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Abstract A direct numerical simulation (DNS) with the decaying turbulence setup has been carried out to
study cloud-edge mixing and its impact on the droplet size distribution (DSD) applying thermodynamic condi-
tions observed in monsoon convective clouds over Indian subcontinent during the Cloud Aerosol Interaction
and Precipitation Enhancement EXperiment (CAIPEEX). Evaporation at the cloud-edges initiates mixing at small
scale and gradually introduces larger-scale fluctuations of the temperature, moisture, and vertical velocity due
to droplet evaporation. Our focus is on early evolution of simulated fields that show intriguing similarities to
the CAIPEEX cloud observations. A strong dilution at the cloud edge, accompanied by significant spatial varia-
tions of the droplet concentration, mean radius, and spectral width, are found in both the DNS and in observa-
tions. In DNS, fluctuations of the mean radius and spectral width come from the impact of small-scale
turbulence on the motion and evaporation of inertial droplets. These fluctuations decrease with the increase of
the volume over which DNS data are averaged, as one might expect. In cloud observations, these fluctuations
also come from other processes, such as entrainment/mixing below the observation level, secondary CCN acti-
vation, or variations of CCN activation at the cloud base. Despite large differences in the spatial and temporal
scales, the mixing diagram often used in entrainment/mixing studies with aircraft data is remarkably similar for
both DNS and cloud observations. We argue that the similarity questions applicability of heuristic ideas based
on mixing between two air parcels (that the mixing diagram is designed to properly represent) to the evolution
of microphysical properties during turbulent mixing between a cloud and its environment.

1. Introduction

One of the fundamental problems in cloud physics is the impact of entrainment on the cloud droplet size
distribution (DSD) in warm (ice-free) convective clouds [e.g., Lasher-Trapp et al., 2005; Devenish et al., 2012;
Kumar et al., 2012, 2013, 2014, and references therein]. The amount of evaporation that is needed as a result
of entrainment is controlled by the bulk thermodynamics, but this does not allow predicting the modifica-
tion of the DSD. In a nutshell, required evaporation can be accomplished by either a uniform evaporation of
all droplets (as in the homogeneous mixing), or by a complete evaporation of some droplets leaving the
rest unchanged (as in the extremely inhomogeneous mixing), or by a combination of the two [e.g., Baker
and Latham, 1979; Baker et al., 1980; Jensen and Baker, 1989; Burnet and Brenguier, 2007; Andrejczuk et al.,
2009; Lehman et al., 2009; Jarecka et al., 2013b; T€olle and Krueger, 2014; Bera et al., 2016b].

The mixing characteristics have been argued to depend on the relative magnitudes of the mixing time scale
(that is based on the relevant spatial scale and the turbulence intensity) and on the phase change (droplet
evaporation) time scale [Baker et al., 1984; Burnet and Brenguier, 2007; Kumar et al., 2012, among others].
Consequences of the turbulent entrainment are observed from the cloud core to cloud edges with dynamic
and thermodynamic processes covering a broad range of spatial and temporal scales. The spatial range cov-
ers scales from the size of an entraining eddy (not much smaller than the convective cloud itself) down to
the Kolmogorov microscale, around 1 mm in atmospheric turbulence. Due to the range of spatial scales, the
mixing time scale can vary broadly and this makes prediction of the mixing characteristics difficult. The mul-
tiscale entrainment and associated dynamics creates a complex cloud-clear air interface across which
molecular transport and droplet sedimentation lead to the eventual homogenization of initially coarsely
mixed volume [e.g., Grabowski, 1993; Andrejczuk et al., 2004, 2006, 2009; Kumar et al., 2012, 2013, 2014, here-
after KSS14]. As a result, the DSD can vary significantly after the mixture is homogeneized and can impact
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such key cloud field properties as the cloud albedo [e.g., Brenguier et al., 2000] or propensity to produce pre-
cipitation through collision/coalescence [e.g., Telford and Chai, 1980; Cooper, 1989; Cooper et al., 2013].

Monsoon deep cumulus clouds over Indian subcontinent are essential for the surface rainfall. It follows that
understanding dynamical and microphysical processes controlling rain formation within those clouds is of crit-
ical concern. Cloud Aerosol Interaction and Precipitation Enhancement Experiment (CAIPEEX) over Indian sub-
continent has brought out unique features of raindrop formation mechanism in monsoon clouds [e.g., Prabha
et al., 2011, 2012; Bera et al., 2016a]. One of the most important factors for the monsoon prediction is a better
representation of cloud processes. These representations can be improved by carrying out small-scale simula-
tions (such as Large Eddy Simulation, LES, or Direct Numerical Simulation, DNS [e.g., Kumar et al., 2012, 2013;
Jarecka et al., 2013a; Hoffman et al., 2014, and references therein]; or dedicated high-resolution field observa-
tions [e.g., Gerber et al., 2008; Yum et al., 2015]. Observations are often used to design and validate model sim-
ulations [e.g., Stevens et al., 2005; VanZanten et al., 2011], but simulated and observed DSDs are seldom
compared in detail. Khain et al. [2013] compare CAIPEEX observations with 2-D and 3-D LES simulation results
and show that first raindrops form in undiluted cores with high liquid water content. This paper makes an
attempt to compare DNS simulated evolution of the DSD with aircraft observations.

We use observations of cumulus clouds from CAIPEEX over India [Prabha et al., 2011, 2012; Bera et al.,
2016a] to initialize highly idealized DNS simulations in which a small cloudy volume with an undiluted poly-
disperse DSD from observations is allowed to mix with a cloud-free ambient air. The main focus is on cloud-
edge mixing and its effect on the DSD. The key advantage of DNS is that it simulates relevant processes
from the first principles, perhaps with the exception of the details of the cloud droplet condensational and
evaporation. The latter requires resolving temperature and water vapor gradients near the droplet, that is,
at spatial scales of a few microns. Because of the small mass loading and thus large mean distance between
the droplets (compared to the droplet radius) an approach based on macroscopic droplet growth equations
applied at the cloud microscale is sufficient [see Appendix in Valliancourt et al., 2001]. DNS faithfully repre-
sents fine-scale processes modifying DSD albeit at a relatively narrow range of spatial scales close to the
Kolmogorov microscale. In situ cloud observations, on the other hand, provide data at scales not far from
the scale of entraining eddies (down to a few meters), especially for the cloud dynamics. This is because of
the combined effect of a limited spatial resolution (due to the aircraft cruising speed) and the response
time of aircraft-mounted instruments. Thus, it can be argued that direct comparisons between DNS and
cloud observations are impossible. This paper challenges this view by comparing DNS predicted droplet
characteristics to in situ aircraft observations.

The paper is organized as follows. The next section presents the DNS model and details the setup of model
simulations. Section 3 discusses model results focusing on the DSD change originating from the mixing
between a cloud and cloud-free subsaturated air. Section 4 presents aircraft observations in the same for-
mat as some of the DNS results and documents interesting similarities between DNS and aircraft observa-
tions. Discussion in section 5 concludes the paper.

2. DNS Model and Model Setup

The DNS numerical model is the same as in KSS14. Details of the model equations are provided in Appendix
A. The Eulerian fluid flow model solves incompressible viscous Navier-Stokes equations supplemented by the
conservation equations for the temperature and water vapor mixing ratio that include sources and sinks due
to diffusional growth of cloud droplets (cf. equations (2)–(5) in KSS14, (A1)–(A5) in Appendix A). The pseudo-
spectral method with the second order predictor-corrector time-integration scheme is used. Water droplets
are treated as Lagrangian point particles whose position, velocity, and radius are traced inside the Eulerian
grid (cf. equations (9)–(11) in KSS14, (A6)–(A8) in Appendix A). Droplet motion includes effects of gravity, iner-
tia, and Stokes drag. Droplet growth or evaporation is calculated by applying the local value of the supersatu-
ration (equation (12) in KSS14). Droplets smaller than 5 mm are treated as weightless tracer particles.
Condensation rate within Eulerian grid cells is calculated by including contributions of all droplets within a giv-
en cell. The equations are solved in the triply periodic computational domain of (1.024 m)3 with the grid
length of 1 mm. The same time step is used in both Eulerian fluid-flow and Lagrangian droplet models.

The initial conditions follow the setup applied in KSS14 as well. A slab of the initially supersaturated (at 2%)
cloudy volume is positioned in the center of the domain, as shown in the top left plot of Figure 1. The slab
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is assumed to be aligned in such a way that the gravity is along the slab and droplets initially sediment
within the slab. Initial thermodynamic conditions for the model are selected from observations in cumulus
clouds conducted on 3 November 2011 (during research flight RF45) at 5.0 km altitude (these will be dis-
cussed later in the paper). Droplet number concentration (Nd) in the core of the cumulus cloud was
observed around 430 cm23 with the mean droplet radius of 9.2 mm. The initial size distribution of droplets
in the cloudy slab is depicted in top right plot of Figure 1. This observed undiluted DSD is used in the model
to randomly distribute droplets into a cloudy slab. The mean droplet concentration implies that the DNS
tracks over 175 million droplets throughout the simulation. The environmental temperature and relative
humidity (RH) at the observation level were 2.58C and 22%, respectively. These are used to set the condi-
tions away from the cloudy slab (see Figure 1). These initial conditions correspond to the fluid mixing time
scale of around 7 s (taking the length scale of 1 m and the initial TKE dissipation of about 33 cm2 s23) and a
similar time scale of droplet evaporation.

Figure 1. (top left) Initial distributions of thermodynamic variables across supersaturated cloudy slab and (top right) initial DSD from aircraft observations. (bottom left) Bottom plots
show evolutions of the TKE and (bottom right) volume-averaged TKE dissipation rate for a forced simulation without droplets with vertical lines showing start time of the unforced
simulation with droplets discussed in this paper.
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Initially, a statistically stationary turbulent flow field as in Kumar et al. [2012, 2013] and in KSS14 is pre-
scribed over the entire computational domain to let the droplets move and mix with the dry air. The initial
flow field comes from a forced simulation without droplets that reach statistically stationary state as illus-
trated in bottom plots of Figure 1. Since no additional forcing is included in the simulations except for the
one resulting from droplet evaporation and accompanying latent heating, (i.e., as in the set D in KSS14), the
turbulence is expected to decay with time as the slab mixes with the subsaturated ambient air and the
homogenization of the entire volume is anticipated. Note that such a decaying turbulence setup is different
from the one considered in Andrejczuk et al. [2004, 2006, 2009]. Andrejczuk et al. considered initial velocity
perturbations at large scales only, and the homogenization proceeded through the development of smaller
scales of motion as the turbulent kinetic energy (TKE) was transferred through the inertial subrange toward
molecular dissipation. Such a setup followed the dry turbulence case of Herring and Kerr [1993].

The above discussion is illustrated in Figure 2 that presents X-Y distributions of the TKE (left plots) and ens-
trophy (right plots) at a randomly selected horizontal plane at 1, 5, and 10 s. Note, that the TKE is associated
with the largest scales of the flow, whereas enstrophy, a quantity based on velocity gradients, dominates
the smallest scales. The figure shows that the small-scale turbulence initially fills the entire domain, that is,
inside as well as outside of the cloudy slab. As the simulation progresses, TKE is reduced due to molecular
dissipation with the local extrema reduced by a factor between 2 and 3 from 1 to 10 s. The enstrophy extre-
ma decrease in a similar way. Evolution of TKE and enstrophy pdfs (Figure 3) shows that the initially wide
pdfs become narrow. TKE recovers between 5 and 10 s, likely because of the flow structures driven by evap-
orative cooling as discussed later in the paper. A secondary TKE peak is evident at 10 s. The analysis dis-
cussed in the present study pertains to this TKE transitioning stage with the expectation that it reveals
features similar to the turbulent entrainment and mixing in natural clouds.

The simulation output data from the Eulerian frame contain the flow velocities, temperature, water vapor
mixing ratio, domain-averaged TKE, and TKE dissipation rate. Lagrangian droplet scheme provides data for
all fields related to the droplet movement and growth/evaporation affected by turbulent flow fields, that is,
droplet position, velocity, radius, as well as the local supersaturation and temperature.

3. Results

3.1. Evolution of Bulk Mixing
3.1.1. Model Fields During Turbulent Stirring
Figures 4–6 illustrate spatial distributions of various fields at a randomly selected X-Y plane for time 1, 5, and
10 s, respectively. The plots show the droplet concentration, mean radius, and the DSD standard deviation
(referred to as the spectral width throughout the manuscript) all calculated based on the averaging over
1 cm3 volume, that is, typically using several hundreds of droplets. In addition, fields of the vertical velocity,
temperature, and water vapor mixing ratio are also shown. At 1 s (Figure 4), only the very edge of the cloud
slab is affected by the mixing, but the development of larger-scale structures is apparent. Droplet concentra-
tion shows significant fluctuations, ‘‘droplet clustering,’’ with maximum values close to twice the mean con-
centration in small areas inside the cloud slab, and with virtually no change of the mean radius and spectral
width. This is arguably in response to the interplay between droplet inertia and droplet sedimentation (see
discussions in Shaw et al. [1998], Grabowski and Vaillancourt [1999], and Shaw et al. [2003], among many
others). Additional sensitivity simulation (not shown) reveals that these small-scale fluctuations become stron-
ger when gravitational acceleration is removed and only droplet inertia and Stokes drag affect droplet motion.
Cloudy volumes near the very cloud edge are strongly influenced by entrainment/mixing of the dry air. These
volumes feature significant reduction of the droplet number concentration, resulting in reductions of the
mean droplet radius (due to evaporation) and decreases of the DSD spectral width. Note that the latter is pos-
sible only when some of the droplets evaporate completely because a simple shift of the droplet spectrum
due to evaporation leads to the increase, not decrease, of the spectral width. The mean droplet radius near
slab edges approaches zero showing that many droplets evaporate completely. Development of relatively
large-scale (i.e., comparable to the domain size) structures in the velocity field is also apparent. It has to be
emphasized, however, that unlike updrafts and downdraft in real clouds that lead to droplet growth and evap-
oration and can lead to activation of new droplets [e.g., Brenguier and Grabowski, 1993], these vertical motions
have no effect on droplet radius in the unstratified DNS discussed here. Such an effect can be included
through the supersaturation equation (i.e., providing the vertical-velocity source for the supersaturation as in
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Valliancourt et al. [2001]), but it is excluded from the simulation described in the present study. Droplet vertical
velocity shown in the right middle plot suggests that downdrafts are present in regions where evaporation
leads to the cooling as shown in the bottom left plot of Figure 4.

Figure 2. (left plots) Two-dimensional x-y distributions of the TKE and (right plot) the enstrophy at a randomly selected horizontal plane at 1, 5, and 10 s in top, middle, and bottom plots,
respectively.
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Figure 5 shows the same fields as in Figure 4, but at 5 s of the simulation time. Formation of large-scale struc-
tures and spreading of the cloudy volume is apparent. However, the simulation is still far from the small-scale
homogenization and considerable fraction of the domain remains droplet free. Concentration fluctuations
similar to that at 1 s are evident (e.g., around x 5 40 cm, y 5 60 cm), but there are also significant volumes
with partially evaporated droplets. For instance, top left corner features regions of reduced droplet concentra-
tion and mean radius. This arguably results from the partial evaporation of large droplets (i.e., reducing the
size and increasing the width) combined with a complete evaporation of the smallest droplets in the distribu-
tion (hence the reduced concentration). The temperature and moisture fields show large structures character-
ized by significant gradients with jumps comparable to the initial difference between cloudy and cloud-free
volumes, as one might expect in the turbulent stirring. Significant small-scale variability of the spectral width
is seen in locations where there are accumulations of droplets through inertial clustering while large eddies
with dry and warm air penetrate in the vicinity (e.g., see the area within the red square at center part of the
plots). This leads to a subsequent small-scale mixing with partial droplet evaporation causing slight increase/
decrease of the moisture/temperature. This effect introduces small-scale fluctuations in the temperature and
moisture fields in addition to the turbulent stirring and molecular mixing processes.

The temperature and water vapor fluctuations across the entire slab are significantly larger at 5 s than at
1 s. This is a result of subsaturated air from the environment penetrating the cloudy volume and leading to
the stirring of initially separated cloudy and cloud-free volumes. In some regions (see the yellow rounded
squares in top left corners of all plots), there is a significant evaporation of cloud droplets as signified by the
lower droplet number concentration, reduction in mean droplet radius, and fluctuating spectral width with
updrafts located in close proximity of downdrafts.

At 10 s (Figure 6), there is hardly any cloud-free volume left, at least at the cross section selected. However,
the small-scale fluctuations among fields shown in the figure remain significant. Droplet concentrations are
lower in agreement with the bulk dilution of the cloudy volume and the spread of the cloudy slab. Droplet
radii are smaller due to the mean evaporation and there seems to be more small-scale regions with
increased spectral widths. There are, however, some volumes where the droplet concentration, mean radius
and spectral width all remain close to the initial values, e.g., in the center of the domain. Such volumes are
often in close proximity to diluted volumes (i.e., with reduced droplet concentrations and mean radii and
increased spectral width). Droplet evaporation and its impact on the buoyancy field leads to the formation
of large-scale velocity perturbations such as an area of an updraft in the left side of middle right plot Figure
6. We noted a secondary peak in the TKE PDF in Figure 2a, likely associated with the generation of those
large-scale coherent velocity perturbations.

The temperature fluctuations at 10 s are still large, perhaps even larger than at 5 s. This is again because of
the entrainment of cloud free air from outside of the slab. The entrained air seems to form a coherent

Figure 3. Probability distribution function for TKE and enstrophy for 1, 5, and 10 s.
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Figure 4. Two-dimensional distributions of microphysical parameters (Nd, rm, r, vertical velocity, qv and temperature) at randomly selected x-y plane from DNS data for 1 s.
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Figure 5. As in Figure 4 but at 5 s.
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Figure 6. As in Figure 4 but at 10 s.
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pattern in the temperature and vertical velocities fluctuations, with cool downdrafts (B) and warmer
updrafts (A and C). The warm regions have higher droplet mean radius and relatively higher droplet number
concentration. The maximum spectral width occurs in regions with large spatial gradients in the number
concentration and temperature (e.g., in small areas A and B). There are relatively small spatial fluctuations of
the moisture fields, likely due to the homogenizing effect of droplet evaporation.

Figure 7 shows the same fields as Figure 5 (i.e., at 5 s) but with the data averaged over 8 cm3 volume. As
one might expect, averaging droplet data over about an order of magnitude larger volume leads to a signif-
icant reduction of small-scale fluctuations. This effect is most dramatic in the droplet concentration where
the maxima evident when averaged over 1 cm3 are reduced by half or more in the 8 cm3 averaging. This is
arguably because of the gradual reduction of the droplet clustering with the increase of the spatial scale.
Differences in other microphysical fields (e.g., the mean radius, spectral width) are less dramatic. Differences
for the temperature and water vapor mixing ratio are surprisingly small.
3.1.2. Evolution of the Whole-Domain Statistics
Evolution of parameters describing global mixing characteristics is shown in Figure 8. The figure shows the
domain-averaged TKE and TKE dissipation rate together with the total number of droplets, droplet mean
radius, moist static energy (MSE) variance, spectral width as well as the mean temperature during the initial
12 s of the simulation. Because of a complete evaporation of some droplets, the total number of droplets
decreases by about 34%.

The mean radius increases slightly initially due to the growth of the droplets owing to the prescribed ini-
tial supersaturation inside the cloud slab (so does the mean temperature), but subsequently the mean
temperature, the mean radius, and the total number of droplets all decrease. The mean TKE and TKE dissi-
pation rate decrease sharply in the initial few seconds and then level off. There is a notable increase in
TKE from 8 to 12 s, arguably associated with the formation of coherent flow structures apparent in Figure
6. The MSE variance continuously decreases with time. During the first 12 s, the mean radius is reduced
from about 9.4 to about 4.3 lm. The mean spectral width increases from about 2.2 to about 4.0 lm during
the initial 10 s and then decreases slightly. Since the change of the relative dispersion (i.e., the ratio of the
spectral width to the mean radius) is inversely proportional to the change of the radius squared [Liu et al.,
2006], the approximate doubling of the spectral width is consistent with approximate halving of the
mean radius.

It should be stressed that the mean conditions at the time of 12 s shown in Figure 8 are not the final
homogenized state of the system. The initial thermodynamic conditions of cloudy and cloud-free air togeth-
er with the 1/3 fraction of the domain covered initially by the cloudy slab dictate that all droplets eventually
evaporate. Owing to the weak turbulence after a few initial seconds, it takes another several tens of seconds
to evaporate all droplets (not shown). However, our focus is on the active mixing during the first dozen of
seconds of the simulation, after the entrainment of subsaturated droplet-free air into the cloud.

Figure 9 shows evolution of the total number of droplets plotted as a function of the mean (i.e., domain-
averaged) droplet radius, both normalized by the initial values. Such a diagram was introduced by [Burnet
and Brenguier, 2007] and subsequently used in analyses of DNS simulations carried out in [Andrejczuk et al.,
2004, 2006, 2009]. On this diagram, the isolines of the constant cloud water content are hyperbolas (shown
as thin solid lines in Figure 9), the horizontal line represents extremely inhomogeneous mixing (reduction
of the number of droplets without change of the mean radius), and the vertical line corresponds to the
homogeneous mixing (reduction of the mean radius with no change of the number of droplets). Symbols
mark different times as the mixing progresses with the corresponding Damkohler numbers Da shown by
colors and shapes of the symbols. Theoretically, homogeneous (extremely inhomogeneous) mixing corre-
sponds to the limit of Da � 1 (Da � 1). The figure shows that mixing seems to follow the homogeneous
mixing line within a few first seconds. The initially homogeneous mixing does not seem to be consistent
with the estimated Da as Da � 1. This is perhaps because of the initial supersaturation within the slab that
leads to growth of some droplets compensating evaporation of others due to mixing. Another possibility is
that the Damkohler number considerations apply to situations when the volume under consideration
becomes homogenized and the thermodynamic equilibrium is approached. This is clearly not the case very
early in the simulation when droplets have just started to adjust to local conditions.

At later times, mixing transitions toward the intermediate mixing along the diagonal of the diagram.
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Figure 7. As in Figure 5 but with data averaged over volume of 8 cm3.
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3.1.3. Covariability of Microphysical Parameters
Figure 10 shows contour-plots documenting the covariability between the local (i.e., averaged over 1 cm3

volume) droplet concentration, mean radius, and spectral width at 1, 5, and 10 s of the simulation and at a
randomly selected X-Y plane (results from other planes are similar; averaging over the entire computational
domain volume is cumbersone due the amount of data). In addition, several datapoints along a pencil-like
cut across the observed cloud (to be discussed later) is also shown as magenta dots in plots corresponding
to DNS simulation at 1 s.

At 1 s, the plots are dominated by the initial conditions, that is, the droplet concentration shows a large
spread (due to the effect of inertia as already noted in Figure 4) with the mean radius and spectral width
mostly close to the initial conditions (around 9 and 2 lm, respectively). Significant evaporation of some
droplets is also apparent (e.g., the mean radius below 5 lm in the bottom left plot).

The reduction of the mean droplet concentration is possible either through a simple dilution (i.e., increasing
the cloudy volume as evident in Figures 4–6 and in the maximum concentrations in the top and bottom
rows in Figure 8) or by evaporation of the smallest droplets in the DSD (i.e., partial evaporation). Both can
lead to the spread of the mean radius and spectral width at low droplet concentrations. The partial evapora-
tion leads to a complete removal of small droplets, with the remainder showing low spectral width. On aver-
age, spectral width seems to increase and the mean radius to decrease with reduction of the droplet
concentration. For the spectral width, the trend seems to reverse at low droplet concentrations, best

Figure 8. Evolution of parameters describing domain-averaged characteristics for the first 12 s of the simulation. (top left) TKE and dissipation rate; (top right) the mean radius, spectral
width and total number of droplets with nonzero radius; (bottom left) the mean temperature; (bottom right) variance of the moist static energy (MSE).
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evident at the time of 10 s (Figure
10c). This seems to agree with the
homogeneous evaporation of a drop-
let population that first leads to the
increase of the spectral width as spec-
trum shifts toward smaller sizes, but
then the smallest droplets from the
spectrum evaporate completely as
the evaporation continues. It follows
that the spectral width and mean
radius are nonlinearly related when
the initial DSD has large width.

The magenta dots in left plots (i.e., for
DNS results at 1 s) represent in-cloud
observations at 10 m resolved scale
(10 Hz) from the research flight RF45
during CAIPEEX. Amazingly, the obser-
vation points seem to follow similar
scatter pattern as in DNS despite the
dramatic difference in the resolved
scales (tens of meters in observations
and centimeters in DNS). The agree-
ment seems to be the best for DNS at

1 s, perhaps because the still undiluted core and cloud-edge flow structures (cf. Figures 4–6) bear the best
similarity to the structure of a cumulus cloud at the developing (growing) stage.

3.2. Flying Imaginary Aircraft Trough DNS Domain
Figure 11 shows data from a transect of the computational domain perpendicular to the initial slab for
z 5 50 cm and y 5 57 cm for t 5 1, 5, and 10 s. One can consider these data as obtained by an imaginary air-
craft flying through the computational domain. The sample volume has linear dimensions of 1, 3, and 1 cm
in x, y, and z directions, respectively, that is, averaging over 3 cm3 volume. This is closer to the sample vol-
ume of aircraft observation at 10 Hz (around 4.4 cm3) than the 1 cm3 used in Figures 426 and 10. The air-
craft sample volume V of the FSSP is calculated as: V5DOF � BD � TAS=R, where DOF is the depth of field
equal to 2.2 mm, BD is the beam diameter equal to 0.2 mm, TAS is the true air speed (around 100 m s21),
and R is the sampling rate (10 s21 for 10 Hz observations). This gives V 5 4.4 cm3. Since aircraft observations
involved 1-D transect of a cloud, we compare data from a cloud transect with similar data from a DNS
domain transect.

The left plots in Figure 11 show variations of microphysical parameters, namely, the droplet number con-
centration, spectral width of DSD, and mean droplet radius along the x axis (i.e., in the direction perpendicu-
lar to the initial slab) resulting from averaging DNS data over 3 cm3 sample volume. Selected DSDs for
different X-positions are shown in the middle plots. The right plots show data points from the transect
applying the mixing diagram that displays the mean radius cubed (r3

m) versus the number density (Nd);
[Burnet and Brenguier, 2007]. Similar diagram was used in analyses of DNS simulations in [Andrejczuk et al.,
2004, 2006, 2009] and earlier in this paper applying total number of droplets rather than the droplet con-
centration. Applying concentration rather than the number of droplets changes the homogeneous mixing
line because the total volume combines volumes of cloudy and cloud-free air, and the concentration does
change even if the number of droplets does not. The diagram was proposed by Burnet and Brenguier [2007]
and it was also used in the analysis of the large eddy simulations discussed in Jarecka et al. [2013a, 2013b].
The starting point of the mixing diagram in the top right corner corresponds to the highest LWC along the
pass through the cloudy slab, with the corresponding droplet concentration and radius applied to normal-
ize values derived in other locations along the transect. We decided to apply such a normalization to
remove the impact of reduced droplet concentrations and radii at 5 and 10 s as evident in the left plots of
Figure 11. The horizontal line on the mixing diagram represents reduction of the droplet concentration
without any change of the droplet radius and thus it marks the extremely inhomogeneous mixing. The blue

Figure 9. Mixing diagram applying droplet properties averaged over the entire
domain. The Damkohler numbers (Da5smix=sphase) at various times are shown by
corresponding symbols. The smix is fluid time scale and the sphase5ð1=4pDNd rÞ is
the phase relaxation time [Kumar et al., 2012].

Journal of Advances in Modeling Earth Systems 10.1002/2016MS000731

KUMAR ET AL. DNS FOR CLOUD-EDGE MIXING 344



line represents homogeneous mixing with the relative humidity of the initial cloud-free air outside of the
cloudy slab. Homogeneous mixing lines for other humidities (85% and 98%) are also shown.

At 1 s (top row in Figure 11), the mixing between cloudy air from the slab and its unsaturated environment
is limited to the slab edges. Inside the slab, mean droplet radius and spectral width are close to the initial

Figure 10. Contours of the probability density function illustrating relationships among the droplet concentration, mean radius, and spectral width for times 1, 5, and 10 s. in left, middle,
and right plots, respectively. The magenta dots in left plots represent in-cloud observations from CAIPEEX.
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values (see Figure 8), and fluctuations of the droplet concentration are arguably due to inertial effects lead-
ing to the droplet clustering. Mixing around x 5 26 cm strongly reduces droplet concentration with some
reduction of the mean radius and some fluctuations of the spectral width. Examples of DSDs (top middle
plot) show reduction of the droplet concentration with rather small changes of the mean radius.

Figure 11. Microphysical parameters along a track of imaginary aircraft flying through the DNS domain. Top, middle, and bottom rows of plots show data for 1, 5, and 10 s, respectively.
Plots in the left column show droplet number density, mean radius, and spectral width along the track. Selected DSDs at different locations along the track are shown in the middle plots.
The right plots show mixing diagrams at times 1, 5, and 10 s. Data averaged over 3 cm3.
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The mixing diagram (top right plot) shows points clustered along the extremely inhomogeneous mixing
line for the normalized droplet concentrations larger than 0.4 and with significant fluctuations. These fluctu-
ations are likely the result of droplet clustering, not entrainment and mixing. Only for the normalized drop-
let concentrations smaller than about 0.4, the normalized droplet radius rapidly decreases with data points
aligned along what might be argued as the homogeneous mixing line. This is consistent with the very small
spatial scales in the DNS simulation leading to the short turbulent mixing time scale L

2
3=�

1
3, where L and � are

the relevant length scale and the eddy dissipation rate (e.g., around 0.5 s taking L 5 1 cm and the
�510 cm2s23). However, the homogeneous mixing line along which the DNS points seems to be aligned
corresponds to a significantly higher RH than the initial RH of the cloud-free air of 22%.

At 5 s (middle row in Figure 11), the entire cloudy slab shows mean dilution, consistent with Figure 5. The
mean number concentration and droplet radius within the slab are reduced, and there are significant fluctu-
ations, similar to those at 1 s. Evaporation of cloud droplets leads to the reduction of the radius and number
concentration, and a noticeable increase of the spectral width. One can distinguish several zones where the
properties are rapidly changing. In some places, there are no droplets and thus the green mean radius line
is not continuous. DSDs do not seem to differ strongly when plotted at randomly selected points and apply-
ing logarithmic scale on the vertical axis. The mixing diagram (the right plot) shows points creating a pat-
tern similar to that 1 s, but with large reductions of the normalized radius starting from the normalized
concentration of 0.6.

Plots at 10 s (bottom row in Figure 11) show progress of the cloudy slab mean dilution. The mean radius
fluctuates along the pass from around 4 to around 8 mm, so does the spectral width. DSDs vary significantly
along the pass, but in a way that does not allow a clear interpretation. Some spectra show the shift toward
smaller sizes, and some are similar to the initial spectrum but with reduced concentration. The alignment of
points on the mixing diagram is more ambiguous because of the significant scatter.

Figure 12 shows similar data to Figure 11, but using DNS data averaged over 8 cm3. The motivation comes
from significant differences evident in two-dimensional plots of fields averaged over 1 and 8 cm3 discussed
previously (cf. Figures 5 and 7). As the Figure 12 shows, however, the averaging has relatively small impact
on the overall conclusions that one may draw using mixing diagrams. The number of datapoints is obvious-
ly reduced with 8 cm3, but the key features highlighted in the discussion above remain unchanged, espe-
cially for the mixing diagram.

In summary, DNS show a gradual dilution of the cloudy slab as the simulation progresses accompanied by
significant fluctuations of microphysical parameters. Initially, the concentration fluctuations are arguably
due to inertial effects, later aided by larger-scale entraining eddies whose impact on the slab structure is
evident in Figures 4–6. Mixing diagrams can be argued to show mixing not far from the homogeneous one,
but with the relative humidity significantly larger than the humidity of the cloud-free air outside of the
cloudy slab at the onset of the simulation as previously reported from CAIPEEX observation in Bera et al.
[2016b].

4. Analogy Between DNS and In Situ Aircraft Observations of Natural Clouds

We use in situ aircraft observations of cumulus clouds taken during the Cloud Aerosol Interaction and Pre-
cipitation Enhancement Experiment (CAIPEEX) Phase-II on 3 November, 2011. The cloud observations were
performed at 5.0 km altitude with in-cloud temperature close to 2.08C. There was no ice particle formation
at that level.

Forward Scattering Spectrometer Probe (FSSP) is used on the Aerocommander aircraft to obtain DSDs with
diameter between 2 and 50 lm from which the total droplet concentration, mean radius, and spectral width
are derived. Relative humidity (RH) and temperature are measured from Aircraft Integrated Meteorological
Measurement System (AIMMS-20) probe. The measurements applied in this study were collected at 10 Hz,
that is, over a distance of about 10 m given the aircraft speed approximately 100 m s21. The cloud profiling
was done with aircraft on constant altitudes at nearly 1000 ft intervals. The main emphasis in the experi-
ment was to register the cloud drop size distributions and associated vertical velocity, temperature, and
humidity along each horizontal transect across the developing cloud [Prabha et al., 2011].
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Figure 13, in the same format as Figure 11, shows examples of the data obtained during two transects
through a cumulus cloud at an altitude of 5.0 km and 4.8 km, respectively, for top (a–c) and bottom (d–f)
plots. Left plots show the observed droplet concentration, mean radius, and the spectral width along the
flight path. Droplet concentrations and radii are the highest near the center of the cloud (i.e., at 09:28:48
UTC for pass 1 and 09:40:44 UTC for pass 2) compared to the cloud edges. Droplet concentration shows sig-
nificant fluctuations. However, these fluctuations cannot come from inertial effects seen in the DNS

Figure 12. As in Figure 11 but using DNS data averaged over the 8 cm3.
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simulation because of around 10 m horizontal length over which the local droplet concentrations are
derived. More likely these fluctuations come from the impact of horizontal variability of the vertical velocity
near the cloud base (that affect concentration of activated CCN) or entrainment/mixing and activation
above the cloud base. The spectral width fluctuates around 2 lm with larger fluctuations near cloud edges.
These DSD parameters change significantly when one moves away from the center of the cloud. Droplet
concentration and the mean radius show gradual reduction albeit with significant fluctuations. The spectral
width also fluctuates significantly toward cloud edges showing values both smaller and larger than the 2
lm observed at the cloud center [Bera et al., 2016b].

The middle plots in Figure 13 show examples of DSDs along the flight track at different locations identified
by the time of observation. The DSDs in the middle of the cloud show the largest droplets. The DSDs are
fairly wide, with a secondary peak at small sizes suggesting recent secondary activation or mixing with high-
ly diluted cloudy volume and thus small cloud droplets due to partial evaporation. The possibilities of sec-
ondary activation have been reported in monsoon clouds [e.g., Prabha et al., 2011]. They have also been
simulated in a shallow cumulus [e.g., Slawinska et al., 2012]. Diluted DSDs are observed away from the cloud
core with nearly invariant DSD [Khain et al., 2013], with smaller mean diameter and even more pronounced
peak at small sizes. The DSDs suggest a complete evaporation of small droplets and partial evaporation of
large drops. At cloud edges, the spectra are only at the smallest sizes suggesting close to complete evapora-
tion of the cloud water.

Figure 13. Aircraft data from two passes through a growing cumulus cloud from CAIPEEX field program displayed in the same format as in Figures 11 and 12. The values along the flight
track, DSDs, and mixing diagrams are to be compared to similar plots for the DNS data.
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Mixing diagrams corresponding to the data along the two passes are shown in the right plots (c and f). As
for the DNS data, we normalize the concentration and the radius cubed by the values corresponding to the
maximum LWC along the pass. Note that this is similar to the normalization by the adiabatic values in Burnet
and Brenguier [2007] and to the normalized mixing diagrams for the DNS data with the normalization not
affecting the pattern formed by data points along the flight track. The key point is that the pattern is sur-
prisingly similar to the DNS data shown in Figure 11 at 1 or 5 s.

In summary, there are intriguing similarities between the DNS results and results of in-cloud observations
from CAIPEEX, especially from the point of view of the DSDs and mixing diagrams. The next section pro-
vides a discussion of basic mechanisms that may explain these similarities.

5. Discussion and Conclusions

This paper presents results from idealized DNS simulations of cloud-edge mixing and compares key simulat-
ed features to aircraft observations of natural convective clouds. The DNS applies a fairly standard Eulerian
incompressible fluid-flow model coupled to large set of Lagrangian cloud droplets. The initial conditions for
the DNS follow Kumar et al. [2014] and they feature a cloudy slab covering approximately a third of the tri-
ply periodic computational domain of approximately 1 m3 volume. Thermodynamic conditions within the
slab and of the subsaturated air outside the slab are taken from the aircraft observations of the CAIPEEX
field project and the cloud environment, respectively. The observed droplet size distribution is used to pre-
scribe initial droplet sizes and droplets are randomly positioned within the cloudy slab. The initial flow fea-
tures the stationary turbulence over the entire computational domain. The Lagrangian droplet dynamics in
the decaying turbulent flow is simulated and the evolution of thermodynamic properties and droplet spec-
tral characteristics are analyzed.

Evaporation of droplets in the unstratified DNS happens because of the resolved turbulent transport and
molecular diffusion of the temperature and water vapor into the cloudy slab from the subsaturated environ-
ment. Droplet sedimentation at later stages plays some role as well (initially droplets sediment along the
slab). It follows that larger-scale downdrafts in DNS develop solely because of the droplet evaporation, and
updrafts form through the action of the pressure perturbations that ensure vanishing mean flow at any lev-
el due to the flow incompressibility. However, in natural clouds developing in stratified environments, verti-
cal motions drive droplet diffusional growth or evaporation in addition to the evaporation resulting from
entrainment and mixing. This effect is excluded from the DNS simulation.

The cloud-edge entrainment and mixing starts at small scales and gradually introduces larger scales of the
temperature, moisture, and vertical velocity variations due to droplet evaporation and latent heating. The
cloud-clear air mixing is initiated at cloud edges and subsequently expands into the slab. Large coherent
structures are created that contribute to the development of preferential updraft and downdraft zones with
distinct evaporation of cloud droplets (cf. Figures 4–6). The major impact is on the temperature and vertical
velocity indicating that mixing is buoyancy driven due to evaporative cooling. This leads to some enhance-
ment of the domain-averaged TKE (cf. Figure 8). We focus on early (up to about a dozen seconds) evolution
of the simulated fields. Advection and molecular diffusion of the temperature and moisture from the out-
side of the cloudy slab leads to mean slab dilution and evaporation of cloud droplets, evident in model
results at 5 and 10 s. All droplets have to eventually evaporate and the final homogenized volume is cloud-
free. This is arguably similar to natural shallow cumulus clouds that evaporate at the end of their life-cycle.

In contrast, entrainment in natural convective clouds occurs due to the action of large-scale (i.e., comparable
to the size of the cloud) circulations and/or eddies that result in the cauliflower shape of the cumulus cloud
[e.g., Grabowski and Clark, 1991, 1993a, 1993b; Grabowski, 1993; Brenguier and Grabowski, 1993; Carpenter
et al., 1998a, 1998b, 1998c; Zhao and Austin, 2005a, 2005b]. These structures are driven by the vorticity dynam-
ics at the cloud-environment interface and provide the source of the TKE that cascades across the inertial
range down to the molecular dissipation at the Kolmogorov microscale [Grabowski and Clark, 1993a]. Aircraft
observations are seldom capable in resolving the entire range of scales, from tens or hundreds of meters
down to the subcentimeter scale. Although DSDs are typically derived from recordings of individual droplets
(e.g., using a FSSP probe), the requirement of having a sufficient number of droplets dictates that DSD can
only be estimated with confidence at spatial scales larger than a few meters. At 10 Hz (i.e., around 10 m spatial
scale) as used here, the impact of entraining eddies on DSDs should be relatively well resolved.
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We apply methodologies used previously in displaying aircraft observations showing variations of DSDs and
DSD parameters along the flight path and applying the mixing diagram of Burnet and Brenguier [2007] to the
DNS simulations. Overall, the DNS results show intriguing similarities to the aircraft observations in natural
clouds despite dramatically different spatial scales involved: scales close to the dissipation range in DNS (up to
tens of centimeters) and scales not far from the energy-containing scales in aircraft observations (tens and
hundreds of meters). Perhaps a heuristic argument can be made that the two involve just different ranges in
the same inertial subrange, and thus some similarities are to be expected. However, the mixing diagram as
used here is often used to interpret DSD observations in natural clouds in the context of homogeneous versus
inhomogeneous mixing. The distinction between various mixing types is made in such studies applying the
turbulent homogenization (or mixing) time scale that considers the spatial extent of the volume under consid-
eration [e.g., Burnet and Brenguier, 2007]. The time scale is dramatically different between DNS and aircraft
observations, fraction of a second versus a few tens of seconds, respectively. Assuming that the droplet evap-
oration time scale is similar in DNS and in aircraft observations (which should be the case as DNS applies con-
ditions taken from observations), then there should be significant differences between mixing diagrams in
both cases. However, this is not the case as Figures 11–13 clearly show.

The inconsistency between estimates of the relevant time scales and the observed characteristics of mixing
was recently noticed in [Yum et al., 2015]. Their study presents analysis of the aircraft measurements of
marine boundary layer stratocumulus clouds over the southeastern Pacific off the coast of Chile during the
Variability of the American Monsoon Systems Ocean-Cloud-Atmosphere-Land Study Regional Experiment
(VOCALS- REx) field campaign. Yum et al. show that the time scales of mixing and of droplet evaporation
imply the inhomogeneous mixing (arguably consistent with stratocumulus low turbulence intensity), yet
the observations typically imply homogeneous mixing. Yum et al. suggest a possible physical mechanism
leading to such a discrepancy.

We do not have any explanation for the similarities between mixing diagrams in DNS and in cloud observations.
As far as we can tell, this is the first application of the mixing diagram to the DNS-generated cloud droplet data
in the same way as applied in aircraft measurements. [Andrejczuk et al., 2004, 2006, 2009] apply the mixing dia-
gram to trace evolution of the domain-averaged properties of the DSD and not the local characteristics as it is
done here. Arguably, local properties of the DSD at small scales (i.e., close to the Kolmogorov scale), where indi-
vidual droplets respond to their local thermodynamic environment, can evolve differently from a simple concep-
tual model involving mixing of two air parcels. Grabowski [1993] discussed idealized microscale simulations of
buoyancy reversal resulting from molecular diffusion and droplet sedimentation across the cloud-clear air inter-
face. Similarly to the mixing characteristics discussed here, buoyancy reversal is typically discussed in the context
of mixing between two air parcels, one with cloud droplets and the other one subsaturated and cloud-free.
Grabowski [1993] shows that local buoyancy during mixing can differ significantly from the buoyancy of the
homogenized parcel. Hence, concepts originating from two-parcel bulk mixing really do not apply at the cloud
microscale. See also Figures 3 and 4 in Malinowski et al. [2008] and their discussion.

Results discussed in this paper suggest that highly idealized DNS (i.e., based on the first principles) with
Lagrangian droplets can provide results relevant to entrainment-induced changes of DSDs observed in nat-
ural clouds. Arguably, the next step should involve inclusion of the physics that would make DNS even clos-
er to natural clouds. In particular, one can envision incorporation of stratification effects that would lead to
droplet growth and evaporation in response to the vertical motion. With ever increasing computational
power, DNS simulations in domains large enough to make them relevant to natural clouds are only a matter
of time. For instance, such DNS simulations are already conducted, applying idealized thermodynamics
[e.g., Abma et al., 2013; Mellado et al., 2014; de Lozar and Mellado, 2015]. We plan on continuing model
development along the lines outlined above and report the progress in future publications.

Appendix A: Details of DNS Model

The description of the Euler-Lagrangian model used in this study is given below. More details are given in
Kumar et al. [2014].

A1. Eulerian
The Eulerian equations for the turbulent fields, namely the velocity field u, the vapor mixing ratio field qv

and the temperature field T, are given by
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r � u50 ; (A1)

@tu1ðu � rÞu52
1
q0
rp1mr2u1Bez ; (A2)

@t T1u � rT5jr2T1
L

cp
Cd ; (A3)

@t qv1u � rqv5Dr2qv2Cd ; (A4)

where q051:06 kg m23 is the air density; p is the pressure perturbation derived from the incompressibility
assumption (A1); m, j, and D are air viscosity, air thermal conductivity, and diffusivity of water vapor in air,
respectively; B is buoyancy; L and cp are latent heat of condensation and air specific heat at constant pres-
sure; Cd is condensation rate. The buoyancy B is defined as

Bðx; tÞ5g
T2T0

T0
1~ðqv2qv0Þ2ql

� �
; (A5)

where ~�5Rv=Rd21 � 0:608. Here Rv is the vapor gas constant and Rd the dry air gas constant. The cloud
water mixing ratio ql and the condensation rate Cd in the Eulerian flow model are derived from the mass
and the rate of change of mass of all droplets within a given gridbox of the model.

A2. Lagrangian
The cloud droplets are described by

dX
dt

5VðX; tÞ ; (A6)

dV
dt

5
1
sp
½uðX; tÞ2VðX; tÞ	1g ; (A7)

rðX; tÞdrðX; tÞ
dt

5KSðX; tÞ ; (A8)

where X is the droplet position, V is the droplet velocity, and r is the radius. We describe cloud water drop-
lets as inertial point particles with a finite particle response time sp52ql r

2=ð9q0mÞ that grow and evaporate
by the diffusion of vapor. The vector g5ð0; 0;2gÞ is the gravitational acceleration, and K is the coefficient
in the droplet growth equation.
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