4 3 1026

E0 (Vm21) 3 3 104 3 3 104

T1 (8C) — 215

g 1. 1.3

k 1.5 1.5

x (RHi . 100%) 1 1

x (RHi , 100%) 3 3

v 0.1 0.05
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Kajikawa and Heymsfield (1989). In this case we pre-

dicted the average aggregation efficiencies by applying

our parameterization in a simple OD bin model of ag-

gregation only and simulating collisions over the ice size

distributions shown byKajikawa andHeymsfield (1989).

The temperature is prescribed at fixed values given by

Kajikawa and Heymsfield (1989). They derived their

values of Ea for the diameter range of 150–270mm.

Korolev et al. (2011) have shown that the measurements

from 2D-C probes flown on aircraft have a large bias for

size distributions of particles smaller than about 200mm

owing to aggregates shattering. Therefore, their values

of Ea from the lowest bins are excluded from the part

used here of the dataset from Kajikawa and Heymsfield.

In addition, the aircraft was flying mostly in cirrus

cloud subsaturated with respect to ice and sublimation

of ice particles was occurring during the measurements

by Kajikawa and Heymsfield (1989). Generally, during

any sublimation, the ice crystals lose their initial geo-

metrical structure and evolve toward completely

rounded shapes (Nelson 1998). The reason is that sub-

limation is faster over themore nonspherical parts of the

original crystal because of enhanced surface area, so

these disappear quickly. As a consequence, the proba-

bility to get stuck after a collision is lower during

sublimation than for growing crystals. In other words,

b(T, RHi) is greater. The parsimonious assumption is to

hypothesize a constant factor applied to b(T, RHi), as

done with x(RHi) in Eq. (4) above.

This factor, x(RHi), to represent sublimation is un-

certain because of a paucity of laboratory observations.

When we simulated the collisions observed by Kajikawa

andHeymsfield (1989) (section 3b), we found that a factor

of x 5 3 applied to b(T, RHi) during sublimation (RHi ,
100%) gives the best fit in term of aggregation efficiency.

Figures 4 and 5 show good agreement of the aggregation

efficiency predicted by applying the factor to b(T, RHi)

with that inferred from aircraft data by Kajikawa and

Heymsfield (1989). In Fig. 4, both the measured and pre-

dicted values of Ea increase with the diameter, but this

trend is scarcely significant in view of the error bars. The

prediction is slightly lower than the aggregation efficiency

from observations for the largest bin range (250–275mm)

but our estimates are within the average of both experi-

mental values. In Fig. 5, the experimental data show

a slight decrease of Ea with increasing diameter.

LS show the effect of the electric field on the aggre-

gation efficiency in ice–ice collisions. With laboratory

experiments, they observed an increase of aggregation ef-

ficiencywhena strong electric field of jEj. 303 104Vm21

FIG. 2. Values ofb*(T) derived from the experimental observations

by HH of graupel–crystal collisions by simulating the laboratory ex-

periment for each temperature with a 0D bin model. The straight line

is the fit with the formula of the parameterization [Eq. (4)] to these

observational data (dots). The error bars are calculated from the

standard deviation of the measured aggregation from the published

data, implying relative errors on Ea and Es, and assuming a relative

error of 30% for the collision efficiency from the data shown by Keith

and Saunders (1989). Finally, the error bars on b* were calculated by

inverting Eq. (2) to get b*(Es).

FIG. 3. Values of b*(T) derived from the experimental data of

Connolly et al. (2012) experiment for collisions involving snow and/

or crystals. The continuous curve is the fit using the parameterization’s

Lorentzian formula [Eq. (4)] to the observational data (dots).

Preliminary data were obtained by simulating the growth and fall of

ice particles in the laboratory experiment for each temperature using

a 1D binmodel using the scheme [Eqs. (2) and (4)], and the estimates

were then refined with a 0D model of the observed average size

distributions. The error bars were derivedwith the sameprocedure as

in Fig. 2 using the standard deviation on aggregation efficiency given

byConnolly et al. (2012). Also shown are the preliminary data points

from the full simulation (small dots), before the simulation was re-

fined by prescribing observed size distributions (large dots). Only the

latter provided the fit shown (solid line).
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is applied. They show also that the fractional increase ofEa

does not depend on temperature. Most importantly, they

state that the electric field does not affect the collision effi-

ciency but does alter the ‘‘adhesion efficiency’’ (or sticking

efficiency). This is due to the very short-range nature of the

electrostatic force between the collector and the ice

crystal (LS). Consequently, from those laboratory obser-

vations, we select f1 5 4 3 1026mV21 in Eq. (2) if the

electric field is greater than E0 5 303 104Vm21.

In order to treat collisions involving snow aggregates

(‘‘snowflakes’’), the number of monomers per particle ni
must be specified. If no explicit treatment is available,

then ni may be assumed to increase linearly with the

maximum dimension of the particle, with two extra

monomers gained for each 0.1mm in size increase be-

yond 0.1mm and with none below this, in view of ob-

servations by Connolly et al. (2012) and Kajikawa and

Heymsfield (1989).

4. Theoretical interpretation of the
parameterization

The sticking efficiency is the probability that two col-

liding particles get stuck after collision. It depends on

whether there was enough kinetic energy before collision

in order to break the bonds that were created during the

collision. These bonds may be due to the interlocking

branches of an ice particle with an irregular surface or

due to the refreezing process or H bonds.

Let us imagine an ensemble of many identical pairs of

particles all having the same diameters Dbig and Dsmall,

the same speeds Vbig and Vsmall, the same masses mbig

and msmall, and the same initial collision kinetic energy.

The pairs collide in all possible ways. A single impact

can have either of two different possible outcomes—

namely, either sticking or rebound:�
K05Kth (n5 1)

K05K11DS1Kth (n5 2)
. (6)

Here K0 is the collision kinetic energy of the center of

the mass before the impact, K1 is that after impact, n is

the number of particles after collision, DS is the work

done to separate the particles after the impact, andKth is

the energy converted to heat and noise by the particle’s

inelastic deformation (Table 1).

Following Wall et al. (1990), the coefficient of resti-

tution is the ratio of the relative velocities of the col-

liding particles after and before impact, which becomes

q5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12Kth/K0

p
if the incident smaller particle has

a much smaller mass than the other and has an initial

trajectory normal to the larger particle’s surface. Here,

q depends on intrinsic properties of the materials of the

colliding objects such as the stiffness.

Now consider alteration of the ensemble of collisions

by changing the initial collision kinetic energy. For re-

bounding collisions of identical pairs of particles with

decreasing K0, as K1 / 0, then K0 / DS/q2 as the onset

FIG. 4. Comparison of predicted aggregation efficiency (crosses)

for snow–crystal collisions with the values from aircraft observa-

tions (diamonds) presented by Kajikawa and Heymsfield (1989) as

a function of the mean size of both particles for T 5 2358C. The
prediction was obtained by applying the parameterization in

a simplified 0D bin model. First, the sticking efficiency is calculated

for the given temperature, and then the aggregation efficiency is

calculated over a grid of diameters. The size distribution is pre-

scribed from observations by Kajikawa and Heymsfield (1989,

Fig. 6 therein) and the plotted aggregation efficiencies are pre-

dicted for the same pair of sizes of colliding particles shown in the

same paper that are shown here and in Fig. 5. The error bars are

given by the standard deviation of the aggregation efficiency cal-

culated over all bins.

FIG. 5. Comparison of predicted and observed aggregation effi-

ciencies for snow–crystal collisions for aircraft observations of

cirrus cloud by Kajikawa and Heymsfield (1989) at T 5 2408C,
plotted as in Fig. 4.
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of sticking is approached, since q is approximately con-

stant. We make the approximation that this asymptotic

behavior generally applies regardless of whether the

smaller particle is very much smaller than the other.

Consequently, the condition for sticking in any collision

is that K0 , DS/q2. The probability of sticking for a given
ensemble of colliding pairs is the probability that K0 is

too small compared with the variable threshold, DS/q2 for
the energy balance in Eq. (6) (n 5 2), to be possible:

Es 5P(K0q
2 , DS) . (7)

Thus, the probabilistic nature of the sticking process for

many collisions of pairs of particles with identical macro-

scopic properties (size, Kc, shape) in the same conditions

of temperature andhumidity (‘‘macroscopically identical’’)

is explicable in terms of the statistical variation among

collisions ofDS. Those variations in turn arise from those of

varying microscopic properties of the collision such as

temperature-dependent surface texture and actual area of

contact (due to elasticity locally and orientation of parti-

cles). Let us define the energy needed hypothetically to

separate the particles, normalized by the area of the entire

surface of the smaller particle after one impact as the

‘‘normalized bond energy,’’ W[DS/a. It follows that the
average hWi among all macroscopically identical colli-

sions (defined by assuming separation is somehow en-

forced after all collisions) is

hWi5 hDSi
a

5

ð‘
0
Wp(W) dW , (8)

wherea is the surface area of the small particle and p(W)

is the probability distribution of the normalized bond

energy. Here hWi is an intrinsic property of the ice

surfaces for all possible collisions of the same two par-

ticles. Near the onset of sticking among rebounding

collisions, in a given ensemble the minimum amount of

energy W needed to separate the particles after the

impact is when K1 5 0:

W0 5
q2K0

a
. (9)

Equation (7) becomes

Es5P(W . W0)5

ð‘
W

0

p(W) dW . (10)

Essentially, the sticking efficiency is the probability of

the critical values of normalized bond energy for sepa-

ration W0 being exceeded. The integration expresses the

total probability over all macroscopically identical colli-

sions and over all their surfaces.

We hypothesize that from a microscopic point of view

the normalized bond energymay be related primarily to the

roughness of the particles’ surface. There is then the

problem of the statistical distribution of the perturbations

of the height of the surface above somemean level, in order

to estimate somehow P(W . W0). For a general model of

friction of surfaces, the spatial distribution of the perturba-

tion height of the surface was assumed to follow a Weibull

distribution by Yu and Polycarpou (2004). In the simplest

case, this distribution becomes an exponential distribu-

tion, which was assumed by Greenwood and Williamson

(1966). In particular, PolycarpouandEtsion (1999) used the

exponential distribution of perturbation height to create

a model of friction for contacting rough surfaces.

For a precipitation-sized ice particle collecting cloud

particles or growing micron-scale dendritic branches by

vapor growth, we assume a similar exponential distri-

bution of the perturbation height. Moreover, the work

done to separate each microscopic point of contact for

two precipitation-sized particles may be assumed to be

approximately proportional to the perturbation height

(e.g., due to interlocking branches of rime or of dendritic

vapor-grown ice) in the absence of laboratory mea-

surements. Thus, parsimoniously we assume this distri-

bution ofW among many, otherwise identical collisions:

p(W)5B exp(2BW) , (11)

where B 5 1/hWi.
An alternative derivation of Eq. (11) could use the

maximum entropy principle (Liu et al. 1995) as fol-

lows. The amount of W at any point on the surface of

the larger particle may be viewed as having been

created by distributing somehow many small equal

amounts of W across the entire surface of the particle.

The amounts of normalized bond energy ‘‘dealt out’’

to many microscopic regions (of equal area) over the

surface (e.g., by random variability of orientation of

the incident particle riming or spatial variability of

vapor growth) may be assumed to be equally likely to

go to any region. Assuming that W is the restrictive

variable (from conservation of energy in creation of

the surface) and applying the definition of entropy to

the probability distribution function (PDF) of W,

namely p(W), it can be shown that p(W) is exponential

of the form in Eq. (11) [see Liu et al. (1995), Eq. (4)

therein]. This follows from maximizing the number of

possible microstates of the distribution of normalized

bond energy across the many microscopic areas. [Yet

another derivation of Eq. (11) could involve an as-

sumption of variability of geometry of crystal orien-

tation and of area of contact among pairs in the

ensemble.]

Substituting Eq. (11) into Eq. (10) gives rise to
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Es 5P(W.W0)5

ð‘
W

0

B exp(2BW) dW5 exp(2BW0)

(12)

and substituting Eq. (9) into Eq. (12) we have

Es 5 exp

�
2
B0K0

a

�
, (13)

where B0 5 Bq2. Hence, from assumptions about the sta-

tistical variations of the normalized bond energy (per unit

surface area of the smaller particle) over the surface of

colliding particles among many macroscopically iden-

tical pairs of colliding particles, the same form for the

sticking efficiency inferred from experimental observations

[Eq. (2)] is obtained. The dependency on temperature

arises from the temperature-sensitive (and humidity

sensitive) texture of the ice surface determining the

work done to separate both particles, such that hDSi 5
hDSi(T, RHi) and hWi 5 hWi(T, RHi), thus B

0 5 B0(T,
RHi). The factor B0 is identified as b(T, RHi. . .) in

Eq. (2) and describes the intrinsic properties of the ice

such as the shape, bulk density, and surface texture for

its habit.

5. Comparison of the scheme with the wider set of
observations

In this section, the scheme’s prediction is compared

with laboratory observations not used in construction of

it. Where possible, we have simulated each laboratory

experiment for acuity of the comparison.

a. Verification for graupel–crystal case

Predictions of sticking efficiency are compared with

the sticking efficiency of an ice sphere derived from the

measurements by LS and HH. The sticking efficiency is

derived from observations with the following procedure:

for each temperature and for each size bin, we calculate

the collision efficiency using Böhm’s (1992a,b,c, 1994,

1999) approach. We obtain in this way the number of

crystals that collide with the target for each bin. The last

step is to do an average of collision efficiency over all

bins, weighted by this number. The measured collection

efficiency is then divided by that averaged collision ef-

ficiency to calculate the average of Es in order to take in

account of the size distribution of the ice particles. This

procedure is done for both experiments with 127- and

360-mm targets and for the 2-mm target of LS.

The independent prediction of sticking efficiency in-

volves simulating the evolution of the target during each

lab experiment with a 0D bin model, using the observed

size distribution in air. The model tracks the number of

crystals accumulating on the target over time, using

Bohm’s collision efficiency for each bin andEqs. (2)–(4).

The cumulative number of crystals on the target governs

nj in the expression for j controlling b in Eq. (4), with

nk 5 1 for the smaller particle. Each simulation at con-

stant temperature would be stopped after a fixed maxi-

mum time (about 1min) or sooner if the diameter had

tripled, following HH. In addition to simulating the ac-

tual experiments with two targets for HH, a line of Es as

a function of Kc/a was predicted by simulating an en-

semble of hypothetical alternatives to their actual ex-

periment, for a wide range of airspeeds, both with and

without the effect (j) on sticking efficiency from the

aggregate layer of previously accreted crystals. This line

involved rescaling the initial target size, for each ex-

periment in the ensemble, with the hypothetical air-

speed for the two targets (127 and 360 mm) to create two

lines and then interpolating between both (solid line in

Figs. 6–11). This was repeated with j 5 1 (dotted line in

Figs 6–11).

Figures 6–9 show the results of the comparison at278,
2118, 2178, and 2278C, respectively. The sticking effi-

ciency is shown as a function of the ratio between the

kinetic energy and the surface of the small particle. The

sticking efficiency inferred from observations generally

agreeswith the prediction for both targets (127 and 360mm)

from HH and for that from LS (0.2 cm) to within a

factor of about 2. This is adequate agreement in view

of the uncertainties. If b were to depend only on tem-

perature, then the slope of the line predicted would be

given by b and it takes account of the temperature de-

pendence of the sticking efficiency. In fact, the predicted

slope varies with CKE because of the dependencies of b

on the cumulative number of crystals accreted on the

target (j) and on the impact velocity. The sticking effi-

ciencies between the 127- and 360-mm targets of HH

increase slightly with CKE because they are controlled

mostly by enhancement by previously accreted crystals

via j (compare solid and dotted lines in Figs. 6–9). Ex-

periments with larger targets and faster airflow can have

thicker aggregates, making the target rougher and more

‘‘sticky.’’ But if the airspeed is too great, then too many

of the crystals bounce off the initially smooth surface for

any sticky aggregate layer to form and Es remains low.

The value of b is lower for T 52118C than at the other

three temperatures simulated and observed. This means

that for any given value ofKc/a, there is a peak of Es not

too far from approximately 2118C. The peak in Es is

predicted to be caused by a similar peak in the crystal

content and extent of the sticky aggregate layer covering

the initial ice sphere during the experiment. This in turn

was due to the lower density of the accretion toward the

colder temperatures, as observed (HH), dilating the

collector and promoting faster accretional growth, in
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conjunction with the finite duration of exposure to ac-

cretion at each temperature. Near the peak in Es, the

aggregate layer is more sticky.

To depict the thermal behavior of the scheme, Fig. 10

compares the sticking efficiency predicted by it with that

derived from observations in simulations with a 0D bin

microphysics model [ice–ice aggregation using collision

efficiencies fromBöhm (1992a,b,c, 1994, 1999)] of the first
HH experiment with a collector’s diameter of 127mm

[section 3b(1)]. For reasons noted above, in both the data

inferred from lab observations and in our simulation,

there is a peak of Es around –108C. For temperatures

colder than approximately 2208C, the sticking efficiency

variability tends to become quite flat with respect to the

temperature. Similarly, Fig. 11 shows the sticking effi-

ciency predicted and observationally derived for the

HH experiment made with a collector’s diameter of

360mm and a faster airspeed. The peak of Es is in the

same range of experimental temperatures as seen for

the smaller collector (127mm). Moreover, comparing

the observational data between Figs. 10 and 11 reveals

how the sticking efficiency is increased slightly by the

faster relative velocity of the colliding particle due to

a thickening of the aggregate layer on the initial ice

sphere in this particular experiment, in contrast with the

usual reduction seen in the data fromKeith and Saunders

(1989) (section 2a). The observed broad peaks of sticking

efficiency are captured well by the scheme.

In summary, Figs. 6–11 show that the scheme’s pre-

diction of sticking efficiency agrees with observations

not used in its construction. Differences between ob-

servation and prediction are less than, or comparable to,

the errors in the inferred values of sticking efficiency.

b. Verification for snow–crystal collisions

As for the graupel–crystal collisions above (section 5a),

a comparison with experimental data has been done for

FIG. 8. Comparison of predicted [Eqs. (2)–(4)] and observed

sticking efficiencies at2178C, plotted as in Fig. 6. None of the data

plotted here were used to create the parameterization.

FIG. 7. Comparison of predicted [Eqs. (2)–(4)] and observed

sticking efficiencies at2118C, plotted as in Fig. 6. None of the data

plotted here were used to create the parameterization.

FIG. 6. Comparison of the predicted sticking efficiency (line, as-

terisk, and star) from our scheme with values inferred from labora-

tory observations (cross and diamond) at 278C as a function of

collision kinetic energy normalized by surface area of the colliding

particle. The prediction was performed by simulating the laboratory

experiment with a simplified bin model using our sticking efficiency

scheme [Eqs. (2)–(4)]. Two observational data points were derived

from the experiment at the same temperature by Hosler and

Hallgren (1960) with a collector’s diameter of 127 (airspeed of

0.43m s21) and 360mm (airspeed of 1.07ms21). The square shows

the sticking efficiency derived from the experiment of LS at the same

temperature (square) and that predicted by the scheme (circle). Also

shown is the sticking efficiency without any enhancement by the

aggregate layer on the target (j 5 1) (dotted line). None of the data

plotted here were used to create the parameterization.

DECEMBER 2015 PH I L L I P S ET AL . 4895



the parameterization of snow–crystal and snow–snow

collisions. Between 08 and 2208C, the values of sticking

efficiency inferred very approximately by Mitchell (1988)

from laboratory observations have been used for the

comparison. A problem is that Mitchell’s values were too

approximate to include any dependency on size. For the

comparison, our scheme requires a size distribution as an

input. Hence, we choose the size distribution observed by

Connolly et al. (2012) in their laboratory experiment

(section 3b). The predicted values of sticking efficiency

have been calculated by counting both the colliding and

stuck particles over all size bins for each temperature.

Figure 12 shows the comparison of the sticking effi-

ciency predicted by our model with the values given by

Mitchell (1988). The parameterization is able to predict

FIG. 12. Comparison of predicted sticking efficiency for snow–

crystal collisions with values presented by Mitchell (1988), who

examined the literature of laboratory observations. The parame-

terization is derived from the experiment of Connolly et al. (2012).

Open diamonds represent Mitchell’s data that have not been used

to construct the scheme. Solid diamonds show the predicted val-

ues. The error bars are the standard deviation of Es over the size

distributions given by Connolly et al. (2012).

FIG. 10. Comparison of predicted sticking efficiency (smooth line)

with the values derived from observations (points with error bars) by

simulating the experiment by HH with a collector of 127-mm diam-

eter and airspeed equal to 0.43ms21 (y in the plot). The open circles

(also from observations by HH) correspond to data that were not

used to construct the parameterization. Also shown is the prediction

by the scheme when the enhancement of surface stickiness by the

aggregate layer is neglected (dotted line).

FIG. 11. Comparison of predicted sticking efficiency with the

values derived by simulating the experiment byHHwith a collector

of 360-mm diameter and airspeed equal to 1.07m s21, plotted as in

Fig. 10.

FIG. 9. Comparison of predicted [Eqs. (2)–(4)] and observed

sticking efficiencies at2278C, plotted as in Fig. 6. None of the data

plotted here were used to create the parameterization.
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the dependence of sticking efficiency on temperature,

although with some underestimation for temperatures

close to 2158C. There could be some limitations of ac-

curacy of the proposed parameterization due to the

scarcity of laboratory observations used to construct it

and biases in our prediction of collision efficiency.

Figure 13 shows results from an additional validation

done by simulating, with a 0D binmicrophysics model of

only aggregation, the ice size distributions observed in

Lagrangian descents by aircraft in field experiments.

Our predicted height average of the aggregation effi-

ciency for each flight is compared with reported values

from observations. From the size distribution and

temperature measured during the flight at each level,

the aggregation efficiency was predicted by computing

the average of the product of the predicted sticking

efficiency and the collision efficiency, inferred with

Böhm’s (1992a,b,c, 1994, 1999) scheme, over all size

bins and observed temperatures. There is no tracing of

the trajectories of particles. Table 3 summarizes the

characteristics of the cases of our validation shown in

Fig. 13. First, our prediction agrees with aggregation

efficiencies inferred by Field and Heymsfield (2003) for

cirriform and stratiform clouds in the tropical Pacific

(Heymsfield et al. 2002). Second, the prediction also

agrees with the observation by Mitchell et al. (2006),

who estimated height-averaged aggregation efficiency

with microphysical simulations of ice-only layer clouds

sampled in the field experiment of 8March 1980 spiral 3

(Lo and Passarelli 1982) off the coast of New Hamp-

shire. Snow size distributions were observed by aircraft

in a winter storm with a Lagrangian spiral-descent pattern

starting from a top height of about 6 down to 3.5 km

MSL. The observed average aggregation efficiency was

0.55 andwe obtained a value ofEa5 0.6 that is within the

error bars (see Fig. 13).

6. Implementation of scheme in cloud model

The sticking efficiency scheme was implemented within

a cloud model (Phillips et al. 2007, 2009), recently modi-

fied with emulated bin microphysics (Kudzotsa 2014).

The model treats the snow–crystal and graupel–crystal

collisions with a spectral bin approach. Temporary size

bin grids are created for all species involved in the particle

interactions and the rate of accretion by collision are ex-

plicitly calculated for each size bin. The collection kernel

matrices (with collision efficiency but not sticking effi-

ciency) are calculated at the beginning of the simulation

applying the aforementioned Böhm’s (1992a,b,c, 1994,

1999) scheme and stored as arrays at each model level.

Because of the exponential dependence of the sticking

efficiency on temperature it is calculated with Eq. (2)

every time step and at each grid point.

When wet growth of graupel or hail occurs, a sticking

efficiency of unity is imposed, as observed by Macklin

(1961) and assumed by Musil (1970), for the fraction of

the surface of the graupel particle that is wet. Our usual

sticking efficiency scheme [Eqs. (2)–(4)] is applied to the

dry part. A new scheme for wet growth of hail treats the

coexistence of wet and dry parts on the same hailstone

during wet growth (Phillips et al. 2014). Collisions of ice

particles onto the wet or dry part of the larger particle

are distributed in proportion to the part’s fraction of the

entire surface area of the hail particle.

This paper proposes a framework for a new param-

eterization of sticking efficiency derived from labora-

tory observations of ice–ice collisions of the following

types: graupel–crystal, snow–crystal, snow–snow, and

crystal–crystal. However, nothing prevents application

FIG. 13. Comparison of the scheme’s predicted (solid symbols) ag-

gregation efficiency for snow–crystal collisions with the experimental

value inferred from aircraft observations of ice-only layer cloud over

Kwajalein [Heymsfield et al. 2002; Field and Heymsfield 2003 (‘‘F. &

H. 2003’’ in the legend: circle, triangle, asterisk, and square symbols)

and near the coast of New Hampshire (Mitchell et al. 2006: diamond

symbol) (Table 3). Open symbols represent observational data. Solid

symbols show the predicted values. Each plotted point corresponds to

a Lagrangian spiral descent. (At2258C, the lower of the two asterisks

is the predicted efficiency.) None of the plotted observations were

used to construct the scheme.

TABLE 3. Summary of the experiments described by Heymsfield

et al. (2002) and used for validation for the scheme in Fig. 13.

Date Location Altitude (m) Temperature (8C)

8 Mar 2008 New Hampshire 3630 to 5860 219 to 25

19 Aug 1999 Kwajalein 3370 to 6950 214 to 7

22 Aug 1999 Kwajalein 6983 to 11 206 250 to 216

23 Aug 1999 Kwajalein 6094 to 10 341 242 to 29

30 Aug 1999 Kwajalein 3685 to 7319 218 to 7
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of this framework to alternative types of collisions such

as graupel–graupel and snow–graupel (similar to graupel–

crystal) collisions. Because of the absence of experimental

measurements, we need to hypothesize about these al-

ternative types. As noted above, b(T, RHi) represents

the texture characteristics of the particle.

In graupel–graupel impacts, b(T, RHi) might be an-

ticipated to be greater than expected for graupel–crystal

collisions if graupel particles have surfaces smoother on

the micron scale than isolated ice crystals. For graupel,

most roughness elements are rimed droplets (;20mm),

while ice crystals can have a surface with many micron-

scale vapor-grown branches. For example, Rango et al.

(2003) showed that the conical graupel particles have

a variability of surface heights (relative to the average

diameter) that is smaller than for snowflakes. As a con-

sequence, there may be a relatively low probability of

surface–height perturbations, such as branches, be-

coming interlocked with the particles remaining stuck

after collision. Yet some thermal dependence of

sticking efficiency is expected because the collection of

ice crystals can affect anyway the surface characteris-

tics of the graupel particle. Similar to what has been

done for sublimating ice (section 3b) and recalling

Eq. (2), a factor of about 3 multiplying the value of

b(T, RHi) could be parsimoniously assumed for graupel–

graupel collisions relative to its value for graupel–crystal

collisions (section 3a). This represents an order-of-

magnitude reduction in sticking efficiency. However, this

assumed factor is largely speculative in the absence of lab-

oratory data currently. (Another option is to assume the

sticking efficiency is zero for graupel–graupel collisions.)

A complex issue is how to treat the vertical motion of

ice particles through many temperature regimes of va-

por growth while they are in cloud. Our theoretical in-

terpretation of laboratory observations of aggregation is

that surface roughness (e.g., dendrites) is a key reason

for the temperature dependence (section 4). What is

fundamental is not temperature per se but rather surface

area and surface asperities. Nevertheless, once formed,

the ice crystals fall out through the cloud and in absence

of strong growth may tend to retain their original shape.

Some cloud bin microphysics models treat explicitly the

shape of ice crystals (Khain and Sednev 1996; Khain

et al. 2004; Phillips et al. 2005) so it is still possible to use

the proposed parameterization also in the subsaturated

regions creating, for example, a lookup table that asso-

ciates a given shape with a temperature reference for

calculation of b(T, RHi). In principle, while in regions of

vapor growth, the input of temperature to the scheme T

would be set to the ambient air temperature and in other

regions of sublimationT could be taken from the lookup

table depending on the particle shape.

7. Summary and conclusions

In this paper, a new approach for prediction of

sticking efficiency is proposed and discussed. The

versatile mathematical framework is consistent with

our analysis of past laboratory observations in the

literature. We have also proposed a new theory based

on a statistical approach to interpret our parameter-

ization of sticking efficiency. The parameters of the

scheme have been derived from experimental data

applying a simple model of the published experi-

ments by HH (graupel) and Connolly et al. (2012)

(snow) because no direct measurements of Es were

available.

The parameter b contains the dependence on temper-

ature, humidity, impact velocity, and number of mono-

mers per particle of the sticking efficiency and the

Lorentzian functional form fits quite well the empirically

derived values of this parameter for crystals and snow. It

has aminimum in temperature near about2158C, causing
a peak of sticking efficiency in the dendritic regime for

vapor growth of ice. This is consistent with the literature

(Mitchell 1988). Validation of the scheme shows that the

exponential dependence of sticking efficiency on collision

kinetic energy describes quite reasonably the observed

sticking efficiencies for a wide range of fall speeds, tem-

peratures, and sizes of collector as noted above (e.g., Figs.

10 and 11).

Moreover, a strong dependence, of the sticking effi-

ciency on the degree to which the colliding particles are

aggregates (j) and hence rougher, is predicted. Snow

may be viewed as forming in a positive feedback of in-

creasing sticking efficiency, as accreted crystals make

the collector aggregate more ‘‘sticky.’’ This then makes

it collect crystals more efficiently.

The sticking efficiency would be expected to have an

impact on snow formation. Our parameterization is

proposed as a tool that can improve the forecast of

snowfall from numerical atmospheric models. Also,

the thunderstorm charge-separation processes are af-

fected by sticking efficiency between cloud ice and

graupel particles. The proposed formula should im-

prove the accuracy of electrification schemes within

cloud models.

Very few direct laboratory observations of sticking

efficiency and collision efficiency for ice–ice collisions

have been reported in the literature. This is a remark-

able omission by the scientific community over several

decades, in view of the importance socioeconomically of

forecasting heavy snow fall in continental regions

during colder seasons. In aggregation processes, both

efficiencies play a key role. More experimental in-

vestigations are needed to provide more accurate size-
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resolved observations of both sticking and collision

efficiencies, especially for low-fall-speed regimes and

the presence of electric fields, turbulence, and graupel–

snow collisions.

Finally, one possible way forward for future de-

velopment of the theory of sticking efficiency would

be to extend the treatment of the statistics of micro-

scopic surface features for deriving macroscopic

characteristics. This was done for steel by Polycarpou

and Etsion (1999). Chang et al. (1987) shows several

theoretical models of surface characteristics and

methods to apply them to the experimental evidence.

Additional experimental investigations of the prop-

erties of ice particles surfaces [e.g., our parameter

b(T, RHi), which might depend also on size of the

smaller particle] could improve greatly the physical

interpretation of our framework for treating sticking

efficiencies.

In the future, as laboratory and field experiments are

performed to constrain better the sticking efficiency,

the observations may be assimilated into the flexible

framework described here [Eqs. (2)–(4)]. More accu-

rate fits to the data will become possible. One of the

most salient dependencies of ice–ice collisions reported

hitherto has been from LS, who observed a strong in-

crease of aggregation efficiency in the presence of

sufficient electric fields. More laboratory experiments

with modern technology (e.g., wind tunnels) need to be

done to clarify such dependencies with precision. (The

code for our scheme is available from the first author on

request.)
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APPENDIX A

Method to Infer Parameters of the Scheme for
Graupel–Crystal Collisions from Observations

The procedure by which we inferred parameters of

our sticking efficiency formula [Eq. (2)] from the ex-

perimental results reported by HH is as follows.

HH reported many measurements of aggregation ef-

ficiencies Ea at various temperatures. They observed in

a cloud chamber the impacts of ice crystals moving to-

ward a fixed obstacle represented by an ice sphere of

a known diameter. The ice crystals had diameters

ranging from 7 to 18mm and were carried by an air-

stream with a controlled speed.

HH performed two experiments with collectors of

diameters of 127 and 360mm and air speeds of 0.43 and

1.07m s21, respectively. The temperature was varied

within the range from 2268 to 268C in steps of 18C for

each experiment. They observed steadily increasing

collection efficiency from 2268 to 2118C, followed by

a decrease in the collection efficiency with increasing

temperature up to 268C. HH did not measure the

sticking or collision efficiencies per se. They only report

the aggregation efficiency. In addition, HH observed

only an average collection efficiency for the entire size

distribution of ice crystals (7–18mm).

Hence, we simulated the HH laboratory experiment

with a simplified 0D bin model treating the entire size

distribution. We inferred the collision efficiency by apply-

ing the formulas given by Böhm (1992a,b,c, 1994, 1999) in
each size bin. The model has a grid of 11 bins of diameters

ranging from 7 to 18mm. This range of particle dimensions

is the same as observed by HH. Their size distribution nice
was not reported by HH, so we assumed that it was cen-

tered at 12.5 mm with a Gaussian distribution having

a relative dispersion of 0.25, consistent with negligible,

undetectable concentrations just beyond 7 and 18mm.

For each ith each size bin, we calculate the collision

efficiency Ec(i) by applying the formulas given by Böhm
(1992a,b,c, 1994, 1999). The average aggregation effi-

ciency is given by

Ea
test

5

�
i
Nstuck(i)

�
i
Ntot(i)

, (A1)

where Nstuck(i) represents the number concentration

(m23) of ice particles that remain stuck after collisions and

Ntot(i) 5 nice(i)DD is the total number concentration of

incident particles in the volume geometrically swept out

by the collector. The numerator is calculated as

Nstuck(i)5Ntot(i)EsEc(i) , (A2)
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where Es(i, T) is calculated with Eq. (2), using arbi-

trary prescribed values of b*, v, and g. For each tem-

perature, the prescribed values of the coefficients b*, v,

and g are varied in order to minimize the square of error

(SE) of the logarithms of the predicted average aggrega-

tion efficiency:

SE5 (log10Ea
test

2 log10Ea
exp
)2 , (A3)

where Eaexp is the aggregation efficiency measured by HH.

In this way, we found an array of optimum values at the

various temperatures that represent the best fit at each

temperature. This is a way to solve the inverse problem,

where we optimize the input parameters in the parame-

terization so as to fit the model to the laboratory obser-

vations of Ea. The final step is to fit all the optimum

values of b* with a single set of parameters b, c, and d to

create the expression for b(T, RHi) given by Eq. (4).

APPENDIX B

Method to Infer Parameters of the Scheme from
Observations of Snow–Crystal Collisions

The experiments by Connolly et al. (2012) were carried

out in a cloud chamber with the observation of ice crystals

falling freely in an environment supersaturated with re-

spect to ice. The environment was maintained as super-

saturatedwith respect to ice by the presence of supercooled

water within the cloud for the duration of all experiments.

However, because of the absence of ascent and the con-

stant presence of ice in the interior, the liquid must have

evaporated away in the glaciated regions of the chamber.

So, the humidity cannot have been at water saturation

usually. The humidity was assumed in our model on aver-

age (according to a prescribed fraction) to be between ice

saturation and water saturation and the same experiment

was repeated at several temperatures: 258, 2108, 2158,
2208,2258, and2308C. Size distributions, concentrations,
and numbers of monomers per particle were measured

with CPI probes in the middle and base of the chamber.

To simulate each experiment, we used a Lagrangian

trajectory model with simplified bin microphysics. The

model has a moving bin grid, with mass in each bin in-

creasing continuously with time and with each bin oc-

cupying a layer that is about 2m deep. The model runs

over a 1D vertical domain of 10m. The microphysical

processes of vapor growth and ice–ice aggregation

(Bott 2000) are calculated over a grid of 40 bins of di-

ameters ranging from 10 to 500mm. The trajectory of

each bin is traced in 1D downward in the chamber as-

suming a parcel depth of 2m. The ice morphology (shape,

bulk density) is predicted by a crystal growth component

from Phillips et al. (2003, 2005). The ice growth by vapor

diffusion is calculated following Rogers and Yau (1989),

with a supersaturation with respect to ice that is a pre-

scribed fraction ofwater saturation. Thediffusive growth is

active over all of the duration of the simulated experiment

to reproduce the experimental conditions.

For each experiment, at a given temperature, the

model is fed with an initial gamma size distribution from

pop-up feeding at the top of the chamber (mean diameter

of 20mm, relative dispersion of about 0.5). Then the par-

ticles are simulated to sediment with a size-dependent

fall speed described by Pruppacher and Klett (1997)

and to collide according to the collision efficiency calcu-

lated following Böhm (1992a,b,c, 1994, 1999). The new

scheme [Eq. (2)] is applied for the sticking efficiency,

except with a value prescribed arbitrarily for the thermal

smoothness coefficient. Following Connolly et al. (2012),

the total number of ice crystals simulated at the middle

and at the bottom of the chamber is compared with the

same quantity measured in the cloud chamber, with

comparison of other predicted and observed quantities

(number of monomers per particle in up to three size

ranges, slope parameters of size distributions, times of

peaks of concentration at both levels, shape of particles)

and of aggregation efficiencies inferred by Connolly et al.

with their model, in order to optimize the values of b*

(T, RHi), v, and g for each temperature.

Despite the observed constraints, there were many un-

observed quantities governing ice growth in the lab ex-

periment, such as the precise initial ice size distribution at

the pop-up seeder, the spatial distribution of humidity, and

vertical air motions that might have been caused by any

turbulence from the pop-up seeder or by latent heat re-

lease. The unmeasured humidity (usually below water

saturation) is especially uncertain and directly controls the

crystal size and hence also the collision/sticking efficiencies.

In view of such uncertainties in the inputs for our simula-

tion of the chamber, after obtaining preliminary values of

b*, v, and g at each temperature, the final estimate of b*

was obtained with a second step using another inverse

method, by prescribing the observed size distributions and

comparing the averaged aggregation efficiency with that

reported byConnolly et al. This second step involved using

preliminary values of v and g averaged over all optimum

simulations (one for each temperature) from the first step.
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