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ABSTRACT

This paper describes the details of a fast, linear, forward-inverse refractive index mapping operator that
can be used for assimilation of occultation data of various kinds into NWP models. Basically, the mapping
consists of the integration of the refractive index along finite straight lines, mimicking the observational
geometry as well as the subsequent retrieval of a refractive index profile, assuming spherical symmetry. Line
integrals are discretized such that the refractivity is evaluated along the horizontal at fixed levels that can
be chosen to coincide with the pressure levels of an NWP model. Integration of the hydrostatic equation at
a large number of locations is thereby avoided. The mapping operator is tested using an idealized model of
a weather front with large horizontal gradients. Mapped refractivity profiles are compared with retrieved
refractivity profiles obtained via accurate 3D ray tracing simulations of GPS radio occultation events with
ray path tangent points near the weather front. The simulations indicate that the mapping is a good
representation of occultation measurements, including the influence large horizontal gradients have on
retrieved refractivity profiles. To further the results, a simple ad hoc modification is introduced to approxi-
mately account for the ray path bending near the tangent points. The forward-inverse mapping allows for
the near cancellation of otherwise crude approximations—for example, straight-line propagation—and the
general concept could perhaps be adapted for the development of fast and accurate observation operators
for the assimilation of other types of remote sensing data.

1. Introduction

Active limb soundings of the earth’s atmosphere us-
ing satellite-to-satellite radio or microwave occultation
techniques can provide information of great value for

numerical weather prediction (NWP), climate, and cli-
mate change. With the implementation of the global
positioning system (GPS) in the late 1980s, the GPS
radio occultation technique for remotely sensing the
earth’s atmosphere was identified (Yunck et al. 1988),
and development resulted in the launch of the proof-
of-concept GPS/Meteorology (GPS/MET) experiment
in 1995 (Ware et al. 1996). By observing the phase of
GPS signals affected by atmospheric refraction, the
GPS/MET experiment demonstrated that the tech-
nique can provide globally distributed profiles of radio
refractivity throughout the troposphere and strato-
sphere with very high vertical resolution (e.g., Rocken
et al. 1997). Radio refractivity, in turn, is related to
important meteorological variables: temperature, pres-
sure, and water vapor pressure (Smith and Weintraub
1953). The GPS/MET experiment paved the way for
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follow-on missions like Challenging Minisatellite Pay-
load (CHAMP) and Satelite de Aplicaciones Cientifi-
cas-C (SAC-C), which have collected data on a more
regular basis for continued research (e.g., Wickert et al.
2001; Poli et al. 2003; Ao et al. 2003). Future GPS radio
occultation missions are expected to provide observa-
tions for near-real-time data processing and assimila-
tion into NWP models (e.g., Anthes et al. 2000). More
recently, microwave occultation experiments using con-
stellations of low earth orbit (LEO) satellites have been
proposed to solve for vertical profiles of temperature,
water vapor, clouds, and ozone in the troposphere and
stratosphere by measuring absorption as well as refrac-
tion (Feng et al. 2001; Eriksson et al. 2001, 2003; Kur-
sinski et al. 2002a,b; Herman et al. 2003). In the geo-
metrical optics approximation, the observations from
any of these systems are basically the integrated effects
of the frequency-dependent atmospheric refractive in-
dex (real and/or imaginary part) along the ray paths.

The details and different aspects of the processing
and inversion of GPS occultation signals have been de-
scribed by a number of authors (e.g., Melbourne et al.
1994; Kursinski et al. 1997; Rocken et al. 1997; Synder-
gaard 1998; Gorbunov and Gurvich 1998; Schreiner et
al. 1998; Steiner et al. 1999; Feng and Herman 1999;
Healy and Eyre 2000; Healy 2001b; Hajj et al. 2002;
Gorbunov 2002; Kuo et al. 2004). Briefly, the GPS sig-
nals, which are observed by a receiver in LEO, are
converted into profiles of ray path bending angle, �,
versus impact parameter, a (the perpendicular distance
between either of the derived ray asymptotes and the
local center of curvature of the earth), using as a con-
straint an assumption of local spherical symmetry of the
refractive index field. Via an Abel integral transform,
�(a) can be inverted to obtain the refractive index, �
[and thereby the refractivity defined as 106(� � 1)], as
a function of ray path tangent altitude. The Abel trans-
form (e.g., Fjeldbo et al. 1971) relies on the assumption
of spherical symmetry, but provides a simple and
unique solution to an otherwise underdetermined in-
verse problem (Gorbunov 1988, 1990). Further process-
ing is possible, but generally requires a priori informa-
tion about either temperature or water vapor. The in-
version of absorption observations from microwave
occultations can be done in a somewhat similar way: an
Abel transform is applied to satellite-to-satellite trans-
mission (optical depth) observations to obtain profiles
of volume absorption coefficients (Feng et al. 2001;
Kursinski et al. 2002b). With the assumption of hydro-
static equilibrium, refractivity and volume absorption
coefficients can be further processed to obtain profiles
of the already mentioned important meteorological
variables.

The use of occultation data in operational weather
prediction requires fast and accurate observation op-
erators (together with an estimate of the covariances of
their expected representativeness error) to be imple-
mented in data assimilation systems (e.g., Eyre 1997;
Schlatter 2000; Marquardt et al. 2003). Errors of repre-
sentativeness arise from two sources: 1) The limited
resolution of the NWP model, and 2) the inability of the
observation operator to derive a perfect measurement
from a perfect model state (Schlatter 2000). In this pa-
per we are only concerned with the latter, and when we
discuss the errors of representativeness, we do not con-
sider the contribution from the former. Errors of rep-
resentativeness become particularly important if they
are expected to be of similar size or larger than the
measurement errors. Although the quality of GPS ra-
dio occultation data from past and current satellite ex-
periments is limited by receiver tracking problems in
the moist lower troposphere (Beyerle et al. 2003; Ao et
al. 2003), ongoing instrument design improvements us-
ing open loop tracking (Sokolovskiy 2001b), as well as
recent developments of advanced processing methods
(Sokolovskiy 2001a; Gorbunov 2002; Jensen et al. 2003;
Beyerle et al. 2004), promise a very high level of accu-
racy of retrieved profiles, globally, throughout the tro-
posphere and stratosphere. Simulation studies indicate
that with future receivers, the standard deviation of the
error in refractivity profiles derived from GPS occulta-
tions, due to sources other than the assumption of
spherical symmetry, can be expected to be less than
0.01 N units. This corresponds to relative errors of
about 0.1% at 30 km, 0.01% at 10 km, and 0.003% at
the surface (Kursinski et al. 1997; Rieder and Kirchen-
gast 2001). These studies, however, did not include the
effects of multipath and diffraction in the lower tropo-
sphere and did not employ later-developed advanced
processing methods to deal with these problems. Stud-
ies have yet to be carried out to fully characterize the
errors from different sources when such methods are
employed. On the other hand, if retrieved profiles are
interpreted as being representative of the actual verti-
cal structure in the atmosphere, simulations yield error
standard deviations in the refractivity of about 1% in
the lowest few kilometers and about 0.2% between 10
and 30 km (Kursinski et al. 1997). These representa-
tiveness errors are a result of horizontal refractivity gra-
dients not taken into account in the retrieval, or turned
around, they can be considered a result of not recog-
nizing that the spherical symmetry assumption has been
applied in the data processing. In particular in the lower
part of the troposphere, specific humidity can vary ap-
preciably on horizontal scales of a few tens of kilome-
ters, which may result in significant horizontal gradients
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in refractivity of about the same scale (see, e.g., Healy
2001a). Thus, there is a reason to believe that with fu-
ture receivers, errors of representativeness due to the
spherical symmetry assumption will dominate over
measurement errors in the moist lower troposphere as
they appear to do in the upper troposphere and lower
stratosphere (Kuo et al. 2004). It is therefore pertinent
that occultation observations are assimilated in such
ways as to fully exploit the potential of the data, that is,
to take into account the spherical symmetry constraint
in the observation operator.

During the past decade, researchers have been work-
ing to develop methods for the assimilation of GPS
radio occultation data—anticipated from future opera-
tional satellites—into NWP models (Eyre 1994; Zou et
al. 1995, 1999; Palmer et al. 2000; Kuo et al. 1997, 2000;
Healy 2001a; Poli and Joiner 2003; Liu and Zou 2003).
The review paper by Kuo et al. (2000) outlines the
advantages and disadvantages of various assimilation
strategies ranging from the assimilation of “raw” phase
and amplitude data to the assimilation of water vapor
and temperature. However, two strategies [or perhaps a
hybrid between the two as suggested by Kuo et al.
(2000) and Zou et al. (2000)] are generally considered
to be more feasible than the others: one is assimilation
of the retrieved bending angle profiles, �(a), the other
is assimilation of the retrieved refractivity profiles.

A bending angle profile is derived directly from the
observed phase and amplitude data and is the product
closest to the raw data where complicated signal inter-
ference has been solved for. It is generally believed that
it is an advantage to assimilate remote sensing data as
close as possible to their raw form, partly because the
error characteristics of the data might be simpler to
describe, and partly because a minimum of a priori in-
formation has been introduced at an early stage of the
processing. Accurate and timely forward modeling of
bending angles is, however, not trivial. Previous works
have concentrated on the development and implemen-
tation of 2D ray tracing models (Zou et al. 1999, 2000;
Healy 2001a; Healy et al. 2003; Liu and Zou 2003; Gor-
bunov and Kornblueh 2003). In an assimilation experi-
ment carried out by Zou et al. (2000), the computa-
tional cost of assimilating 30 GPS/MET soundings via
2D ray tracing was about 10 times more expensive than
the assimilation of all other available upper-air sound-
ing data (Kuo et al. 2000). Clearly, bending angle as-
similation via ray tracing is not feasible operationally
unless faster ray tracing models are developed (Mar-
quardt et al. 2003; Healy et al. 2003).

A more fundamental problem with the bending angle
assimilation strategy is related to the estimation of the
impact parameter, a, which is necessarily considered as

the independent variable although it is a derived quan-
tity (and is in principle only well defined via the spheri-
cal symmetry assumption). Any uncertainty in the im-
pact parameter translates into an error in the bending
angle, and the size of this contribution to the total bend-
ing angle error will be proportional to the gradient of �
with respect to a because �� � (d�/da)�a. This is the
case both for observations and for the estimation via
ray tracing through an NWP model. It becomes an issue
when bending angle innovations (the difference be-
tween observed and modeled bending angles) are cal-
culated by matching observed and modeled impact pa-
rameters (see, e.g., Liu and Zou 2003), and it is particu-
larly a problem because �(a) gradients can become
extremely large in the lower troposphere. Using a high-
resolution mesoscale model, Healy (2001a) found that
an uncertainty in the estimated impact parameter (mis-
representation of the observed impact parameter) of
about 100 m in the forward modeling can cause an ef-
fective bending angle error of up to 20% near the sur-
face (translated into refractivity this corresponded to a
2.4% error). It is therefore essential that the impact
parameter be modeled in a way consistent with how it
is observed and derived, especially in the lowest few
kilometers of the atmosphere and when large horizon-
tal refractivity gradients are present. Still, since fast for-
ward modeling of �(a) necessarily involves various ap-
proximations, modeling errors are inevitable and may
translate into large effective bending angle errors when
the gradient of �(a) becomes large. Thus, the expected
errors of the forward modeled �(a) may become diffi-
cult to describe in a general way. Quite large �(a) gra-
dients may be expected, in particular, near the top of
the planetary boundary layer [in extreme cases of so-
called superrefraction, �(a) → � (see, e.g., Sokolovskiy
2003)], and more generally, in situations of multipath
propagation (see, e.g., Gorbunov 2002).

A less problematic strategy is the assimilation of re-
fractivity profiles derived from the bending angles via
the Abel transform. In its simplest form, the observa-
tion operator becomes straightforward because a re-
fractivity profile is easily computed from model pres-
sure, temperature, and water vapor pressure. However,
as mentioned above, errors of interpretation (or repre-
sentativeness) dominate below 30 km, mainly because
the refractivity profiles are retrieved using the assump-
tion of spherical symmetry and interpreted as vertical
profiles. Early works (Zou et al. 1995; Kuo et al. 1997)
therefore introduced refractivity observation operators
consisting of simple averages along horizontal lines,
mimicking the observational geometry and to some ex-
tent taking into account that an observation is an inte-
grated effect. Based on more rigorous considerations
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about the horizontal resolution (Melbourne et al. 1994),
Healy et al. (2003) applied Gaussian-weighted horizon-
tal averaging of refractivity and showed a slight reduc-
tion in representativeness error (a reduction of the re-
fractivity error from about 3.5 to 2.5 N units near the
surface). Foelsche and Kirchengast (2004) studied the
sensitivity of retrieved profiles to the horizontal drift of
the tangent points (the fact that the horizontal location
of the tangent points vary with altitude for a general
occultation geometry), and their results indicate that
the representativeness errors can be reduced by a factor
of about 2 if the model refractivity is evaluated along
the locus of the ray path tangent points instead of along
the vertical at a fixed location. These procedures rec-
ognize the inherent horizontal averaging of the occul-
tation observations and the importance of the tangent
point drift, but they do not fully represent how the
observations are made and how the data are processed.
In data assimilation, to extract as much information
from the data as possible, retrieved refractivity values
should instead be interpreted—and thus modeled—as
complicated weighted averages over the plane of
propagation (the plane containing all the ray paths in
the occultation). To this end, Healy (2001a) suggested
that assimilation of retrieved refractivity profiles from
GPS occultations could perhaps make use of the 2D
resolution kernel described by Ahmad and Tyler
(1998). Ahmad and Tyler’s resolution kernel is essen-
tially a weighting function. Its derivation is based on the
assumption of straight-line propagation and inversion
of line-integrated refractivity assuming spherical sym-
metry. Formally, the calculation of a refractivity value
at a given tangent point altitude, using Ahmad and
Tyler’s weighting function, requires the weighted inte-
gration of refractivity over a 2D infinite half-plane. In
other words, the calculations roughly mimic how the
observations are made and how they are processed into
refractivity profiles. Because of the straight-line as-
sumption, the approach is approximate, but—as shown
in this paper—it is quite accurate.

The linear, forward-inverse refractive index mapping
operator described in this paper can principally be con-
sidered as a finite and discrete version of Ahmad and
Tyler’s weighting function. There are, however, funda-
mental differences in both design and flexibility, which
makes the mapping operator particularly suitable for
near-real-time NWP. It is important to note that the
mapping operator is not restricted to use for assimila-
tion of GPS refractivity profiles, but can be used for
assimilation of many other types of occultation mea-
surements where a refractive index profile (either the
real part or the imaginary part) is derived using the
assumption of spherical symmetry. The mathematical

details of the mapping operator are described in section
2, and are followed by a short discussion of some im-
portant features of the mapping operator relevant for
practical applications and implementation in NWP
models. In section 3, numerical simulations are carried
out to verify that errors of representativeness using the
mapping operator are significantly reduced. Section 4 is
dedicated to a more general discussion, and conclusions
are made in section 5.

2. A linear, forward-inverse refractive index
mapping operator

Occultation measurements can be thought of as a
mapping (or a weighted average) of the atmospheric
refractive index field into a profile given certain con-
straints and satellite positions. In the geometrical optics
approximation, the observations are basically the inte-
grations along ray paths of either the real part of the
refractive index (optical path measurements) or the
imaginary part of the refractive index (optical depth
measurements). A crude mathematical representation
of the occultation observations (assuming finite
straight-line propagation) can be written as

��y	 � �
�L � 2

L � 2

N�x, y	 dx. �1	

For a given y coordinate, 
(y) represents either an op-
tical path measurement or an optical depth measure-
ment (except for a constant multiplier in the latter
case), and N(x, y) symbolizes either the real part or the
imaginary part of the refractive index field. Given an
NWP model, the integral in (1) can be looked upon as
a forward calculation, being the integration of the
model field along a finite straight line of length L. With
reference to Fig. 1, y � yi and the line is centered at
x � 0, which is the closest approach to the origin of the
coordinate system. The line passes through m spherical
layers with different thicknesses. The corresponding in-
verse problem, assuming spherical symmetry, can be
written as

��y	 � �
�L � 2

L � 2

N�r	 dx. �2	

The integral in (2), along the same line as above, is the
integration of a spherically symmetrical refractive index
field, N(r), to be solved for (r � �x2 � y2). For discrete
layering, N(r) can be derived from a series of forward
calculations, 
(yi�k), k � 0, via so-called onion peeling,
that is, layer by layer starting from the top of the at-
mosphere (e.g., Rodgers 2000). Since the two integrals
in (1) and (2) are along the same line, we may, instead
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of refractive index, identify N with the refractivity. For
the integration of the real part of the refractivity, 
(y)
then represents the so-called excess phase path (up to a
constant multiplier).

In the following, (1) and (2) are discretized to obtain
linear equations, which, in principle, can be written

N � AVN, �3	

where N and N are vectors representing the 1D profile
and the 2D model field, respectively, and V and A are
matrix operators representing the forward and inverse
part of the mapping, respectively.

a. Forward part

The integral in (1) is discretized to obtain 
(yi) in
terms of refractivity values, N(ri�k, �), at discrete points
in polar coordinates in the x–y plane at levels ri�k �
yi�k, k � 0, 1, . . . , m, and at discrete values of � as
defined below. Since the � range corresponding to the
distance L along the line of integration will only be a
few degrees in practice, we can use the small angle
approximation such that x  y�. Equation (1), with y �
yi, can then be written as

��yi	 � �
k�1

m �
�k�1

�k

�N �r�yi, �	, �� � N �r�yi, �	, ����yi d�,

�4	

where

�k ��2�ri�k � ri	

ri
�5	

are the positive angles (to lowest order) at which the
line of integration intersects the spherical shells (�1 and

�m are shown in Fig. 1). Although m and �k depends on
the ith level, subscript i is omitted to simplify the nota-
tion here and in the following when it is obvious that
the variables relate to the ith level.

We shall assume that N(r, �), for constant values of �,
varies linearly with r in each layer. Further, we have, to
lowest order, r(yi, �) � yi(1 � 1⁄2�2). This allows us to
write the model field along the line of integration,
within the kth layer above ri, in terms of the model field
as a function of � at the levels ri�k�1 and ri�k. Thus, for
�k�1 � � � �k we have

N �r�yi, �	, ��� �
�k

2 � �2

�k
2 � �k�1

2 N�ri�k�1, ��	

�
�k�1

2 � �2

�k
2 � �k�1

2 N�ri�k, ��	. �6	

Defining � � �/�1, �ri � ri�1 � ri, �k � �k/�1 �
�(ri�k � ri)/�ri, and qk � (�2

k � �2
k�1)�1, (4) then be-

comes (noting that yi � ri)

��yi	 � �2ri�ri ��
0

1

�1 � �2	N0
���	 d�

� �
�m�1

�m

qm��m�1
2 � �2	Nm

���	 d�

� �
k�1

m�1 ��
�k

�k�1

qk�1��k�1
2 � �2	Nk

���	 d�

� �
�k�1

�k

qk��k�1
2 � �2	Nk

���	 d��� , �7	

FIG. 1. Illustration of the division of the atmosphere into spherical layers above the tangent point, and
subranges in the angle �. A line integral, with tangent point at y � yi, goes through a total of m layers,
corresponding to the distance L and to the angle �m. Black circular markers indicate points where
N(r, �) is evaluated for the integration (only the right half of the integration is indicated).

2654 M O N T H L Y W E A T H E R R E V I E W VOLUME 133



where

Nk
���	 � N�ri�k, ��1	 � N�ri�k, ���1	. �8	

Assuming N�
k (�) to be piecewise linear in �, we can

solve the integrals in (7) analytically. Let nk (n0 � 0)
denote the number of pieces between �0 and �k, thereby
defining discrete values �j, j � 0, 1, . . . , nm, with �nk

�
�k. Equation (7) then gives

��yi	 �
1
2
�2ri�ri ��

j�0

n1

wj,0Nj,0
� � �

k�1

m�1

�
j�nk�1

nk�1

wj,kNj,k
�

� �
j�nm�1

nm

wj,mNj,m
� � , �9	

where N�
j,k � N�

k (�j), and the relative weighting coeffi-
cients, wj,k, are given in Table 1. The dashed lines in Fig.
1 indicate the division into smaller pieces in the angular
direction. As an example, the subranges between �k�1

and �k are divided into two pieces, except for the sub-
range between �0 and �1, which is divided into four
pieces. In NWP applications the division could be dif-
ferent and for some models a division of angular sub-
ranges may not be necessary at all. In general, any di-
vision should be based on the horizontal and vertical
resolution of the NWP model. The relative weighting
coefficients, wj,k, multiplied by 1⁄2�2ri�ri, gives the
nonzero elements in the ith row of the forward operator
matrix, V.

b. Inverse part

The integral in (2) is first transformed into an integral
over r instead of x. Splitting the integral into a sum of
m integrals, one for each layer, we can write

��yi	 � �
k�1

m

2 �
ri�k�1

ri�k N�r	r dr

�r2 � ri
2

. �10	

Assuming that N(r) varies linearly with radius in each
layer, the integrals in (10) can be solved analytically
and written in terms of N(ri�k) at each level with k � 0,
1, . . . , m. Further, since for the earth’s atmosphere
(ri�k � ri)/ri 	 1, we can simplify the result and get, to
lowest order,

��yi	 �
4
3
�2ri�ri �N�ri	 � �

k�1

m�1

�qk�1��k�1
3 � �k

3	

� qk��k
3 � �k�1

3 	�N�ri�k	

� �3
2

�m � qm��m
3 � �m�1

3 	�N�ri�m	� . �11	

Equation (11) is readily rearranged to yield N(ri) as a
function of 
(yi) and N(ri�k) at the m levels above.
Given a total of n vertical levels of an atmospheric
model we can then recursively calculate a profile, N(ri),
i � 1, 2, . . . , n. This requires n � 1 forward calculations
of line integrals 
(yi), i � 1, 2, . . . , n � 1, via (9) with
tangent points at yi � ri, as well as a boundary condition
defining N(rn) at the top level. A natural choice of
boundary condition is the model value, N(x,y), at
the top-level tangent point. If we additionally define

(yn) � 4⁄3N(rn)�2rn�rn, then (11) can be written in
matrix notation from which the matrix A�1 (and
thereby A) can be derived. However, in practice we do
not need to know A explicitly; it is much simpler and
faster to use the onion-peeling method and solve for
N(ri) in (11) recursively, starting from the top level.

c. The forward-inverse operator

Equations (9) and (11) can be combined to a fast
forward-inverse mapping operator, which then consti-
tutes the core part of an observation operator for as-

TABLE 1. The coefficients in �9	. Note that �̃ j
2 �

1
12

[��j−1 � �j	
2

� �� j � �j�1	2 � ��j�1 � �j−1	2].

j, k wj,k

k � 0

j � n0 � 0 �j+1�1 �
1
6

� j+1
2 �

n0 � j � n1 (�j�1 � �j�1)(1 � �̃2
j )

j � n1

1
6

�3 � �j�1	�1 � �j�1
2 	2

0 � k � m

j � nk�1

1
6

qk�3�k�1 � �j�1	��j+1 � �k�1	2

nk�1 � j � nk qk(�j�1 � �j�1)(�̃2
j � �2

k�1)

j � nk �3�k � �j�1	�1 �
1
6

qk�1��j�1 � �k	2�
� �3�k � �j�1	�1 �

1
6

qk��k � �j�1	2�
nk � j � nk�1 qk�1(�j�1 � �j�1)(�2

k�1 � �̃2
j )

j � nk�1

1
6

qk�1�3�k�1 � �j�1	��k�1 � �j�1	2

k � m

j � nm�1

1
6

qm�3�m�1 � �j�1	��j�1 � �m�1	2

nm�1 � j � nm qm(�j�1 � �j�1)(�̃2
j � �2

m�1)

j � nm ��m � �j�1	�1 �
1
6

qm�3�m � �j�1	��m � �j�1	�
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similation of occultation data (see section 4). In varia-
tional assimilation systems, the adjoint of the observa-
tion operator is also needed. The adjoint equations
corresponding to (9) and (11) are given in the appendix.

Although various first-order approximations were
used in the derivations above, it can be shown that if
N(r, �) � N(r), that is, if the model field is a spherically
symmetrical field, then (9) and (11) become identical.
Given N � N at the top level of an atmospheric model,
(11) combined with (9) therefore gives N(r) � N(r) in
the hypothetical case of spherical symmetry, which is a
desirable attribute. This result is independent of the
model layering and is therefore valid even for a coarse
vertical layering.

Below, other features of the forward-inverse map-
ping operator, relevant for NWP application and imple-
mentation, are discussed.

1) MAPPING WEIGHTS IN A TWO-DIMENSIONAL

PLANE

As illustrations of the forward-inverse mapping op-
erator, the combined weights (the elements of one row
of the matrix AV interpolated to a regular grid) for
calculating N at a tangent point altitude of 5 km, are
shown in Fig. 2. Figure 2a shows the weights where the
number of layers, m (each of thickness 1 km), through
which the lines of integration extend, is limited only by
the uppermost level at 30 km. Figure 2b shows a variant
where m is limited to 10 layers, corresponding to inte-
gration lines limited to a maximum length of about 715
km. Figures 2c and 2d show a few vertical columns of
the weights in Figs. 2a and 2b at selected horizontal
locations. To some extent, the vertical columns in Figs.
2c and 2d can also be seen as illustrations of a few rows
of the matrix VTAT, the adjoint of the mapping opera-
tor. The oscillating behavior of the weights in a vertical
column is a result of the inverse part of the mapping
operator where the mapped refractivity profile is deter-
mined by back substitution [cf. the discussion after (11)
above].

The imposed limit on the lines of integration in Fig.
2b has an aliasing effect on the distribution of the
weights higher than 10 km above the tangent point al-
titude. However, for occultation measurements of re-
fractivity that decreases approximately exponentially
with height (with a scale height of about 10 km or less),
the weighted contribution to the value of N at the tan-
gent point from altitudes higher than 10 km above the
tangent point is small, and the aliasing effect is not very
important. This is the case, for example, for GPS radio
occultation measurements of the real part of the refrac-
tivity in the neutral atmosphere, or for future micro-

wave occultation measurements of the imaginary part
of the refractivity due to water vapor and oxygen ab-
sorption. The weighted contribution from higher alti-
tudes in those cases is also small because the sum of the
weights at any fixed altitude above the tangent point is
zero (the sum of the weights at the tangent point alti-
tude is one), indicating that the weighted contribution
at higher levels decreases even faster if horizontal
variations decrease with altitude.

In general, the choice of the length of integration
lines (which for a given layering defines m) can be dif-
ferent for each tangent altitude and should be based on
the typical vertical and horizontal variations of the
measured quantity. For the assimilation of GPS refrac-
tivity, one can probably choose m � 0 for a certain
number of the uppermost model levels without com-
promising the accuracy too much. This would reduce
the computational cost further and corresponds to
treating the retrieved refractivity at those levels as local
point values, while using the forward-inverse mapping
at lower levels where horizontal gradients are more ap-
preciable. Limitation of the horizontal extent of inte-
gration lines could perhaps also benefit the computa-
tional efficiency in data assimilation systems using par-
allel processing on distributed-memory platforms (e.g.,
Barker et al. 2004; Lyster et al. 2004).

2) IMPLICATIONS OF FORWARD-INVERSE

CANCELLATIONS

Since the factor �2ri�ri appears in both the forward
and the inverse part of the mapping, it cancels in the
combined operator and does not need to be included in
practice [cf. (A2) in the appendix]. It follows that the
result of the mapping is almost insensitive to small er-
rors in the layer thickness and in the value of the earth’s
radius. This becomes most evident in the special case of
equidistant vertical layering, where it is easily verified
that the coefficients in Table 1 and in (11) are indepen-
dent of the layer thickness. In that case, the only place
where the layer thickness and the value of the earth’s
radius enter is through the value of �1 in (8). However,
an error in �1 of a few percent does not translate into a
similar size relative error in N. Instead it corresponds to
a slight horizontal displacement of the points where N�

j,k

is evaluated. In the hypothetical case of spherical sym-
metry an error in �1 would have no effect at all. In
general, a small error in �1 is somewhat equivalent to
integrating N and N in (1) and (2) along paths that are
not exactly straight lines. However, as long as the re-
sulting paths are relatively close to straight lines, as
compared to the actual ray paths, this is not a more
serious approximation than the use of straight lines in
the first place. Similarly, small vertical displacements of
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the points where N is evaluated at either side of the
tangent point (but not at the tangent point) can be seen
as integrating the refractivity along paths slightly dif-
ferent from straight lines.

The above considerations suggest that forward-
inverse cancellations allow for the following very con-
venient simplifications. First, they suggest that the map-

ping may be applied without account for the earth’s
oblateness and the exact value of the local radius of
curvature. In other words, it should be possible—
without compromising the accuracy—to carry out the
mapping treating the model height (plus a representa-
tive earth radius), latitude, and longitude as spherical
coordinates. A straight line in the model spherical co-

FIG. 2. Weights for the mapping on a regular grid, and for a tangent point altitude of 5 km. (top) The weights in angle–altitude
coordinates, and (bottom) a few vertical columns of weights at 0°, 1.5°, 3°, and 4.5°. (a) and (c) The length of the lines of integration
is limited only by the uppermost level at 30 km. (b) and (d) The length of the lines of integration is additionally limited to a maximum
of about 715 km. In the upper panels, red markers represent positive weights and green markers represent negative weights. The
shading and the size of a marker indicate the absolute value on a logarithmic scale. In the lower panels—for display purposes—the
weights are connected by lines, and profiles off center are shifted by multiples of 0.1 units.
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ordinate system then corresponds to a slightly curved
path in actual space because of the oblateness of the
earth. The departure from a straight line, however, will
be significantly smaller than the difference between a
straight line and an actual ray path in the lower tropo-
sphere, and the error made should therefore be signifi-
cantly smaller than the one already introduced by the
straight-line approximation. Given the layer thick-
nesses of a model, the coefficients in Table 1 and in (11)
are in fact independent of level heights, and when cal-
culating �1 from (5), ri in the denominator can be re-
placed by a constant earth radius without making any
significant error. Second, the above considerations sug-
gest that the mapping may be applied directly to a
model described on pressure levels without having to
establish a precise relation between pressure and height
at a large number of points in the plane of propagation
(except at the tangent points). Referring to Fig. 1, the
levels then correspond to pressure levels and x and y
are pseudogeometrical Cartesian coordinates based on
an approximate relation between pressure and height
(e.g., log pressure coordinates). The line of integration
is a straight line in pseudogeometrical space, whereas it
is slightly stretched or contracted with small deviations
from a straight line in real geometrical space because
pressure levels in general do not exactly follow geo-
metrical height levels. The mapping can then, without
change of equations, be carried out in pseudogeometri-
cal space obtaining N as a function of pressure at the
tangent points. Thus, it is only necessary to establish a
precise relation between pressure and height at the tan-
gent points when relating N to the geometrical altitude.
The highest pressure along a given line in pseudogeo-
metrical space, however, is not necessarily at the same
location as the lowest altitude along that line (Rodgers
2000). This primarily adds to the uncertainty of the
horizontal location of the tangent points (see section 3).

3) APPLICATION TO GENERAL OCCULTATION

GEOMETRY

Although Figs. 1 and 2 indicate that all line integrals
are parallel and lying in the same plane, with the tan-
gent points aligned vertically, this is not a restriction in
practice. For each level, we are allowed to define a new
coordinate system with the orientation of the x and y
axes given by the location of the tangent point and the
propagation direction at the altitude or pressure level in
question. This will not alter any of the equations above,
and the mapping can therefore easily be applied to a
general occultation geometry where the horizontal lo-
cation of the tangent points and the propagation direc-
tions vary with altitude.

3. Numerical verification

Two sets of simulation experiments were carried out:
one where the mapping was performed on fixed geo-
metrical height levels, and one where it was performed
on fixed pressure levels. We restricted the simulations
to GPS radio occultation measurements, that is, only
considering the measurements and mapping of the real
part of the refractivity for a frequency of about 1.5
GHz. Other simulation experiments using the mapping
operator, including the simulation of absorption mea-
surements, have been reported elsewhere (Syndergaard
et al. 2003, 2004; Herman et al. 2003). Also, Sokolov-
skiy et al. (2005) presents simulation results using the
refractivity mapping principle as well as a very similar
approach. To assess the performance in the presence of
significant horizontal gradients, our simulations were
carried out using an idealized model of a weather front
described by analytical formulas (Herman et al. 2003).
Cross sections of pressure, temperature, specific humid-
ity, and refractivity of the model weather front are
shown in Fig. 3.

First, precise simulations of phase and amplitude
measurements were carried out via 3D ray tracing using
the simulation software developed by Høeg et al.
(1995). A set of real satellite orbits from the GPS/MET
experiment was used in the simulations resulting in ap-
preciable horizontal drift of the tangent points. Eight
different cases were simulated as shown in Fig. 4. The
different locations/orientations and the parameters of
the front model (frontal slope, and pressure, tempera-
ture, and humidity gradients) were chosen to assess the
performance of the mapping operator for various ori-
entations of the horizontal gradients with respect to the
propagation direction and for relatively large gradients
near the tangent points at different altitudes. At the
same time we made sure by careful inspection of the
simulated amplitude data that vertical refractivity gra-
dients did not induce atmospheric multipath propaga-
tion. Multipath propagation was intentionally avoided
because of the limitation of the ray tracer to deal with
only one ray at a time, but we do not expect multipath
propagation to limit the applicability of the mapping
operator (see section 4 for a more detailed discussion
on this issue). The simulated phase measurements were
inverted to obtain derived bending angles versus impact
parameter, using the assumption of spherical symmetry,
and subsequently the refractivity versus ray tangent al-
titude, using the Abel transform (e.g., Melbourne et al.
1994). In this section, the refractivity obtained in this
way will be referred to as the retrieved refractivity. The
refractivity obtained via the mapping operator, as de-
scribed below, will be referred to as the mapped refrac-
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tivity. In the ray tracing and the inversion we assumed
a spherical earth with radius Re � 6370 km. The iono-
spheric refractivity was not included in the simulations.

Although precise knowledge about the actual tan-
gent point locations and ray directions is available from
the ray tracing simulations, only approximate knowl-
edge (based on the assumption of spherical symmetry)
is available for real measurements. We therefore used
derived tangent point locations and propagation direc-
tions (interpolated to fixed altitudes) for the mapping
operator. The derived locations of the tangent points
and the propagation directions at the tangent points
were obtained from the transmitter and receiver posi-
tions and the corresponding retrieved impact param-
eters and ray tangent altitudes, assuming spherical sym-
metry. Simulations indicate that the horizontal dis-
placement of the derived tangent points, relative to the
actual ones, can be up to 10 km in severe cases, and that
the effect of such a displacement on the mapping result
can be appreciable (Syndergaard et al. 2003). The map-
ping on pressure levels may introduce an additional
uncertainty in the estimation of the tangent points: If
pressure levels are sloped with respect to height levels,
a straight line tangent to a pressure level at a given
location will generally not be tangent to a height level

at that same location. Instead, the line will graze a
height level at another location (and at a slightly lower
altitude). For example, a severe pressure level slope in
the plane of propagation of, say 10�3, will result in a
horizontal displacement of the tangent point of about
6.4 km (and a vertical displacement of about 3 m).

Having the derived tangent points and propagation
directions, mapped refractivity profiles for each of the
eight cases were calculated via the forward-inverse
mapping operator (we used the variant illustrated in
Fig. 2a). The differences from the corresponding re-
trieved profiles were then obtained. These differences
can be looked upon as one of two parts of the errors of
representativeness for the mapping operator, the other
part (not considered in this study) being due to the
limited resolution of an NWP model.

Before showing the results using the mapping opera-
tor, it is relevant (as a reference) to look at the internal
differences between the retrieved profiles and their de-
viations from the tangent point values. Figure 5a shows
the relative differences between the retrieved refractiv-
ity profile in each of the eight cases and the mean of the
retrieved profiles. Figure 5b shows the relative differ-
ences between the refractivity at the derived tangent
points and the corresponding retrieved profiles. In both

FIG. 3. Cross sections of the model weather front. The surface position of the front is located at
�48.75°, and the orientation of the gradients is almost perpendicular to the ray paths (corresponding to
the uppermost position of the front in Fig. 4). Every 10th ray path (dashed curves) from a simulated radio
occultation is superimposed on the contour plots (solid curves) of (a) pressure (mb), (b) temperature
(K), (c) specific humidity (g kg�1), and (d) refractivity (N units). The circles indicate the actual tangent
points of the ray paths.
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plots differences are within �4%. The largest differ-
ences in Fig. 5b are for the cases where the horizontal
gradients are almost perpendicular to the propagation
direction. Figure 5 also serves to show that the repre-
sentativeness errors for a local observation operator—
the one based on the calculation of the refractivity
along the tangent point locus—are almost as large as
the internal differences between the retrieved refrac-
tivity profiles. This indicates that occultation data, as-
similated with a local observation operator, would not
provide accurate information about the position and
the orientation of a relatively strong weather front. It is
shown below that differences between mapped profiles
and retrieved profiles are significantly smaller, indicat-
ing that the use of the mapping operator in data assimi-
lation would preserve most of the implicit information
in the occultation data about the position and the ori-
entation of a strong weather front.

a. Mapping on geometrical height levels

The mapping on geometrical height levels was car-
ried out by evaluating the model refractivity at 41 levels
from the surface to 41 km altitude. The thickness of the
resulting layers varied linearly from 50 m at the surface

to 2 km at the top (i.e., levels at 50, 150, 300, 500 m, . . .).
The derived tangent point locations and propagation
directions as a function of altitude were interpolated to
these levels. For each yi (cf. Fig. 1) the line integrals
leading to (9) and (11) were centered at the interpo-
lated location and directed along the interpolated
propagation direction. The � range was divided into
pieces as indicated in Fig. 1.

Figure 6 shows the retrieved refractivity profile be-
low 4 km together with the mapped profile and the
tangent point profile for the case where the front is
located as in Fig. 3. This shows that even in the most
unfavorable case, where horizontal gradients are nearly
perpendicular to the propagation direction, the mapped
profile is in good agreement with the retrieved profile,
whereas the tangent point profile can be off by as much
as 10 N units.

Figure 7 shows the relative refractivity differences
between mapped and retrieved profiles for all eight
cases. The maximum differences are about 0.5%. Gen-
erally, differences have been reduced by a little more
than a factor of 5 as compared to Fig. 5b (note the
difference in the ordinate scale). In the two cases where
rays are parallel to the front and along-ray horizontal
variations therefore are small (curves with circles and
downward pointing triangles), the reduction is even
larger. Although these simulations only include a few
cases with an idealized front, and do not represent the
more general weather situation, the results suggest that
it may be possible to reduce the representativeness er-
ror in the lower troposphere considerably, using the
linear mapping operator. Since the observations and
the background field in data assimilation systems are
weighted with the inverse of their respective error co-
variances, a, for example, 5 times smaller standard de-
viation of the representativeness error of an observa-
tion operator will significantly increase the weight (by a
factor of about 25) given to the observations (assuming
the representativeness error dominates over measure-
ment errors).

b. Mapping on pressure levels

The mapping on pressure levels was done similarly to
the mapping on geometrical height levels, except evalu-
ating the model refractivity along surfaces of constant
pressure (cf. Fig. 3a) rather than at fixed heights.
Thirty-nine levels from 10 to 960 mb were used with
a layer thickness of 25 mb. The corresponding pseu-
dogeometrical height levels, needed to evaluate values
of �ri and �k used in the equations for the mapping
operator, were crudely obtained as hi � H ln(p0/pi),
where hi � ri � Re, H � 8.5 km, and p0 � 1000 mb.
Besides using the layer differences as input to the map-

FIG. 4. Ray paths (dashed lines) and front locations in lat–lon
coordinates. Only every 50th ray path from an occultation simu-
lation is shown. The leftmost ray corresponds to a ray tangent
altitude of about 100 km and the rightmost ray has its tangent
point close to the surface. The lines with triangles indicate the
surface positions and orientations of the front for eight separate
occultation simulations. The front with the black triangles corre-
sponds to the case shown in Fig. 3, whereas the fronts with white
triangles represent the seven other cases. The circles indicate the
actual tangent points for the case in Fig. 3. In all cases the front is
sloping toward the tangent points.
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ping operator equations, the above relation between hi

and pi was also used to interpolate the latitude and
longitude of the tangent points to the pressure levels.
Along this tangent point trajectory a precise relation

between pressure and geometrical height was then ex-
tracted from the model in order to compare a mapped
profile with a retrieved profile.

Figure 8 shows the results when the mapping is car-

FIG. 5. Relative refractivity differences as a function of altitude for the eight cases in Fig. 4. (a) Retrieved profiles minus the mean
of the retrieved profiles, relative to the mean profile. (b) Tangent point profiles minus the corresponding retrieved profiles, relative to
the retrieved profiles. Markers indicate the orientation of the front being 0° for the uppermost position of the front in Fig. 4 and
counting the angle clockwise.

FIG. 6. Refractivity as a function of altitude for the retrieved
profile (solid), mapped profile (long-dashed), and tangent point
profile (short-dashed) for the case shown in Fig. 3.

FIG. 7. Relative refractivity differences as a function of altitude
using the mapping operator (mapped minus retrieved, relative to
retrieved) on geometrical height levels. See Fig. 5 for legend.
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ried out on pressure levels. Most of the differences are
larger than in Fig. 7, but the maximum differences are
still less than 1%. The apparent negative systematic
bias should be considered cautiously in view of the sys-
tematic simulation experimental setup and the limited
number of cases.

c. Accounting for ray path curvature

The results in Figs. 7 and 8 can be improved upon by
utilizing the vertical gradient of the retrieved refractiv-
ity profile to approximately account for the actual ray
path bending near the tangent point at each level. Im-
plicitly, the retrieved refractivity profile uniquely deter-
mines the ray path for a spherically symmetrical atmo-
sphere. Ahmad (1998) used this fact to derive an ap-
proximate formulation of the 2D resolution kernel
(Ahmad and Tyler 1998) for curved rays. The formu-
lation of the mapping operator as derived in section 2
allows for a simpler approach that only requires modi-
fication of the � angles at which the model refractivity
is evaluated.

First we note that a modified value of �1 as input to
(8) basically bends the lines of integration (cf. the dis-
cussion in section 2). If we make �1 slightly larger than
dictated by (5), the curvature close to the tangent point
will follow more closely the curvature of a ray. Figure 9
illustrates the situation when �1 is increased to �̃1. In
essence, refractivity values along the dashed curve in
Fig. 9 are integrated along the solid horizontal line. This
corresponds to integrating the refractivity along the

dashed curve without taking account of the additional
stretching. The stretching, however, can be disregarded,
because it is common to the forward and the inverse
parts of the mapping. The rate of change with � of the
bending of the dashed curve at the tangent point can be
written as

d


d�
 1 �

�1
2

�̃1
2

. �12	

Equation (12) is valid for small � angles and can be
derived using trigonometric formulas involving �1 and
�̃1, while noting that rc�� � ri��, where rc is the radius
of curvature of the dashed curve in Fig. 9. On the other
hand, the rate of change of the bending at a tangent
point is approximately equal to the radius of earth
times the vertical gradient of the retrieved refractivity,
Nobs:

d


d�
 �Re

dNobs

dr
. �13	

Combination of (12) and (13) gives

�̃1 � �1�1 � Re

dNobs

dr ��1�2

. �14	

Far from the tangent point this ad hoc approach does
not generally give a better approximation to the actual
ray path than a straight line. However, for GPS occul-
tation observations, most of the bending occurs close to

FIG. 8. Relative refractivity differences as a function of altitude
using the mapping operator (mapped minus retrieved, relative to
retrieved) on pressure levels. See Fig. 5 for legend.

FIG. 9. Illustration of how an enhancement of �1 to �̃1 basically
bends (and stretches) the line of integration with tangent point at
the ith level. In the small-angle approximation, the dashed curve
is a segment of a circle with radius of curvature equal to ri(d�/
d�)�1.
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the tangent point and the curvature of the ray path
farther away is less important.

Figure 10 shows the results of the mapping on geo-
metrical height levels and pressure levels when �1 is
enhanced as just described and should be compared to
Figs. 7 and 8 to see the improvement gained with this
modification of the mapping. Generally, differences are
smaller at all altitudes as compared to Figs. 7 and 8. For
the mapping on geometrical height levels the maximum
differences are about 0.3%, whereas for the mapping
on pressure levels the maximum differences are about
0.6%. Although the improvement is moderate for the
mapping on pressure levels, it could become important
in situations where the bending angle is very large. The
maximum rate of change of the bending with � in our
simulations was about 0.2. Note that a rate of change of
1.0 corresponds to the situation of critical refraction
(Kursinski et al. 1997; Sokolovskiy 2003). Analysis and
assimilation of Abel retrieved refractivity profiles be-
low the altitude of critical refraction is a difficult prob-
lem that has yet to be solved.

4. Discussion

The linear mapping of the atmospheric refractivity
field into a profile can be considered as the core part of
an observation operator for assimilation of occultation
data. Given, for example, a hydrostatic model where
the atmospheric temperature and specific humidity
(among other model variables) are specified on a hori-

zontal grid at various pressure levels, an observation
operator for the assimilation of a refractivity profile
derived from a GPS radio occultation could consist of
the following major steps:

1) Horizontal interpolation (along pressure levels) of
the temperature and specific humidity to the points
used in the mapping.

2) Evaluation of the refractivity at these points.
3) Mapping the refractivity at these points into a pro-

file at the tangent points using the mapping opera-
tor.

4) Integration of the hydrostatic equation to obtain a
precise relation between pressure and geometrical
height at grid points near the tangent points.

5) Horizontal interpolation of the geometrical height
to the tangent point locations.

6) Vertical interpolation of the mapped refractivity to
the observation points (observed tangent point
heights).

It is important to note that step 3 above is geometry
independent. Furthermore, the weights used in the
mapping, that is, the coefficients in (9) and (11), do not
depend on the refractivity or pressure field, but only on
the levels of the model. For a given NWP model, they
can be precalculated and used for all occultations to be
assimilated and for all iterations in the minimization of
a cost function. Also the points for evaluating the re-
fractivity need only be identified once for each occul-
tation, and can be reused for all iterations in the mini-

FIG. 10. Relative refractivity differences as a function of altitude when modifying the value of �1 in (8) to approximately account for
the bending at the tangent points. (a) Mapping on geometrical height levels. (b) Mapping on pressure levels. See Fig. 5 for legend.
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mization procedure. This is a significant advantage over
ray tracing operators for the assimilation of derived
bending angles suggested by others (Eyre 1994; Zou et
al. 1999), where the ray path estimation is field depen-
dent, and time-consuming ray tracing must be included
in the minimization procedure (Ha et al. 2003). For
hydrostatic NWP models, this includes integration of
the hydrostatic equation at a large number of locations
along the rays (Zou et al. 1999; Healy 2001a). With the
mapping operator, hydrostatic integration is limited to
a few locations near the tangent points. Thus, the indi-
cation from the simulation results that mapping on
pressure levels may be carried out quite accurately
could be important for data assimilation systems at
NWP centers where the geopotential height is not one
of the basic model variables, for example, the European
Centre for Medium-Range Weather Forecasts (Cour-
tier et al. 1998; Rabier et al. 1998).

It should also be noted that estimation of the bending
angles via ray tracing usually requires extrapolation of
the NWP model above its highest level (Zou et al. 1999;
Healy 2001a; Gorbunov and Kornblueh 2003). With the
mapping operator, because it is based on finite integra-
tions in both a forward and an inverse part, extrapola-
tion of the NWP model is avoided.

If a model vertical coordinate is either geometrical
height (with reference to the geoid) or pressure, only
horizontal interpolation of model variables is needed
before applying the mapping. Many NWP models, how-
ever, are described on fixed � levels—or some other
kind of terrain-following vertical coordinate (e.g., Schär
et al. 2002; Zängl 2003)—and vertical interpolation may
be necessary in between these levels at low altitudes
because we cannot always make the assumption of a
small deviation between terrain-following levels and
pressure levels. Fortunately, transformation between
such terrain-following coordinates and height or pres-
sure coordinates is simple.

The simulations in this paper show that the influence
of horizontal gradients on retrieved profiles from oc-
cultation measurements can be substantially mitigated
simply by proper interpretation of the retrieved pro-
files. When assimilating a refractivity profile, the re-
trieved profile should, conceptually, be interpreted as
being the true mapping of the 3D atmosphere into a 1D
profile given a particular occultation geometry (not
considering various measurement/retrieval errors).
With such an interpretation, differences between
mapped (e.g., using a linear approximate mapping as in
this work) and retrieved profiles, due to horizontal
variations, should be attributed to the mapping opera-
tor as representativeness errors. Future work should
address the statistical covariances of the representative-

ness error of the mapping operator using high-
resolution analysis fields from NWP models.

Although we intentionally avoided multipath in the
simulations, we expect the mapping to work equally
well in most cases where there would be multipath
propagation. As long as the observed amplitudes and
bending angles are corrected for diffraction and multi-
path effects, for example, using the canonical transform
method (Gorbunov 2002), the retrieved profiles should
in principle be comparable to the corresponding
mapped profiles. However, severe horizontal gradients
can cause the bending angle versus impact parameter to
become multivalued, creating conceptual and numeri-
cal problems for both the canonical transform method
and the Abel transform (Gorbunov 2002). In particular,
the Abel transform cannot be correctly applied in those
cases because it is based on the assumption of a single-
valued integrand. Similarly, the applicability of the
mapping operator is based on the assumption of a
monotonic sequence of the tangent point altitude ver-
sus horizontal location.

Finally we find it important to emphasize that unlike
forward operators used for assimilation of products
close to the raw data—for example, radiative transfer
models for the assimilation of radiance observations
(e.g., Saunders et al. 1999)—the mapping operator con-
sists of both a forward and an inverse part. This allows
for the near cancellation of otherwise crude approxi-
mations. For example, a forward operator using finite
straight lines to simulate radio occultation measure-
ments in the earth’s lower troposphere would not result
in very accurate data as compared to real measure-
ments. Likewise, inverting real GPS occultation data
without taking into account the bending of ray paths
would result in unacceptably large errors in retrieved
refractivity profiles. However, assuming finite straight
lines in both a forward and an inverse part of the ob-
servation operator is less critical, because the simplifi-
cation made in the forward part is consistently ac-
counted for in the inverse part. Similarly, the assump-
tion that the refractivity varies linearly between fixed
levels may not be adequate by itself, but in a forward-
inverse operation, the error made in the forward part
basically cancel with the error made in the inverse part.
The forward-inverse mapping can thus be viewed as a
general concept that could perhaps be adapted for the
development of fast and accurate observation operators
for the assimilation of other types of remote sensing
data. In a general context that would require the fol-
lowing:

• Identification of constraint(s) such that the inversion
of the remotely sensed observations is a well-posed
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problem and can be viewed merely as a transforma-
tion of the observables into another parameter space
without significant loss of information (for occulta-
tion data the constraint is the spherical symmetry as-
sumption).

• Identification of approximations that basically cancel
in a forward-inverse mapping, which to some extent
mimics the observation process and adheres to the
constraint(s) in the inverse part.

The forward-inverse mapping can thus be seen as a
shortcut (perhaps via some quasi observables) between
model variables and mapped parameters, the latter be-
ing comparable to the retrieved products obtained via
the constrained inversion of the real observations. The
approximations should allow for a fast implementation
of the forward-inverse mapping, while their near can-
cellation should ensure a small error of representative-
ness. The concept is shown with a diagram in Fig. 11.

5. Summary and conclusions

We have described the details of a fast, linear, for-
ward-inverse refractive index mapping operator for as-
similation of occultation data. Simulation experiments
of GPS radio occultation events using an idealized
model of a weather front were carried out to assess the
performance of the mapping operator in cases of sig-
nificant horizontal refractive index gradients. The re-
sults of these simulations suggest that the mapping op-
erator is several times more accurate than a simple local
operator where the model refractivity is evaluated
along the locus of the tangent points. A simple ad hoc
modification to approximately account for the ray path
bending showed even better performance.

The main features making the mapping operator very
attractive for operational assimilation of occultation
data can be summarized as follows:

• Errors of representativeness are small: the mapping
roughly represents how the observations are made

and how the data are processed using the spherical
symmetry constraint.

• The mapping operator and its adjoint are linear and
can be described by simple recursion formulas allow-
ing for fast computations: weighting coefficients are
geometry independent and can be precalculated for a
given NWP model.

• The mapping is applied within finite limits: extrapo-
lation of the NWP model above its highest level is not
necessary.

• The mapping can be carried out on pressure levels
without modification: subsequent integration of the
hydrostatic equation is limited to a few locations near
the tangent points.

Our simulations in this paper only assessed the perfor-
mance of the mapping operator for refractivity profiles
derived from GPS radio occultation measurements, but
the mapping concept is more general. Potentially the
mapping operator can be used to assimilate all kinds of
occultation data from which profiles of refractive index,
either the real or the imaginary part, are derived using
the assumption of spherical symmetry. In a general con-
text, forward-inverse mapping may be useful for the
development of fast and accurate observation operators
for other types of remote sensing data.

Acknowledgments. This work was supported in parts
by the National Science Foundation under Grant ATM
0139511, NPOESS/IPO Contract 50-SPNA-1-00063,
and NASA Award NAG5-11163.

APPENDIX

Adjoint of the Mapping Operator

The adjoint of the forward-inverse mapping operator
can be written in terms of the derived coefficients (ma-
trix elements of V and A�1) in section 2 and via a simple
recursion formula derived below. First we note that the

FIG. 11. Diagram indicating how a general forward-inverse concept could be used for
assimilation of remote sensing data.
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factor 4⁄3�2ri�ri in (9) and (11) can be disregarded
since it is common for both the forward and the inverse

parts of the mapping operator. The matrix elements, ail,
of A�1 (cf. section 2) can then be written as

ail �	
0, l � i

1, l � i

�ql�i�1��l�i�1
3 � �l�i

3 	 � ql�i��l�i
3 � �l�i�1

3 	�, i � l � i � mi

�3
2

�l�i � ql�i��l�i
3 � �l�i�1

3 	�, l � i � mi

0, l � i � mi

, �A1	

where the q’s and the �’s are defined in the text prior to
(7). The recursion formula for the mapping operator
[combining (9) and (11)] can now be written in com-
pressed form as

Ni �
3
8 �

k,j
wijkNijk

� � �
l�i�1

i�mi

ailNl, �A2	

where wijk are the coefficients given in Table 1, and the
index i is emphasizing the tangent point level depen-
dency, which was omitted in section 2 to simplify the
notation there. The coefficients 3⁄8wijk are then the non-
zero matrix elements of V. Similarly to (3), we can write
the equations describing the adjoint of the mapping
operator in matrix notation as

u � VTATu, �A3	

where u and u are vectors of the same size as N and N
in (3), respectively. The vector u symbolizes the result
of previous matrix-vector multiplications in a varia-
tional assimilation process that involves the evaluation
of the gradient of a cost function to be minimized (e.g.,
Lorenc 1986; Huang 2000). Equation (A3) is equivalent
to the following set of equations:

b � ATu, �A4	

u � VTb. �A5	

Equation (A4) can be rearranged to yield

u � �A�1	Tb, �A6	

or

ul � �
i�1

l

ailbi. �A7	

Since all � 1, we can write a recursion formula for the
elements of the vector b as

bl � ul � �
i�1

l�1

ailbi. �A8	

On the other hand, VT is a matrix with only one non-
zero element in each row, and we can therefore from
(A5) write

uljk
� �

3
8

wljkbl, �A9	

where—to be consistent with the notation in (A2)—the
� superscript indicates that we have not included the
adjoint of the simple additive operation in (8). Apart
from that, (A8) and (A9) constitutes the adjoint equa-
tions of the mapping operator.
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