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Abstract An analytical model of maximum potential intensity (PI) for tropical cyclones (TCs)
incorporating wind-induced ocean cooling is developed on the basis of Emanuel’s PI theory. The model
consists of a one-dimensional ocean and an axisymmetric TC vortex that is translating at a constant speed.
The model advances upon previous approaches by accounting for TC size and shape. The PI is determined
at the radius of maximum winds by radially integrating the effect of ocean mixing using a specified wind
profile. The resulting analytic ocean cooling agrees well with numerical solutions, and the new PI model
better captures maximum intensities of observed TCs compared with Emanuel’s original PI. It is also shown
that the degree of cooling (i.e., ocean’s feedback to atmosphere) can be quantified by a dimensionless
parameter, representing the ratio of atmospheric forcing to ocean stability.

1. Introduction

As part of an influential series of articles, Emanuel [1986, 1988] developed an analytic theory for the maximum
potential intensity (PI) of tropical cyclones (TCs). A fundamental relation in Emanuel’s PI (hereafter E-PI) can
be expressed as

v2
m =

Ck

Cd

Ts

To

(
Tst − To

) (
s∗s − sst

)
, (1)

where vm is maximum tangential wind speed, Ck and Cd are the exchange coefficients at the ocean surface for
enthalpy and momentum, respectively, T is temperature, and s is moist entropy; the asterisk indicates a satu-
rated value, and the subscripts s, o, and st represent the ocean surface, the outflow layer, and the atmospheric
surface layer, respectively. Slightly different versions of (1) have appeared in the literature which utilize slightly
different approximations. Here we consider the effects of dissipative heating [Bister and Emanuel, 1998] and
we have assumed that Tst can be used for the first term in parentheses in place of temperature at the location
of vm. For further details, we note that the primary assumptions of E-PI were reviewed by Bryan and Rotunno
[2009]. Although (1) is based on several simple idealizations of TCs, it usually succeeds in providing an upper
bound on the intensity of TCs in nature [e.g., Emanuel, 2000].

However, as noted by Emanuel [2000], the maximum intensity of observed TCs rarely approaches (1). This bias
may be related to the exclusion of some physical processes that can be critical for limiting TC intensity such
as vertical shear of environmental horizontal winds and/or cooling of sea surface temperature (SST) due to
upper ocean mixing. Emanuel [1999] and Emanuel et al. [2004] argued for the critical importance of the SST
cooling, based partly on simulations using a numerical TC model. Later, Lin et al. [2013] introduced a simple
adjustment to PI by altering Ts in (1) to account for the depth-averaged upper ocean temperature that is an
important metric of TC-ocean interaction [Price, 2009] and showed a reduction in the overestimation of PI for
observed TCs. However, the appropriate averaging depth for this latter approach is uncertain. Thus, Balaguru
et al. [2013] proposed a method to estimate mixed-layer depth that assumes most of the ocean cooling occurs
near the storm’s core; their approach utilizes the average radius of maximum winds in TCs (≈50 km) to estimate
the size of the cooling region. However, in principle a, more general technique should be derived that makes
use of the size and shape of TCs to predict the magnitude of ocean cooling.
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Figure 1. Schematic illustration of TC motion (Vt) and
spatial lengths considered in the present study. The
cyclone symbols indicate the positions of a TC vortex at
the initial time (gray) and the time when PI is estimated
(black). Dashed circles denote the location of the RMW
at these two times. The point marked “A” denotes the
point where PI is calculated.

To this end, we quantitatively estimate ocean cooling
processes under TCs in this study. In principle, ocean
cooling can be divided into two parts: (1) an essentially
one-dimensional vertical mode (turbulent mixing) and
(2) a three-dimensional mode in which divergent flow
in the upper ocean leads to upwelling of cooler water
[Leiper, 1967; O’Brien and Reid, 1967; O’Brien, 1967; Price,
1981]. Herein we assume the one-dimensional mixing
process to be the most important of these two pro-
cesses. We also assume that surface stress is driven pri-
marily by TC winds, which act to mix upper ocean water
resulting in a reduction of the SST [e.g., Leiper, 1967;
Sutyrin et al., 1979; Bender and Ginis, 2000; Yablonsky and
Ginis, 2007]. Due to this cooling, ocean mixing is a neg-
ative feedback on TC intensity, and the amplitude of TC
weakening thus depends on translation speed and the
horizontal distribution of near-surface wind speed in a
TC [e.g., Sutyrin et al., 1984].

Schade [1997] succeeded in deriving analytical solu-
tions for the deepened mixed layer and reduced SST as
a result of vertical mixing in the ocean under a constant
wind forcing (i.e., constant surface stress). The reduction
of SST due to the mixing process in the upper ocean was
also modelled by Vincent et al. [2012]. Building upon
Schade’s work, this study develops a quantitative PI
relation that considers ocean cooling owing to turbu-
lent mixing from a translating TC with a specified radial
profile of surface wind speed and thus a time-varying
surface stress. Then, we examine the magnitude of
decrease of PI due to ocean cooling.

2. Analytical Model

We build upon Emanuel’s model (given by (1)) by con-
sidering a simple atmosphere-ocean system. The atmo-
spheric part is a translating TC vortex, and the ocean

part is a one-dimensional (in the vertical direction) two-layer fluid. Previous studies showed that simple
air-sea coupled models with these assumptions can reasonably capture intensity changes of many actual TCs
[Emanuel, 1999; Emanuel et al., 2004; Wu et al., 2007].

2.1. Assumption I: TC Vortex
The TC vortex is assumed to be axisymmetric. It moves in a straight line with constant speed Vt (Figure 1). The
TC vortex does not change its shape or size during the time scale T needed to force ocean cooling. This forcing
time scale is roughly given by the ratio of a spatial scale R to its translation speed, i.e., T =R∕Vt , where R is the
distance indicated in Figure 1.

2.2. Assumption II: Ocean
The ocean model is based on Pollard et al. [1973]. We apply some reasonable simplifying assumptions as in
Schade [1997] and Emanuel et al. [2004]. Specifically, we retain one dimension (the vertical direction) and
consider only two layers: (1) a mixed layer from the surface to a depth h where the temperature is vertically
constant (T(z)= Ts) and (2) a layer below h where the temperature changes at a constant lapse rate. The ocean
current velocity is a nonzero constant in the mixed layer and is zero below the mixed layer. Surface stress due
to the overlying TC drives turbulence, leading to mixing between these two layers, which acts to increase the
mixed-layer depth. The mixed-layer temperature instantaneously adjusts to remain vertically constant.

During the mixing process, total enthalpy in the ocean column is conserved, i.e., ∫ z=H
z=0 cpwTdz=const., where

H is the entire depth and cpw the specific heat at constant pressure for water. Thus, deepening of the mixed

MIYAMOTO ET AL. HURRICANE INTENSITY WITH OCEAN MIXING 5827



Geophysical Research Letters 10.1002/2017GL073670

layer due to turbulent mixing results in a decrease in the temperature of the mixed layer. More detail of the
ocean model can be found in Pollard et al. [1973].

2.3. Assumption III: Surface Stress
The PI accounting for effects of ocean cooling (hereafter, O-PI) is evaluated at point A in our conceptual model
(Figure 1) where the SST has been cooled by the passage of roughly half of the TC. The mixing occurs in an
integrated sense. That is, surface stresses due to the TC’s winds gradually act to deepen the mixed layer and the
effect is accumulated. The calculation is performed along the path from the outer edge of cyclonic circulation
ro to the RMW rm. This integrated approach is a key difference from previous approaches that assume cooling
is local to the TC core [e.g., Balaguru et al., 2013].

To accurately integrate the surface stress at a point during TC passage, a radial distribution of horizontal veloc-
ity v(r) is needed. We use v(r) = vm(rm∕r)𝛽 , where 𝛽 is the radial decay rate (assumed positive herein). We
also need to know v along the dashed line with length R in Figure 1. We note that r can be expressed as

r=
(

r2
m + r2

1

) 1
2 , where r1 is the distance along the TC motion from A to r (Figure 1). We further note that r1 can

be expressed as r1 =
(

r2
o − r2

m

) 1
2 − Vtt. As a result, one may obtain the relationship between time and radius,

t = − 1
Vt

[(
r2 − r2

m

) 1
2 −

(
r2

o − r2
m

) 1
2

]
. (2)

2.4. Formulation
The momentum conservation equation in the ocean mixed layer is

𝜕
(

h ||vc
||)

𝜕t
=

Fms

𝜌w
, (3)

[e.g., Emanuel et al., 2004] where h is the depth of mixed layer, ||vc
|| the absolute horizontal current velocity in

the mixed layer, 𝜌w is the water density, Fms =𝜌aCd
||vst

||2 is the surface stress, and 𝜌a is air density. Terms con-
sisting of the Coriolis force, centrifugal force, and advection terms have been neglected in equation (3). The
neglect of Coriolis effects is a key limitation of this approach but primarily affects slow-moving TCs; the quan-
titative impact of this assumption is evaluated in the next section. Assuming that 𝜌a, 𝜌w , and Cd are constant,
equation (3) can be integrated as

∫ d
(

h ||vc
||) = −

𝜌aCd

𝜌wVt ∫
||vst

||2 r
(

r2 − r2
m

)− 1
2 dr. (4)

Here the temporal differential has been replaced by the radial differential by utilizing the time-radius relation-
ship (2), i.e.,

dt = − 1
Vt

⎡⎢⎢⎣ r(
r2 − r2

m

) 1
2

⎤⎥⎥⎦dr. (5)

Substituting ||vst
||2 = vm

2
(

rm∕r
)2𝛽

into (4) and integrating from rm to ro yields

[
h ||vc

||]r=ro

r=rm
= −

𝜌aCdv2
m0

𝜌wVt
Λ, (6)

where Λ is a scale parameter representing the radial extent of the TC vortex; its derivation is provided in the
Appendix A. Applying the assumption that the ocean is calm at the initial state (i.e., ||vc

||t=0 = ||vc
||r=ro

=0) to
equation (6), the momentum equation in the mixed layer when a TC arrives at point A is

||vc
|| = Fms0

𝜌wh
𝜏, (7)

where 𝜏 = Λ∕Vt represents the time scale for TC forcing and Fms0 = 𝜌aCdv2
m0 is the surface stress using vm0

instead of ||vst
||. The mixing is assumed to occur when the bulk Richardson number Ri = 𝛼ghΔT∕ ||vc

||2 is
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less than or equal to 1, where 𝛼 is the thermal expansion rate of sea water, g is gravity, andΔT the temperature
jump at the bottom of the mixed layer [Emanuel et al., 2004]. By setting Ri=1, equation (7) can be rewritten as

ΔT =
F2

ms0

𝜌2
w𝛼gh3

𝜏2. (8)

From the energy conservation in the ocean, the following relationships can be obtained:

hΔT + (H + h)Γ (H − h)
2

= h0ΔT0 +
(

H + h0

)
Γ
(

H − h0

)
2

(9)

and

Ts = Ts0 −
(
ΔT0 − ΔT

)
+ Γ

(
h0 − h

)
, (10)

where Γ is the temperature lapse rate below the mixed layer that is assumed to be constant. Substituting
equation (8) into equation (9) results in

h4 +
(

2ΔT0h0

Γ
− h2

0

)
h2 −

2F2
ms0

Γ𝜌2
w𝛼g

𝜏2 = 0.

As a result, we obtain the solution for h

h =
[

C1 +
(

C2
1 + C2

) 1
2

] 1
2

, (11)

where

C1 =
h2

0

2
−

ΔT0h0

Γ

and

C2 =
2F2

ms0

Γ𝜌2
w𝛼g

𝜏2.

Equation (11) describes the mixed-layer depth after mixing by continuous forcing from a translating TC with a
specified surface wind distribution. We note that the mixed layer deepens with both 𝜏 and Fms0 (also vm0) and
depends on the initial ocean state as specified by h0, Γ, and ΔT0. The dependencies of h on these parameters
are consistent with the analytical formula derived by Schade [1997]. However, the expressions for both 𝜏 and
Fms0 improve upon relations from previous studies. Our new expressions result from an explicit consideration
of vortex structure v(r) as a TC passes, whereas most previous studies assumed that surface stress is a constant
over a relatively short period. If we set 𝛽=0 (radially constant surface stress) and ΔT0 =0, then we can retrieve

the formula of Schade [1997] at the time of
(

r2
o − r2

m

) 1
2 ∕Vt .

O-PI is determined from (1) but with ocean-related parameters determined using our new relations. Specifically,
the cooled SST is obtained from equation (10) using equation (11).

3. Sensitivity of O-PI to Parameters

As an example of sensitivities of O-PI to atmospheric and oceanic parameters, we examine the dependences
of O-PI, Ts, and h on translation speed Vt (Figure 2). In these calculations, E-PI = 69.6 m s−1, Ts0 = 300 K, and
h0 =30 m. Surface pressure is estimated using equation (18) of Emanuel [1988] assuming cyclostrophic balance
from the radius of maximum winds to r=0. Additionally, we assume that the temperature difference between
the SST and the atmospheric surface layer is 2 K (i.e., Ts − Tst = 2 K) based on previous observational studies
[e.g., Frank, 1977; Cione et al., 2013] .

Figure 2a shows that O-PI depends largely on Vt and 𝛽 . Specifically, slower Vt (i.e., longer 𝜏) results in greater
deepening of h, greater cooling of Ts, and a greater decrease of O-PI (relative to E-PI). For E-PI, these variables
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Figure 2. Dependencies of (a) vm, (b) Ts, and (c) h on translation speed Vt . Red lines denote constant values as used in
E-PI, and blue lines denote O-PI where the blue solid line uses radial decay rate 𝛽 = 0.75 and the blue dashed line is
for 𝛽 → ∞. The gray circles are the results of numerical experiments.

are constant (red lines in Figure 2) because it does not consider translation speed. Note that the scale param-
eter Λ is calculated by setting rm =30 km, ro =600 km, and 𝛽=0.75. These results are qualitatively consistent
with the current understanding of TC-ocean interaction [Ginis, 1995] and are also qualitatively comparable to
the numerical results of an atmosphere-ocean coupled model [Yablonsky and Ginis, 2007].

For verification, the Pollard et al. [1973] model with Coriolis force (the version used by Davis et al. [2008]) was
numerically integrated with specified surface forcing from a translating axisymmetric vortex. The numerical
domain covered a 1500 × 1500 km area with 15 km horizontal grid spacing, and the experiments were con-
ducted on an f plane with f =5 × 10−5 s−1. The parameters were identical to those for the analytical solution
in Figure 2a. The analytical solutions agree well with the numerical ones (Figures 2b and 2c) except when the
translation speed is less than ≈2 m s−1. In this range, the analytical solutions overestimate the deepening of
h and hence the magnitude of SST cooling. This is because the numerical model includes the Coriolis effect
which prevents the mixed layer from deepening beyond a certain point [e.g., Pollard et al., 1973]. For a transla-
tion speed greater than roughly 2 m s−1, h from the analytic model compares well with the numerical solution
(Figure 2c). However, in nature, Ekman pumping also works to reduce the SST especially under slowly moving
TCs and the O-PI tends to underestimate the degree of cooling. Hence, it may partially cancel the error by
neglecting the Coriolis term.

We have compared our new analytic model for h to the one from Balaguru et al. [2013] for a large number of
observed cases (explained in the next section). We find that their equation (1) tends to produce smaller values
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Figure 3. Sensitivity of O-PI (contours, with contour interval of 5 m s−1) to external parameters in the analytical model.
The vertical axis of all panels is the radial decay rate 𝛽 (where larger 𝛽 indicates more rapid decay of tangential velocity
in the radial direction). The horizontal axes are (a) initial SST, (b) outflow temperature, (c) initial mixed-layer depth,
and (d) translation speed.

of h (by roughly 10%) compared to our equation (11), although results can be made to match by varying their
size parameter (R in their study) or the shape parameter 𝛽 in our approach.

Figure 3 shows the sensitivity of O-PI to external parameters in the analytical model. O-PI always increases as
𝛽 increases (i.e., when tangential velocity decreases more rapidly with radius) because the correspondingly
shorter time scale for ocean mixing results in weaker forcing and thus weaker SST cooling. The sensitivity of
O-PI to Ts0 and To is qualitatively similar to that of E-PI (Figures 3a and 3b). Also, when h0 is initially deep, O-PI
remains large (Figure 3c). In particular, O-PI is approximately equal to E-PI (i.e., the effect of ocean cooling is
negligible) when h0 is greater than roughly 80 m. Finally, O-PI increases with Vt for all values of 𝛽 (Figure 3d).
O-PI asymptotically approaches E-PI for large Vt . These sensitivities of maximum hurricane intensity to key
external parameters are consistent with previous studies [e.g., Ginis, 1995].

4. Comparison With Best Track Data

As another way to evaluate O-PI, here we compare against the maximum values of observed TCs in the same
manner as Emanuel [2000]. Figure 4 displays a time series of best track TC intensities (black dashed curves)
obtained from IBTrACs [Knapp et al., 2010] as well as PIs calculated with several different techniques (black
solid and red curves), as explained below. We use reanalysis data from 2000 to 2012. For large-scale atmo-
spheric conditions we use National Centers for Environmental Prediction-National Center for Atmospheric
Research (NCEP-NCAR) 50 year reanalysis [Kistler et al., 2001], and for oceanic conditions we use NCEP Global
Ocean Data Analysis System (GODAS) [Behringer and Xue, 2004]. The same methodology as Emanuel [2000] uti-
lized to select TC samples: specifically, the lifetime maximum 10 m wind speed must be greater than 32 m s−1

and less than E-PI (at the same time and place), and the latter criterion (E-PI > vm) must hold for 1 day after
the TC obtains its lifetime maximum wind speed. In total, 1072 TCs were identified over the globe in this
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Figure 4. Time series of TC intensity obtained from best track data from 2000 to 2012 (black dashed line in all panels).
The horizontal axes indicate the time relative to the time of observed maximum intensity. The red solid line in all panels
is E-PI, calculated at best track position. The black solid line shows PI accounting for ocean cooling using (a) O-PI, i.e., the
method developed herein, (b) the method of Schade and Emanuel [1999], (c) the method of Balaguru et al. [2013], and
(d) the method of Lin et al. [2013]. The gray shaded region denotes one standard deviation for the best track, whereas
the vertical bars for all PIs denote half of a standard deviation.

13 year period. PI was evaluated in the same location that an actual TC existed by interpolating from the
reanalysis data sets (in both temporal and spatial dimensions). PIs were calculated by the methodology of
Bister and Emanuel [2002] (We used the code provided by Prof. Kerry Emanuel (ftp://texmex.mit.edu/pub/
emanuel/TCMAX/pcminrevised.f). The ratio of surface exchange coefficients Ck∕Cd =0.9 and the factor to
reduce gradient wind to 10 m (VREDUC) was set to 0.8.). For E-PI, which is shown in Figures 4a–4d as a red
curve, equation (1) is used with the GODAS value for ocean temperature. The overall magnitude and temporal
variation in E-PI (red lines in Figure 4) is comparable to the analysis by Emanuel [2000], who used a different
observational database.

For PI methods that include ocean cooling (solid black curves), the method used to determine ocean temper-
ature is described below, and the TC translation speed was estimated by differentiating the location in the
best track data. For ease of comparison, the observed maximum intensity (black dashed) and E-PI estimate
(red) are identical in Figures 4a–4d.

For O-PI (Figure 4a) the cooled SST was determined using equations (10) and (11). For simplicity, the parameter
for the radial decay of tangential velocity𝛽 was fixed as 0.75 for all the TCs. This analysis shows that O-PI is much
closer to the best track maximum intensity than E-PI. At the time of maximum observed intensity (t − tm =0),
the average difference of E-PI from best track is +17 m s−1, but for O-PI this difference is only 4 m s−1.

In Figure 4b we show results using the method of Schade and Emanuel [1999]. Specifically, we use their
equations (1) and (7) to calculate minimum surface pressure and then use the wind-pressure relationship
from Knaff and Zehr [2007] to calculate Vm (black solid curve in Figure 4b). This method seems to overestimate
the effect of ocean cooling because Vm at the time of maximum observed intensity is too low, on average,
compared to best track intensity.
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Figure 5. Dependence of the ratio O-PI/E-PI (representing the
magnitude of ocean cooling) on the dimensionless quantity
Co. The black line shows the analytical solution obtained
from equations (10) and (11) using the same parameters as
in Figure 2 with Vt = 5 m s−1. The gray circles indicate the
result of the numerical solutions shown in Figure 2.

In Figure 4c we show results from the method
of Balaguru et al. [2013], using their equations (1)
and (2) with their size parameter R fixed at 50 km.
This method seems to slightly overestimate
ocean cooling, although not by as much as the
method of Schade and Emanuel [1999], because
Vm is slightly weaker than best track intensity
at t − tm =0. This method produces slightly lower
values of Vm and SST in our tests compared to
O-PI (cf. Figure 4a), despite producing slightly
lower values of mixed-layer depth h, as men-
tioned in the previous section. The seeming dis-
crepancy (i.e., lower h should produce higher SST
and Vm, all else being equal) is explained by the
different treatment of ocean temperature profiles;
O-PI assumes a constant lapse rate of tempera-
ture below the mixed layer, for example.

Finally, Figure 4d shows results using the method
of Lin et al. [2013] assuming hm =100 m. On aver-
age, these results are similar to O-PI (Figure 4a).

The overall conclusion from Figure 4 is that the effects of ocean cooling are needed in analytic theories of PI
to better match the observed maximum intensity of TCs, as hypothesized by previous studies [e.g., Emanuel,
2000]. Three of the four methods show a weaker change in maximum intensity over time (i.e., decreased slope
of black solid lines in Figure 4), and only the method of LI13 shows a similar trend over time as E-PI. Of the
four methods evaluated here, all produce reasonable estimates of ocean cooling, except perhaps the method
of Schade and Emanuel [1999] which seems to overestimate ocean cooling in our tests leading to an under-
estimate of maximum wind speed, on average. A more definitive evaluation would require better estimates
of certain input parameters, such as the radial decay parameter 𝛽 for O-PI, and the size parameter R for the
method of Balaguru et al. [2013]. Including the stratification caused by salinity for the Richardson number
may also improve the mixed-layer model and estimation of O-PI. We also tested the mixed-layer model devel-
oped by Korty et al. [2008]. The result indicates that Korty’s model tends to estimate stronger mixing than the
present model (not shown).

5. Dimensionless Quantity Describing the Degree of Ocean Cooling

As an interesting application of O-PI, we note that any decrease in Ts results in a reduction of maximum wind
speed. Further, the SST cooling must result from a deepening of h, by (11). Thus, the reduction of PI owing to
ocean cooling depends on the degree of mixed-layer deepening. The mixed-layer equation (11) becomes, by
setting ΔT0 = 0,

h
h0

=

[
1
2
+
(1

4
+ Co

) 1
2

] 1
2

, (12)

where

Co =
2F2

ms0𝜏
2

𝜌2
w𝛼gΓh4

0

. (13)

So the deepening of h, and hence the reduction of O-PI, depends only on the dimensionless quantity Co,
which qualitatively represents a bulk ratio of the magnitude of TC-induced velocity shear per depth of h0(

Fms0𝜏𝜌
−1
w h−2

0

)
to the static stability beneath the mixed layer (𝛼gΓ)

1
2 . Large Co indicates that the TC is strong,

the time scale for TC forcing is large, and/or the ocean is weakly stable.

Figure 5 illustrates the relationship between Co and the ratio of O-PI to E-PI (which represents the magnitude
of negative feedback) for the same case considered in Figure 2. The ratio O-PI/E-PI decreases with increasing
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Co and shows that a nonnegligible effect of ocean cooling occurs when Co > 1. The limit of Co → 0 indicates
that SST is not changed by TC forcing, i.e., Ts → Ts0. The numerical solutions shown previously in Figure 2 are
also plotted in Figure 5. The numerical results agree well with the theoretical curve except when Co is larger
than 100, corresponding to the cases with slow translation speeds (cf. Figure 2). In summary, these results
indicate that Co alone can capture the degree of the negative feedback to the atmosphere.

6. Conclusion

An analytical PI model incorporating ocean mixing is developed (equations (10) and (11)) based on the fol-
lowing assumptions: (i) a TC vortex moves with a constant translation speed and maintains axisymmetric
structure; (ii) the ocean can be reasonably estimated by two layers in the vertical direction, and total thermo-
dynamic energy in an ocean column is conserved; and (iii) PI is evaluated when the RMW of a translating TC
arrives at a point, wherein the effects of surface stress outside the RMW and at the RMW are included in an
integrated sense. The subsequent PI formula is basically the same as E-PI except for parameters related to SST,
which is modified from the original value as a result of ocean mixing processes. A key difference compared to
other recently published methods [e.g., Schade and Emanuel, 1999; Lin et al., 2013; Balaguru et al., 2013] is the
ability to account for TC shape and size via a small set of parameters, most important being the radial decay
parameter 𝛽 .

Comparison of ocean cooling from numerical integrations verifies the analytic equations, except when TC
motion is very slow (< 2 m s−1). Further, the analytic model captures the impacts of ocean cooling consistently
with other recent studies [e.g., Lin et al., 2013; Balaguru et al., 2013]. The newly developed PI better captures
maximum intensities of observed TCs compared to the original Emanuel’s PI (which does not include ocean
cooling effects).

It is also shown that the degree of ocean cooling (i.e., the degree of ocean’s negative feedback) is captured
by the dimensionless quantity Co, given by (12). Larger Co indicates greater possible SST cooling by a TC.
Qualitatively, Co is the ratio of atmospheric forcing to the ocean’s stability and indicates that ocean cooling
effects need to be considered when Co > 1.

Appendix A: Derivation of the Shape Parameter, 𝚲
To analytically integrate the surface stress from ro to rm in equation (4), a radial distribution of surface velocity
is needed. Here a velocity profile is assumed as ||vst

||=vm

(
rm∕r

)𝛽
. By introducing a spatial scale parameter Λ,

we simply represent the integral as v2
m0Λ, and applying the velocity profile to the integration in equation (4)

results in

v2
m0Λ = ∫

r=ro

r=rm

||vst
||2 d

dr

[(
r2 − r2

m

) 1
2

]
dr

=
[

v2
m

( rm

r

)2𝛽 (
r2 − r2

m

) 1
2

]r=ro

r=rm

+ 2𝛽v2
mr2𝛽

m ∫
r=ro

r=rm

r−2𝛽−1
(

r2 − r2
m

) 1
2 dr.

(A1)

The term enclosed by parentheses appearing in the second term is expanded as the Maclaurin series, neglect-

ing terms higher than third order,
(

r2 − r2
m

) 1
2 ≈ r

[
1 − 1

2

(
rm

r

)2
− 1

8

(
rm

r

)4
]

. Then, the above equation can be

integrated and the scale parameter Λ can be approximated as

Λ ≈
(

rm

ro

)2𝛽 (
r2

o − r2
m

) 1
2 + 2𝛽

(
rm

ro

)2𝛽
(
−

ro

2𝛽 − 1
+

r2
mr−1

o

4𝛽 + 2
+

r4
mr−3

o

16𝛽 + 24

)
+ 2𝛽rm

(
1

2𝛽 − 1
− 1

4𝛽 + 2
− 1

16𝛽 + 24

)
.

(A2)

We note that Λ represents the radial shape of vortex and depends on rm, ro, and 𝛽 . For the parameter settings
rm =30 km, ro =600 km, and 𝛽=0.75, we find Λ=66, 330 m. Numerical integration of this integral verifies that
the three-term representation produces an 98.2% accurate analytical estimate.
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