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ABSTRACT

This study presents analytic results for steady gravity currents in a channel using the deep anelastic
equations. Results are cast in terms of a nondimensional parameter H/H0 that relates the channel depth H
to a scale depth H0 (the depth at which density goes to zero in an isentropic atmosphere). The classic results
based on the incompressible equations correspond to H/H0 � 0. For cold gravity currents (at the bottom of
a channel), assuming energy-conserving flow, the nondimensional current depth h/H is much smaller, and
nondimensional propagation speed C/(gH )1/2 is slightly smaller as H/H0 increases. For flows with energy
dissipation, C/(gH )1/2 decreases as H/H0 increases, even for fixed h/H. The authors conclude that as H/H0

increases the normalized hydrostatic pressure rise in the cold pool increases near the bottom of the channel,
whereas drag decreases near the top of the channel; these changes require gravity currents to propagate
slower for steady flow to be maintained. From these results, the authors find that steady cold pools have a
likely maximum depth of 4 km in the atmosphere (in the absence of shear). For warm gravity currents (at
the top of a channel), h/H is slightly larger and C/(gH )1/2 is much larger as H/H0 increases. The authors also
conduct two-dimensional numerical simulations of “lock-exchange flow” to provide an independent evalu-
ation of the analytic results. For cold gravity currents the simulations support the analytic results. However,
for warm gravity currents the simulations show unsteady behavior that cannot be captured by the analytic
theory and which appears to have no analog in incompressible flow.

1. Introduction

The deep layers of relatively cold air near the surface
in mesoscale convective systems, that is, the cold pools,
are important to the dynamics of these systems. To help
understand their effects, researchers have applied
steady analytic theory to cold pools in isolation (in the
absence of heat sources, phase changes, liquid water
drag, etc.). A great deal can be learned about the flows
that develop from cold air spreading along a boundary,
which are typically referred to as gravity currents or
density currents. For example, von Kármán (1940) em-
ployed conservation of energy to derive a propagation
speed for cold pools that is often cited. A more thor-

ough study, based on a control volume analysis, was
performed by Benjamin (1968); he discovered the im-
portance of channel depth and energy dissipation on
properties of gravity currents (such as their depth and
propagation speed). Based on the seminal analysis by
Benjamin (1968), more recent studies have added the
effects of environmental shear, circulations within the
cold pool, and environmental stratification [see review
in introduction by Xue (2000a)].

These analytic studies provide the foundation for our
interpretation of atmospheric gravity currents. How-
ever, all the studies cited above conduct their analysis
using the incompressible Boussinesq equations, which
we define as the equations wherein variations of density
are neglected except where multiplied by gravity and
wherein reference density is a constant; hereinafter, we
refer to these equations simply as the incompressible
equations. Technically, these equations are only appli-
cable if vertical displacements are small compared to
the density scale height, which is O(10 km). Hence,
these studies are clearly applicable to laboratory cur-
rents (e.g., Simpson 1997, chapter 11).

* The National Center for Atmospheric Research is sponsored
by the National Science Foundation.

Corresponding author address: George H. Bryan, National Cen-
ter for Atmospheric Research, 3450 Mitchell Lane, Boulder, CO
80301.
E-mail: gbryan@ucar.edu

536 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 65

DOI: 10.1175/2007JAS2443.1

© 2008 American Meteorological Society

JAS2443



In contrast, cold pools created by deep moist convec-
tion in the atmosphere are typically of O(1 km) deep
(e.g., Klingle et al. 1987; Mahoney 1988), so studies
based on the incompressible equations might not be
wholly appropriate. Of particular interest to our study
are the maximum cold pool depths that have been ob-
served. In a recent study of cold pools in mesoscale
convective systems during the Bow Echo and Meso-
scale Convective Vortex (MCV) Experiment (BAMEX;
Davis et al. 2004), analysis revealed that cold pools
were often greater than 4 km deep (Bryan et al. 2005).
Although gravity current depths of this magnitude are
not typical, they are of interest to us because they can
be used to evaluate the maximum cold pool depth
predicted by analytic theory (e.g., Benjamin 1968,
p. 219). Because the cold pool depths in BAMEX cases
were not negligible compared to the density-scale
height, the incompressible equations cannot be justified
for these flows. Therefore, these observations raise
questions about the applicability of results based on the
incompressible equations to atmospheric gravity cur-
rents.

The purpose of this new study is to derive analytic
results for gravity currents using the deep anelastic
equations. For these equations, the Boussinesq ap-
proximation is made (i.e., density perturbations are ne-
glected except when multiplied by gravity), but the ref-
erence density is allowed to vary with height. These
equations are applicable to flows having vertical dis-
placements comparable to the density scale height
(Bannon 1996) and are thus more appropriate for at-
mospheric gravity currents. Herein, we show that ana-
lytic solutions are possible using the deep anelastic
equations and that the results are not straightforward
extensions of the classic incompressible solutions. We
also evaluate these results with time-dependent two-
dimensional numerical simulations, which reveal some

unexpected behavior that has no analog in simulations
using the incompressible equations.

2. Analytic results for cold gravity currents

a. Methodology and governing equations

We base our analytic study on control volume analy-
sis of steady flow in a channel. In this section, we con-
sider only the case of a cold gravity current at the bot-
tom of a channel in the absence of environmental shear.
A schematic of this problem, with the notation used
herein, is illustrated in Fig. 1. The top and bottom
boundaries are flat, rigid walls (w � 0) with free-slip
boundary conditions for u. We further assume that the
environment is isentropic, which removes the need to
consider the effects of buoyancy waves and tempera-
ture changes during parcel ascent. We study this prob-
lem in a reference frame moving with the gravity cur-
rent, such that flow moves toward the gravity current at
speed C and exits the control volume above the cold
pool with speed U. By assumption, in this reference
frame, there is no flow in the cold pool.

Herein, variables having overbars refer to the envi-
ronmental conditions at the right (inflow) boundary,
which are functions of height only. Superscript primes
refer to perturbations from this environment. We fur-
ther assume that the environment satisfies the hydro-
static equation dp/dz � ��g, wherein p is pressure, � is
density, and g is the gravitational acceleration. All of
these assumptions are the same as those used by Ben-
jamin (1968).

We use the governing equations for deep anelastic
flow derived by Bannon (1996). The assumptions that
were used to derive these equations, and the conditions
under which they are applicable, are provided in his
paper. For steady, two-dimensional flow, they are

FIG. 1. The setup for the analytic study of a cold gravity current at the bottom of a
channel. Gray shading denotes relatively cold air.
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wherein � � p	/� is the anelastic pressure perturbation,
B � g
	/
 is buoyancy, �ij represents the viscous stress
terms, and �
j represents thermal diffusivity.

For frictionless (�ij � 0) and adiabatic (�
j � 0) flow,
the energy equation derived from (1) is

u
�E

�x
� w

�E

�z
� 0, �2�

wherein E � u2/2 � w2/2 � � � Bz. Thus, conservation
of energy along a streamline is given by

u2

2
�

w2

2
� � � Bz � constant. �3�

To simplify the following presentation, we use a sub-
script 0 to indicate conditions at the surface, and a sub-
script H to indicate conditions at the upper boundary,
for example, u0 � u(z � 0), uH � u(z � H). Similarly,
a subscript L indicates conditions at the left boundary,
and a subscript R indicates conditions at the right
boundary, for example, uL � u(x � L), uR � u(x � R).
For corner points, we use the same subscripts but sepa-
rated by commas, for example, uL,0 � u(x � L, z � 0).

b. General solution

We begin by integrating the mass continuity equation
(1d) over the control volume,

�
L

R �
0

H ��u

�x
dx dz � �

L

R �
0

H ��w

�z
dx dz � 0. �4�

�ecause w � 0 at the upper and lower boundaries, and
because the incoming and outgoing flow is unsheared,
this reduces to

C�
0

H

� dz � U�
h

H

� dz. �5�

Next, to obtain a constraint on flow at the lower
boundary, we use conservation of energy (in the ab-
sence of friction at the boundary), specified by (3), from
the inflow boundary to the stagnation point at x � xs,
which yields C2/2 � �s. Because there is no flow in the
cold pool, then �s � �L,0, and thus C2/2 � �L, 0.

On the left side of the control volume, the flow is
hydrostatic, and we take wL � wL /x � 0. Also, the
flow is assumed to be laminar at the lateral boundaries.
Thus, (1b) on the left side of the control volume is
simply

��L

�z
� B � 0. �6�

To facilitate comparison with previous studies (e.g.,
Benjamin 1968; Klemp et al. 1994) we use a simple
distribution for B wherein B � 0 outside the cold pool
and B � �g	 in the cold pool, and wherein g	 is a
constant referred to as the “reduced gravity.” (We will
return to a more general integral form, in which B is not
necessarily constant with height, in a later section.) In-
tegration of (6) along the left boundary yields a general
solution for �L as a function of height:

�L�z� � ��L,H � g��h � z� for z � h;

�L,H for z � h.
�7�

Of particular interest is the value of � at the surface:
�L,0 � �L,H � g	h. We combine this result with the
previously derived constraint at the lower boundary,
C2/2 � �L,0, to eliminate �L,H from (7), which yields
the general equation for �L that we use hereinafter:

�L�z� � �
C2

2
� g�z for z � h;

C2

2
� g�h for z � h.

�8�

With these results, we proceed to the main analytic
solution, which we obtain by integrating the horizontal
momentum equation over the control volume. First, we
multiply (1a) by � and use (1d) to write the first two
terms on the left side of (1a) in flux form:

��uu

�x
�

��uw

�z
�

���

�x
�

��xx

�x
�

��xz

�z
. �9�

We moved � inside the derivative of the third term
because it is a function of z only. Integration of (9) over
the control volume yields

C2�
0

H

� dz � U2�
h

H

� dz � �
0

H

��L dz

� �
0

H

�xx,R dz � �
0

H

�xx,L dz � �
L

R

�xz,H dx

� �
L

R

�xz,0 dx. �10�
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Assuming the normal components of the viscous stress
terms are zero at boundaries, that is, assuming the flow
at the lateral boundaries is laminar and that the lower/
upper boundaries are rigid and frictionless, this reduces
to

C2�
0

H

� dz � U2�
h

H

� dz � �
0

H

��L dz. �11�

The first term on the left side is the flux of momentum
into the control volume, and the second term on the left
side is the flux of momentum out of the control volume.
The difference between these two terms is balanced by
the net horizontal pressure force within the control vol-
ume, as represented by the term on the right. Using (8),
the right side can be rewritten as

�
0

H

��L dz �
C2

2 �
0

H

� dz � g��
0

h

�z dz

� g�h�
h

H

� dz . �12�

With this result for the right side, and by imposing mass
conservation using (5), then the solution for C is readily
obtained from (11):

C2 �

�g��
0

h

�z dz � g�h�
h

H

� dz

�
0

H

� dz�1
2
�

�
0

H

� dz

�
h

H

� dz�
, �13�

wherein �(z) is density in an isentropic atmosphere.
This density profile is obtained from the hydrostatic
equation d�/dz � �g/(cp
) using the ideal gas law p �
�RT, which yields

��z� � �0�	s �
z

H

H

H0
�c
 �R

, �14�

wherein � � (p/p0)R/cp � T/
, p0 is a reference pressure
(�1000 hPa herein), �s is � at the surface (�1 herein),
�0 � p0 /R
 is a reference density, R is the gas constant,
cp and c� are the specific heats of air at constant pres-
sure and volume, and H0 � cp
/g. The ratio H/H0 is an
important parameter in our analysis. We note from (14)
that � � �0�

c� /R
s (i.e., � is constant) for H/H0 � 0. Thus,

incompressible (constant density) flow occurs in this
system of equations for H/H0 � 0, that is, when the
channel depth is infinitesimally small compared to H0.

To simplify the following analyses, and to help iden-
tify the processes that make deep anelastic flow differ-
ent from incompressible flow, we define three param-

eters, �1, �2, and �3, that account for the variation of �
across the channel. The mathematical details are pro-
vided in appendix A. By design, the � variables have
value unity in the incompressible limit. Making use of
these variables, by (A3) and (A5), the analytic solution
for propagation speed can be expressed without ap-
proximation as

C2 � g�h
��1H � �2h��2�1H � �2�2 � �3�h�

�1H��1H � �2h�
. �15�

We note that �0 does not appear in this solution, similar
to how �0 does not appear in the incompressible solu-
tion derived by Benjamin (1968).

It is now straightforward to demonstrate that the
classic incompressible solution by Benjamin (1968) can
be retrieved from the deep anelastic solution. That is,
for H/H0 → 0 then �i � 1 (i � 1, 2, 3) and (15) reduces
to

C2 � g�h
�H � h��2H � h�

H�H � h�
, �16�

which is equivalent to (2.22) by Benjamin (1968). In the
following sections, we compare the new solution (15) to
Benjamin’s solution (16) under various conditions.

c. Solution for energy-conserving flow

First, we examine the limiting case of energy-
conserving flow. This solution is obtained by imposing
conservation of energy along streamlines, using (3).
The standard approach to obtain the energy-conserving
solution (von Kármán 1940) follows a trajectory from
the stagnation point (xs in Fig. 1), then along the top of
the cold pool to a point far to the left, assuming B � 0
along the entire trajectory, yielding U2/2 � �L,h � �s.
Because �s � �L,0, and from integration of (6), it fol-
lows that �L,h � �L,0 � �g	h. By combining these re-
sults, we obtain a solution for energy-conserving flow,

U2 � 2g�h. �17�

Interestingly, this is equivalent to (2.1) by Benjamin
(1968). Thus, in contrast to the general solution for C2

from the previous section, the energy-conserving solu-
tion for U2 is identical in the incompressible and deep
anelastic systems. The general solution for U2 (valid for
flows with and without energy dissipation) is obtained
from (15) by using (1d):

U2 � g�h
�1H �2�1H � �2�2 � �3�h�

��1H � �2h���1H � �2h�
. �18�

Benjamin (1968) demonstrated that there is a con-
straint on cold pool depth for steady energy-conserving
flow; he equated the two solutions for U2, (17) and (18)
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(where his general solution for U2 is obtained by as-
suming �i � 1), and found that h/H � 0.5, that is, the
cold pool must exactly fill half of the channel. We ob-
tain the analogous solution for deep anelastic flow by
equating (17) and (18) and solving for h/H, yielding

h

H
�

�1

�2
�1 �

�3

2�2
�. �19�

In the incompressible limit, wherein �i � 1, this readily
yields Benjamin’s solution, h/H � 0.5. For deep anelas-
tic flow, wherein H/H0 � 0, we must obtain numerical
values for h/H iteratively, because the terms �2 and �3

contain h in their definition [by (A4b) and (A4c)]. Our
method uses a first-guess value h/H � 0.5, uses (19) to
compute a new value, and then iterates until we find a
converged solution for h/H. The results are plotted as a
solid curve in Fig. 2. As H/H0 increases, current depth
(h/H) decreases. In the limit H/H0 � 1, cold pool depth
is only 40% of Benjamin’s result for incompressible
flow.

We have also derived an approximate solution to
(19), valid for small H/H0; details are provided in ap-
pendix B. The result, (B3), shows that the energy-
conserving current depth decreases linearly with H/H0

in the limit of small H/H0. This result also demonstrates
that analytic solutions for deep anelastic flows are pos-
sible without requiring an iterative numerical proce-
dure.

To determine propagation speeds for energy-
conserving flow, we use the current depth determined
from (19) with the general solution for propagation
speed, (15). Propagation speed nondimensionalized by
channel depth, C* � C(g	H)�1/2, is shown as a dashed
curve in Fig. 2. As found by Benjamin (1968), C* is 0.5
for incompressible flow. In the deep anelastic system,
C* decreases as H/H0 increases. In the limit H/H0 � 1,
C* is 58% of Benjamin’s result for incompressible flow.
It might be tempting to infer that the slower propaga-
tion speeds are directly attributable to the smaller cold
pool depths. However, in the next section, we demon-
strate that this is not the case.

Application of these results to the atmosphere re-
quires the specification of a channel depth, which is a
nebulous proposition for the atmosphere because it
does not have a rigid upper boundary. However, Xue
(2002) found that the height of the tropopause can be
considered as the channel depth for application of these
types of analytic results to the atmosphere. Assuming
H � 15 km, and because H0 � 30 km for typical atmo-
spheric conditions, then H/H0 � 0.5 might be appropri-
ate for atmospheric gravity currents. Ignoring, for the
moment, whether these energy-conserving solutions

are applicable to atmospheric gravity currents, we find
from Fig. 2 that for H/H0 � 0.5 cold pools are roughly
30% shallower and propagate 25% slower than the
classic incompressible values; these are clearly non-
trivial differences. Furthermore, because H � 15 km,
this also means that steady, energy-conserving cold
pool depth (h) should be about 5.3 km deep, which is a
bit large, but of the same order of magnitude, compared
to the unusually deep cold pools observed during
BAMEX (Bryan et al. 2005).

The ultimate cause of these differences must, of
course, be related to the change in density with height
in the deep anelastic system, which is the only differ-
ence in the momentum and mass equations between
incompressible and deep anelastic flows. To illustrate
the manner in which these two systems diverge as chan-
nel depth increases, we show the column-integrated
mass, M � �H

0 � dz, for the two systems in Fig. 3. As
H/H0 increases, the incompressible atmosphere has a
simple linear increase in column-integrated mass. In
contrast, the integrated mass for the deep anelastic case
increases less rapidly and ultimately approaches a con-
stant beyond which no further increases in mass are
possible.

One might wonder whether the cold pool depth in a
deep anelastic atmosphere still corresponds to the mid-

FIG. 2. Nondimensional gravity current depth h/H (solid) and
propagation speed C/(g	H )1/2 (dashed) for steady energy-
conserving flow in a deep anelastic atmosphere as a function of
H/H0. The values at H/H0 � 0 [h/H � C/(g	H )1/2 � 0.5] are the
results by Benjamin (1968) for incompressible flow. The dotted
line is the height corresponding to the midpoint in mass hmid /H.
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point in mass (i.e., the height at which half of the mass
is below and half is above). If so, it would suggest that
the dynamics of gravity currents in deep anelastic flow
are the same as that for incompressible flow, but
wherein the geometrical heights are different because
of the different distribution of mass. We define the
height corresponding to the midpoint in mass, hmid, as
follows:

�
0

hmid

� dz

�
0

H

� dz

�
1
2

, �20�

and we plot hmid /H as a dotted curve in Fig. 2. Although
hmid /H is qualitatively similar to h/H for energy-
conserving flow, it is not exactly the same (except at
H/H0 � 0). Therefore, we conclude that gravity current
dynamics in deep anelastic flow are fundamentally dif-
ferent from gravity current dynamics in incompressible
flow. We explain why in the next section.

d. Solutions for flows with energy dissipation

The broader range of possible propagation speeds for
flows that include energy dissipation are determined by
(15). To view these results, we first present a cold pool
propagation speed that is nondimensionalized by cold
pool depth, C1 � C/(g	h)1/2; this variable is presented
for five values of H/H0 in Fig. 4. All curves are trun-

cated at the maximum possible value of h/H (i.e., at the
energy-conserving limiting case). The thick solid line is
the result by Benjamin (1968) for incompressible flow
(his Fig. 7); it has a maximum value of �2 for h/H �
0, and a minimum value of 1/�2 for h/H � 0.5 (the
energy-conserving solution). For deep anelastic flow,
the solutions always converge to the incompressible so-
lution for h/H → 0. For other depths, C1 in deep anelas-
tic flow is always less than that for incompressible flow
and decreases monotonically as H/H0 increases.

In the previous section, we noted that cold pools
propagate slower for energy-conserving flows, but it
was difficult to infer cause and effect because the cold
pool depth is also lower. It is therefore notable that
propagation speeds decrease as H/H0 increases, even if
h/H is held fixed (Fig. 4). This result indicates that there
is a systematic tendency for cold pools to be slower in a
deep anelastic atmosphere.

This conclusion, that C decreases from the incom-
pressible reference state as channel depth increases, is
also reached if C is nondimensionalized by H (instead
of h), that is, C* � C/(g	H)1/2 (Fig. 5). Because this
nondimensionalization is based on an external param-
eter (H) that does not vary with flow properties, this
analysis highlights the maximum possible propagation
speed, C*max. For incompressible flow, C*max� 0.527 and
occurs at h/H � 0.347. For deep anelastic flow, C*max is
slower and occurs at smaller h/H as H/H0 increases. We
examine this special case of maximum propagation
speed in more detail in the next section.

FIG. 3. Column-integrated mass M� �H
0 � dz for incompressible

flow (solid line, wherein � � �0) and for deep anelastic flow
(dashed line) as a function of H/H0.

FIG. 4. Nondimensional cold pool propagation speeds C1 �
C/(g	h)1/2 as a function of cold pool depth h/H. The thick solid
curve is the result by Benjamin (1968, his Fig. 7).
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We again note that there is a nontrivial reduction in
cold pool speed (compared to the classic incompress-
ible solution) for conditions that are relevant to atmo-
spheric cold pools. Assuming again that H/H0 � 0.5 for
atmospheric gravity currents, then cold pool propaga-
tion decreases depending on h/H (cf. short dashed line
and thick solid line in Figs. 4 and 5); speeds are identical
for h/H � 0, but both nondimensional speeds are
�25% less than the incompressible result at the energy-
conserving limit (h/H � 0.35).

To help understand why cold pools propagate sys-
tematically slower in a deep anelastic atmosphere, we
draw upon an analogy to flow past a semi-infinite half-
body, as was done by Klemp et al. (1994, p. 174). By
conceptualizing the cold pool as a rigid body, we can
diagnose the drag D on the air as it flows over the cold
pool. For steady flow, this drag must exactly balance
the thrust T of the body into the oncoming flow. The
latter variable is simply the column-integrated hydro-
static pressure rise due to the cold pool:

T � �
0

h

� ��L�z� � �L�z � h�� dz. �21�

Consequently, the control volume balance of momen-
tum, (11), can be expressed as

C2�
0

H

� dz � U2�
h

H

� dz � �C2

2
� g�h��

0

H

� dz

D

� �g��
0

h

�z dz � g�h�
0

h

� dz, �22�

T

wherein the first term on the left side is the flux of
momentum into the control volume, the second term is
the flux of momentum out of the control volume, and
the third term is the horizontal pressure force associ-
ated with the acceleration of flow over the cold pool
(i.e., due to the Bernoulli pressure drop; this interpre-
tation becomes apparent by noting, from (8), that the
pressure drop along the top of the channel is C2/2 �
g	h). Using (5) and (A3), and normalizing by �0�1g	H2

(which is the square of the velocity scale times the mass
in the column), this can be expressed as

�
C2

g�H

�2h

�1H � �2h

net momentum flux �D1�

� � �
C2

2g�H�
net acceleration �D2�

� 2
�2

�1
�1 �

�3

2�2
�

T

,

�23�

wherein � � h/H. The normalized thrust (and, equiva-
lently, the drag) is plotted for five values of H/H0 in Fig.

6. Considering a fixed value of h/H, the thrust/drag in-
creases as H/H0 increases. We explain this result by
examining each side of (23) separately.

First considering the right side of (23), the thrust is
simply proportional to �2/2 in the incompressible limit
(�i � 1). For a deep anelastic atmosphere, the � factors
must be considered, which account for the distribution
of mass across the channel’s depth. To simplify the fol-
lowing analysis, we have derived an asymptotic solution
for T assuming H/H0 is small, which reveals the first-
order changes in T as the flow departs from the incom-
pressible reference solution (at H/H0 � 0); details are
provided in appendix B. We find that T increases lin-
early with H/H0 according to (B4), which is consistent
with the results in Fig. 6. It does not necessarily follow
that increased thrust must lead to slower propagation
speed; in fact, intuitively it seems like the opposite
should occur.

Considering now the left side of (23), we have split
the drag into two components: the net momentum flux
(D1), which is negative definite, and the net accelera-
tion of flow (D2), which is positive definite because
C/(g	h)1/2 � �2 (see Fig. 4). Of these two terms, D2

does not depend directly on deep anelastic effects be-
cause it is not a function of �. In contrast, D1 is directly
affected by changes in � (and, hence, on H/H0). Our
asymptotic solution for D1 is given by (B5); we find that
D1 decreases linearly with H/H0, all else being held
fixed.

In summary, the first-order effect in H/H0 is that the

FIG. 5. Nondimensional cold pool propagation speeds C* �
C/(g	H )1/2 as a function of cold pool depth h/H. The thick solid
curve is the result by Benjamin (1968, his Fig. 5).
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thrust increases but that the drag decreases, assuming all
else (i.e., current depth and propagation speed) is held
fixed. Consequently, this would create an imbalance
between the drag and the thrust, which would violate
the steady flow assumption. However, if we hold �
fixed but allow propagation speed to vary, then balance
can be restored if C2/(g	H) decreases from the incom-
pressible reference solution. We verify this conclusion
by deriving an asymptotic solution for propagation
speed using our previously derived asymptotic solutions
for T and D1; details are provided in appendix B. We
find

C

�g�H�1�2 ≅ �2�1 � ��1 � 0.5�

1 �  	1�2�1 �
1
2

c


R


H

H0
�,

�24�

which is an excellent approximation to the exact result
(15), even for large H/H0 (see Fig. B1b). Because c� /
(2R) � 1, and because � and H/H0 are fractions, then
(24) shows that propagation speed decreases as H/H0

increases, as shown in Fig. 5. We also note that readers
interested in utilizing our results will probably wish to
use (24) in practical applications, because (24) is much
simpler than the exact solution, and because (24) is an
excellent approximation to the exact solution (Fig.
B1b).

e. Solution for maximum dissipation

Benjamin (1968, p. 219) argued that the energy-
conserving limit (� � 0.5 for the incompressible case)

would be “difficult, if not impossible, to produce ex-
perimentally.” He found that the likely maximum value
of � is 0.347, which corresponds to the maximum dis-
sipation realizable by the system. This depth also cor-
responds to the maximum realizable propagation
speed, as shown by the thick solid curve in Fig. 5.

As H/H0 increases, the maximum possible propaga-
tion speeds decrease and the corresponding value of �
decreases (Fig. 5). To evaluate the dissipation that oc-
curs in these flows, we plot the integrated dissipation
rate, which is the difference in energy flux between the
incoming and outgoing flows:

ed � �
0

H

�CER dz � �
h

H

�UEL dz, �25�

which we derive from (2) utilizing (1d). Using the gen-
eral solutions for C and U, we compute ed as a function
of � for different channel depths; we plot in Fig. 7 a
normalized total dissipation, e*d � ed /(�0g	3/2H5/2). Con-
sistent with Benjamin’s analysis, e*d maximizes at � �
0.347 for incompressible flow. For deep anelastic flows,
the maximum normalized dissipation occurs at smaller
�, but it still coincides with the maximum propagation
speed (cf. Figs. 5 and 7).

If, following Benjamin (1968), we surmise that the
likely maximum current depth occurs at maximum dis-
sipation in deep anelastic flows, then the corresponding
speeds and depths are given in Figs. 8 and 9, respec-
tively. Consistent with our other results, speeds and
depths decrease as H/H0 increases.

FIG. 6. Normalized thrust T* � T/(�0�1g	H 2) (or equivalently
the drag D*) as a function of cold pool depth h/H.

FIG. 7. Nondimensional dissipation rate e*d � ed /(�0g	3/2H 5/2).
The thick solid curve is the result by Benjamin (1968, his Fig. 6).
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From the analyses in this paper, we are not in a po-
sition to evaluate rigorously this proposed condition for
likely maximum depth. For incompressible flows,
Klemp et al. (1994) employed time-dependent hydrau-
lic theory to evaluate Benjamin’s interpretation. They
showed that the cold pool front cannot propagate faster
than the fastest-moving waves emanating from a semi-
infinite reservoir; the critical condition for this to be
valid is � � 0.347 (Klemp et al. 1994, p. 177). Such an
analysis is beyond the scope of this paper, which is
based on steady flow analysis. However, to provide an
independent test of our conjecture, we present time-
dependent numerical simulations later in this article
(section 4).

f. Solution for infinitely small current depth

To examine the solution for an infinitely small cur-
rent depth (h K H), we express (15) in terms of � � h/H:

C

�g�h�1�2 � �2��1 � �2���1 � 0.5�2�2 � �3��

��1
2 � �1�2�


1�2

.

�26�

In the incompressible limit (�i� 1), this is equivalent to
(11) by Klemp et al. (1994). The solution for infinitely
small current depth is obtained for � → 0, for which
(26) yields exactly

C � �2g�h�1�2 �27�

(regardless of the values for �). This is identical to the
result for incompressible flow. This convergence point
is seen clearly on the far left side of Fig. 4.

In studies based on the incompressible equations,
(27) is typically referred to as the solution for an infi-
nitely deep channel (H → �). However, for the deep
anelastic equations we note from (14) that channel
depth in an isentropic atmosphere must be finite (H �
�sH0); otherwise, density could be negative. Hence,
(27) is only valid in deep anelastic flow if h K �sH0. For
typical conditions associated with cold pools in meso-
scale convective systems during BAMEX, h � 4 km,
and �sH0 � 30 km. Thus, (27) cannot be applied with
confidence to the BAMEX cases. The “finite channel
depth” effects on the right side of (26) are therefore not
negligible for cold pools within strong mesoscale con-
vective systems. Because the right side of (26) is always
less than �2, atmospheric cold pools will always
propagate slower than predicted by (27).

g. Solution for general buoyancy profile

So far, we have examined solutions using the simple
constant buoyancy profile, B � �g	, which has been

FIG. 9. The likely maximum cold pool depth hmax /H (solid) and
the cold pool depth for energy-conserving flow hec /H (dashed) as
a function of H/H0. The values at H/H0 � 0 (hmax /H � 0.347 and
hec /H � 0.5) are the results by Benjamin (1968) for incompress-
ible flow. The dots with vertical bars are cold pool depths deter-
mined from numerical simulations (in section 4b), wherein the
dots are average values and the extent of the vertical bars denote
minimum and maximum values.

FIG. 8. The maximum propagation speed C*max (solid) and the
propagation speed for energy-conserving flow C*ec (dashed) as a
function of H/H0. The values at H/H0 � 0 (C*max � 0.527 and
C*ec � 0.5) are the results by Benjamin (1968) for incompressible
flow. The dots are propagation speeds determined from numerical
simulations (in section 4b).
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used in many studies on gravity currents (e.g., Ben-
jamin 1968; Klemp et al. 1994). For completeness, we
present here the solution for propagation speed using a
general buoyancy profile B(z):

C2 �

�
0

h

���
0

z

B dz�� dz � �
0

h

B dz�
h

H

� dz

�
0

H

� dz�1
2
�

�
0

H

� dz

�
h

H

� dz�
.

�28�

The complexity of this result, particularly concerning
the first term in the numerator, prevents us from mak-
ing any further generalizations.

h. A dimensional perspective

This study was originally motivated by observations
from BAMEX, in which cold pool depths were often of
O(4 km) (Bryan et al. 2005). To facilitate comparison
between the analytic solution and observational data,
we present a dimensional version of the maximum
likely cold pool depth in Fig. 10. Interestingly, this fig-
ure reveals that cold pool depths are likely never
greater than �4 km (under the assumptions used
herein). The assumption that probably has the most
effect on the applicability to observed cases is that the

environmental flow is not sheared. If positive environ-
mental shear were included, it seems likely that this
maximum value would increase, given the results from
past analytic studies of gravity currents using the in-
compressible equations (e.g., Xue 2000a, and refer-
ences therein). Because of the additional complexity,
we will investigate the effects of shear in deep anelastic
environments in a future study. The neglect of environ-
mental stratification is another assumption that could
affect this conclusion; this effect has been studied re-
cently by Maxworthy et al. (2002) and Ungarish (2006).

Despite reasonable concerns about the direct appli-
cability of these results to the atmosphere, our analysis
has uncovered a notable result: there is an inherent
limit to the depth of a steady tropospheric gravity cur-
rent. This limit is ultimately attributable to the decrease
in density with height, as discussed in section 2d. That
is, because density becomes so small at the top of the
troposphere, at some point it becomes impossible to
accelerate flow over the cold pool to compensate any
more increases in cold pool depth. In the analogy from
section 2d, this means that it is impossible to increase
the drag experienced by air in the upper troposphere to
balance the increase in thrust that must occur as the
cold pool depth increases in a deep anelastic atmo-
sphere. We reiterate that these results come from
steady flow analysis; theoretical support from a time-
dependent perspective remains for future study.

3. Analytic results for warm gravity currents

a. General solution

We now proceed to analytic solutions for warm grav-
ity currents (at the top of a channel), as illustrated in
Fig. 11. An example of this type of flow might be upper-
level outflow from deep moist convection (i.e., cirrus
outflows). However, there might be no direct applica-
tion of these results to atmospheric flows because we
have assumed a rigid upper boundary. We present

FIG. 10. The likely maximum cold pool depth hmax as a function
of channel depth H for H0 � 31 km (
 � 303 K).

FIG. 11. The setup for the analytic study of a warm gravity
current at the top of a channel. Gray shading denotes relatively
cold air.
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these results herein because they are straightforward to
derive using the techniques and equations that we use
for cold gravity currents. Readers that are interested
only in cold gravity currents can skip ahead to the next
section.

Using the incompressible equations, the analytic re-
sults for a warm gravity current (at the top of a channel)
are identical to those for a cold gravity current (at the
bottom of a channel). However, this is not the case for
the deep anelastic equations, owing to the vertical dis-
tribution in density.

In this section, the depth of the gravity current h is
the distance from the top of the channel, as shown in
Fig. 11. The gravity current is again viewed in a refer-
ence frame moving with the front (which is located at
x � xs) such that environmental air is moving toward
the front at speed C over depth H. Flow exits the con-
trol volume on the right with speed U over depth H �
h. In this case, we consider the environmental condi-
tions to be those on the left boundary.

The methodology to derive the analytic solution for
propagation speed is the same as that for cold gravity
currents. We provide details in appendix C. The result,
in terms of the parameters �1, �4, and �5 (defined in
appendix A), is

C2� g�h
��1H� �4h��2��1� �4� �5�H� �2�4� �5�h�

�1H��1H� �4h�
.

�29�

As expected, this reduces to Benjamin’s incompressible
solution (16), for �1 � �4 � �5 � 1.

b. Solution for energy-conserving flow

The derivation for gravity current depth assuming
energy-conserving flow is provided in appendix C. The
result is a quadratic equation for �

�4
22 � �1��4 �

�5

2 � � �1��4 � �5� � 0. �30�

As in the previous section, we must arrive at a solution
iteratively, because �4 and �5 are functions of �. We use
the same procedure as in the previous section and plot
the current depth and the corresponding propagation
speed in Fig. 12. As expected, the gravity current depth
is 0.5 in the incompressible limit. As H/H0 increases, the
gravity current depth increases slightly and has a maxi-
mum value of 0.65 for H/H0 � 1. Propagation speed
increases greatly, from the incompressible value of 0.5
to a maximum of 0.89 for H/H0 � 1.

Thus, for warm gravity currents, the trends with in-
creasing channel depth are opposite to those for cold
gravity currents. However, the magnitude of the
changes is not equivalent. Specifically, h/H decreases by
60% for cold gravity currents (Fig. 2) but increases by
only 30% for warm gravity currents (Fig. 12). Propaga-
tion speed decreases by 40% for cold gravity currents
but increases by 80% for warm gravity currents.

We again evaluate whether the current depth corre-
sponds to the midpoint in mass (see discussion at end of
section 2c). The height corresponding to the midpoint
in mass, hmid /H, is plotted as a dotted line in Fig. 12. For
warm gravity currents, the magnitude of hmid /H is con-
siderably different from h/H (as opposed to the slight
difference for cold gravity currents, Fig. 2). This rein-
forces our conclusion at the end of section 2c that the
dynamics of gravity currents are fundamentally differ-
ent in a deep anelastic atmosphere.

c. Solutions for flows with energy dissipation

We have analyzed the broad range of solutions, de-
termined by (29), from several different perspectives.
To save space, we do not present these results in fig-
ures, but we note that the results match our expecta-
tions, that is, propagation speeds increase as H/H0 in-
creases, even for fixed �. Furthermore, C approaches
the Boussinesq result, (2g	h)1/2, for � → 0 (i.e., in the
case of infinite channel depth), regardless of H/H0.

FIG. 12. Same as in Fig. 2 except for warm gravity currents.
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Because it is of particular interest, we do provide the
maximum possible propagation speed, C*max (Fig. 13),
and the likely maximum gravity current depth, hmax/H
(Fig. 14). Again, we find that speeds and depths in-
crease as H/H0 increase. We confirm, by calculating e*d
(not shown), that hmax/H corresponds to the maximum
possible dissipation rate realizable for these flows.

4. Numerical simulations

To provide independent evaluation of the analytic
results, we conduct two-dimensional simulations of
gravity currents in a channel. We conduct simulations
using three different equation sets. One is a compress-
ible equation set using the unapproximated equations
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wherein D represents the numerical model’s diffusive
terms (described below). The second equation set is the
deep anelastic equations derived by Bannon (1996),
which are the same equations that we used to derive
our analytic results,
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The third equation set is the incompressible equations,
which are simply the deep anelastic equations with
H/H0 � 0, and thus � is a constant.

The model equations are nondimensionalized by
specifying a length-scale L and the initial (constant)
buoyancy B0, and then all other nondimensional pa-

FIG. 13. Same as in Fig. 8 except for warm gravity currents. FIG. 14. Same as in Fig. 9 except for warm gravity currents.
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rameters are based on these two, that is, U � �B0L,
T � L/U, and � � U2, etc. We specify L � H and
B0 � �0.12 m s�2. We set H0 � 31 km, and thus 
 �
302.9 K. The grid spacing (�) is 0.01 L in both direc-
tions and the time step is 0.005 T. All simulations are
integrated for 60 T. We use a numerical grid of 4000 �
100 points. The large number of grid points in the hori-
zontal direction is necessary to keep the gravity cur-
rents inside the domain at all times.

The numerical model code is identical for all three
equation sets with the exception of the solution for
pressure. For the anelastic and incompressible equa-
tions, the pressure field (� ) is diagnosed using the mass
continuity relationship, the velocity equations, and the
boundary conditions that are used in section 2. Further
details of the solution technique are provided by Ban-
non et al. (2006). A similar technique is used to diag-
nose the initial pressure field (�	) for the compressible
equations; in this case, we use (32d) with the velocity
equations, (31a) and (31b), to determine the initial field
of �	. Otherwise, when using the compressible equation
set, the model integrates an equation for �	, (31d).

The time integration technique is third-order Runge–
Kutta. For the compressible equations, we use the split-
ting technique of Wicker and Skamarock (2002); we
also apply a weak divergence damper to maintain sta-
bility (Skamarock and Klemp 1992, p. 2117). For the
other two equation sets, we do not need (and, thus, do
not use) time splitting or divergence damping. The ad-
vection terms are sixth order, following Wicker and
Skamarock (2002). All other spatial derivatives are sec-
ond order. There are two components of the diffusion
terms (Du, Dw, and D
). The first is a �6 term to remove
small-scale numerical oscillations. We include the

simple monotonic limiter presented by Xue (2000b) to
prevent spurious production of new extrema from this
scheme. The coefficient of diffusion is set such that 2�
features are diffused at the same rate in all simulations.
The second diffusive term is a subgrid turbulence pa-
rameterization, which is similar to that used by Klemp
et al. (1994).

All simulations are of “lock-exchange” flow, wherein
negatively buoyant air initially fills the entire channel
on one side of the domain (in this case, on the left side).
Subsequently, two fronts are generated: one at the
lower boundary, where cold air propagates to the right,
and one at the upper boundary, where warm air propa-
gates to the left. We choose to simulate lock-exchange
flow because it produces the maximum possible gravity
current depths, which we use to evaluate the maximum
dissipation results from previous sections, and because
it produces both cold and warm gravity currents.

a. Comparison of compressible and anelastic
equations

The analytic study in sections 2 and 3 is based on the
equations derived by Bannon (1996). To be certain that
these approximate equations are applicable to the grav-
ity currents considered herein, we compare in this sec-
tion the solutions from numerical simulations using the
compressible (i.e., unapproximated) and anelastic
equation sets.

We find that simulations using the compressible and
anelastic equation sets produce results that are essen-
tially the same across all values of H/H0. For example,
output using H/H0 � 0.9 is shown in Fig. 15. At this
time, the current front at the lower boundary has ad-
vanced to x/H � 1.5 with both equation sets, whereas

FIG. 15. Numerical simulations of lock-exchange flow at t/T � 5 for H/H0 � 0.9 using (a) the anelastic equation
set and (b) the compressible equation set. Potential temperature is contoured every 0.5 K. The dashed line marks
the location of the initial dam.
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the current front at the upper boundary has advanced
to x/H � �4. The different propagation speeds for the
upper and lower fronts for large H/H0, which is pre-
dicted by the analytic theory, are clearly captured by
both equation sets.

Based on a series of simulations with H/H0 from 0.01
to 0.99 (not shown), we conclude that the compressible
and anelastic equation sets produce essentially identical
results. There are differences in the simulations, par-
ticularly in the details of the turbulent eddies at the
interface between the low and high buoyancy air. How-
ever, the overall qualitative results remain the same,

even for very long integration times. These results give
us confidence in the efficacy of the anelastic equations
by Bannon (1996) and in the anelastic solver for the
numerical model.

b. Comparison of simulations and analytic results

According to our analytic results, gravity currents
have similar properties in the two systems as long as
H/H0� 0, but, as H/H0 → 1, cold gravity currents at the
bottom of the channel should propagate slower and
have smaller depths. This result is confirmed by the
numerical simulations. For example, the results using

FIG. 16. Numerical simulations of cold gravity currents from lock-exchange flow at t/T � 60 using (a) the
incompressible equations (H/H0� 0) and using the deep anelastic equations, wherein H/H0 is (b) 0.01, (c) 0.50, and
(d) 0.99. Potential temperature is contoured every 0.5 K. Front-relative flow vectors are included every 10 grid
points, with a vector length of 0.1 corresponding to a vector magnitude of 1.0. The dashed line indicates the likely
maximum gravity current depth from the analytic study.
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the incompressible equation set (Fig. 16a) are qualita-
tively similar to the results using the anelastic equation
set with H/H0� 0.01 (Fig. 16b). For these two cases, the
current fronts have propagated at the same rate, and
the cold pool depths are qualitatively similar. As H/H0

increases, the gravity currents propagate significantly
slower (Figs. 16c,d, note the different axis labels in each
panel), and the cold pools have smaller depths.

The propagation speeds of the cold gravity currents
are remarkably steady throughout the simulations. We
calculate propagation speeds by tracking the current
front at the lower boundary, which we then nondimen-
sionalize by�B0H; results are plotted as dots on Fig.
8. The overall response as a function of H/H0 compares
favorably with the analytic results. The values suggest
that the currents are not propagating at the maximum
possible speed, but rather are somewhat slower than
the energy-conserving solution; thus, energy dissipation
must be occurring in the system, which is apparent from
the turbulent eddies in Fig. 16.

The transient eddies that form on the gravity current
interface make it difficult to determine a value of h
from the simulations; yet, it is clear that the cold pool
depth scales well with the theoretical maximum value
as H/H0 increases (dashed lines in Fig. 16). To evaluate
gravity current depth quantitatively, we analyze the in-
tegral of the buoyancy field, following Crook and
Miller (1985) and Klemp et al. (1994),

Hm �
1

B0
�

0

H

B dz . �33�

Because it varies over space, we average Hm over�3.0 �

x/H � �1.5 (relative to the current front at the lower
boundary). The time variability of Hm is illustrated in
Fig. 17.

The average value trends downward for a rather long
time; in fact, a strictly steady value is not obtained dur-
ing these simulations. Nevertheless, it is clear that
depths become less than the likely maximum depth
from our analytic study. We plot average current
depths from all simulations as dots in Fig. 9, with ver-
tical bars to indicate variability in time and space. We
calculate the average as the current front passes x/H �
15; thus, these averages are at a relatively early time for
small H/H0 but at later times for large H/H0 (but they
are calculated at the same point downstream of the
initial dam). The heights from numerical simulations
reproduce well the overall trend of the theoretically
likely maximum heights as a function of H/H0. Ampli-
tudes are just slightly below the likely maximum
depths, which lend support to our conjecture (following
Benjamin) that steady gravity current depths are un-

likely to exceed that corresponding to theoretically
maximum dissipation.

For the warm gravity currents at the top of the chan-
nel (Fig. 18), some results match our expectations, but
some unexpected behavior occurs. For small H/H0

(Figs. 18a,b), the gravity current at the top of the chan-
nel is essentially the same as the corresponding cold
gravity current at the bottom of the channel (cf. Figs.
16a,b and Figs. 18a,b). (The results for H/H0 � 0 are

FIG. 17. Time series of gravity current depth Hm from simula-
tions with H/H0 � (a) 0.01 and (b) 0.99. The solid line is the
average value of Hm, and the gray shading encloses minimum and
maximum values. The dashed line indicates the likely maximum
gravity current depth from the analytic study, and the arrow in-
dicates the time when the current front passes x/H � 15.
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not exactly identical, as might be expected, because our
solver introduces a slight asymmetry that amplifies over
time.) For larger H/H0, the analytic results predict
faster propagation speed, which clearly happens in the
simulations (Figs. 18b–d, note the different axis labels
in Figs. 18c,d). However, the analytic study suggests
deeper currents, whereas the simulations show very
shallow gravity currents for H/H0 � 0.5.

By tracking the current front at the upper boundary,
we find highly unsteady behavior for all simulations
with H/H0 � 0.4 (which contrasts with the remarkably
steady behavior for the cold currents over all values of
H/H0). To determine average propagation speeds, we
simply note the location at the midpoint and at the end
of the simulation and calculate a corresponding nondi-
mensional speed; results are plotted as dots in Fig. 13.

Curiously, the simulations reproduce well the overall
response as a function of H/H0. As with the cold cur-
rents, these propagation speeds are slightly less than
the values for energy-conserving flow.

Average values of Hm are computed in the same
manner as before. Time series of Hm from simulations
with small H/H0 behave similarly to analogous results
from cold gravity currents at the lower boundary (cf.
Figs. 17 and 19). However, for large values of H/H0, Hm

gradually falls to a much smaller value than the likely
maximum value (Fig. 19b). Average values of Hm are
plotted as dots in Fig. 14. Clearly, the overall trend
predicted by steady analytic theory is not occurring in
these simulations.

This discrepancy for warm gravity currents with
H/H0 � 0.4 occurs because the simulated flow is not

FIG. 18. Same as in Fig. 16 but for the warm gravity currents.
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steady (and, thus, the steady analytic theory does not
apply). For example, the output at 4 times for H/H0 �
0.99 is shown in Fig. 20. During this time, the leading
edge of the gravity current separates from the remain-
der of the current (Figs. 20a,b) and then slows. As this
happens, a second current head forms (at x/H � �30.8
in Fig. 20b), which then surges forward and overtakes
the original head (Figs. 20c,d). The same evolution also
occurs in our simulations with the compressible equa-
tions. Such unsteady behavior cannot be modeled by
steady analytic theory and appears to be unique to
gravity currents at the top of a channel for H/H0 � 0.4.

The size of transient eddies formed by shear insta-

bility (i.e., Kelvin–Helmholtz billows) is well known to
be exaggerated in two-dimensional simulations. There-
fore, three-dimensional simulations need to be con-
ducted before a definitive conclusion can be drawn
about such unsteady behavior.

5. Summary

In this article, we present analytic results for gravity
currents using the deep anelastic equations. To our
knowledge, these results have not been presented before.
We show that results are dependent on a nondimensional
parameter H/H0, which accounts for the channel depth H,
compared to a scale depth H0 � cp
/g, which is the depth
at which density becomes zero in an isentropic atmo-
sphere. The classic incompressible results by Benjamin
(1968) are retrieved from the new results for H/H0 � 0.

For cold gravity currents (at the bottom of a chan-
nel), the propagation speed is given by (13) or (equiva-
lently) by (15). An approximate equation, that is easier
to use because of its simpler form, is given by (24). For
the limiting case of energy-conserving flow, gravity cur-
rents are shallower and propagate slower as H/H0 in-
creases. For flows with energy dissipation, nondimen-
sional propagation speeds become smaller as H/H0 in-
creases, even if cold pool depth (compared to channel
depth) remains fixed. For the case of maximum dissi-
pation, which occurs at the maximum possible propaga-
tion speed, cold pool depth decreases as H/H0 increases;
we surmise, as did Benjamin (1968), that this depth is
the likely maximum realizable depth for steady flows.

For warm gravity currents (at the top of a channel),
propagation is given by (C3) or (29). Overall trends are
opposite to those for the cold currents. That is, as H/H0

increases, for energy-conserving flow the depth and
propagation speeds increase. For flows with energy dis-
sipation, propagation speeds increase even for fixed
h/H, and the likely maximum depth (at maximum dis-
sipation) also increases.

These differences are ultimately caused by variations
in density with height. As H/H0 increases, mass be-
comes concentrated near the bottom of the channel.
Thus, for cold gravity currents, the net acceleration
(due to hydrostatic effects) increases. However, near
the top of the channel where mass approaches zero as
H/H0 → 0, the flow over the cold pool experiences a net
decrease in drag. Consequently, for fixed cold pool
depth, there would be an imbalance of forces unless
propagation speed decreases accordingly to maintain
the steady flow assumption.

We also present two-dimensional numerical simula-
tions of lock-exchange flow to provide an independent
evaluation of our analytic results. Comparison of com-
pressible and anelastic simulations shows that no sig-

FIG. 19. Same as in Fig. 17 but for the warm gravity currents.
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nificant loss of accuracy is incurred by using the anelas-
tic equations derived by Bannon (1996). Comparison of
incompressible and anelastic simulations with small
H/H0 confirm that the classic incompressible results can
be reproduced in the anelastic system for shallow chan-
nels. For cold gravity currents, our analysis of propaga-
tion speeds and cold pool depths supports the analytic
results, including our hypothesis about the likely maxi-
mum cold pool depth. For warm gravity currents, the
overall propagation speeds match the analytic results.
However, current depths are much lower than the
likely maximum depth determined from our analytic

study. This discrepancy for warm gravity currents ap-
pears to be caused by unsteady evolution, which cannot
be modeled by steady flow analysis, and appears to be
unique to warm gravity currents with H/H0 � 0.3.

Overall, we demonstrate that analytic results for
gravity currents using the deep anelastic equations are
notably different from results derived using the incom-
pressible equations. For scales relevant to atmospheric
gravity currents, our results show depths and propaga-
tion speeds that are considerably (�25%) smaller than
values based on the incompressible equations. Further-
more, we show (in section 2h) that there is a likely

FIG. 20. Same as in Fig. 18d but at t/T � (a) 34, (b) 38, (c) 42, and (d) 46. The panels are translated at a
constant rate throughout this time period.
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maximum possible depth (�4 km) for steady cold pools
(in the absence of shear).

The main limitations of this study, as applied to at-
mospheric gravity currents, are the neglect of shear and
stratification in the environment. The use of two-
dimensionality for the numerical simulations might also
affect some results. Because of the added complexity,
we will investigate these effects in a future study.
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APPENDIX A

Density Integrals

For cold gravity currents, there are three integrals in
(13) that need to be evaluated. We obtain these inte-
grals without approximation using (14), whereby the
integral of � between heights z1 and z2 is

�
z1

z2

� dz � ��0H0

R

cp
�	s �

z

H0
�cp�R�

z1

z2

, �A1�

and the integral of �z between heights z1 and z2 is

�
z1

z2

�z dz � ��0H0
2

R

cp
�	s�	s �

z

H0
�cp�R

�
cp

cp � R �	s �
z

H0
�cp�R � 1	�

z1

z2

.

�A2�

To help identify the processes that make deep anelastic
flow different from incompressible flow, we introduce
three parameters, �1, �2, and �3, which are defined as
follows:

�
0

H

� dz � �0�1H, �A3a�

�
0

h

� dz � �0�2h, and �A3b�

�
0

h

�z dz � �0�3

h2

2
, �A3c�

wherein

�1 � �
H0

H

R

cp
��	s �

H

H0
�cp�R

� 	 s
cp�R	, �A4a�

�2 � �
H0

h

R

cp
��	s �

h

H0
�cp�R

� 	 s
cp�R	, and �A4b�

�3 � �
H0

2

h2 2
R

cp
�	s�	s �

h

H0
�cp�R

�
cp

cp � R �	s �
h

H0
�cp�R�1

�
R

cp � R
�	s�

cp�R�1	.

�A4c�

From these definitions, we note that

�
h

H

� dz � �0�1H � �0�2h. �A5�

Using L’Hôpital’s rule, the variables �1, �2, and �3 can
be shown to converge to unity for the limit H/H0 � 0.
Thus, the integrals (A3) readily become the simple re-
sults for constant density in the incompressible limit
(H/H0 � 0) by design. We note that the effects of the
deep anelastic system are completely described by the
parameter H/H0, which specifies the departure of the
system from the incompressible reference state by the
definitions (A3).

For warm gravity currents, in addition to (A3a), we
also define the integrals

�
H�h

H

� dz � �0�4h and �A6a�

�
H�h

H

�z dz � �0�5�H2

2
�
�H � h�2

2 	, �A6b�

wherein

�4 � �
H0

h

R

cp
��	s �

z

H0
�cp�R	�

z�H�h

z�H

, �A7a�

�5 � �
H0

2

H2

2
�
�H � h�2

2

R

cp
�	s�	s �

z

H0
�cp�R

�
cp

cp � R �	s �
z

H0
�cp�R�1	�

z�H�h

z�H

, �A7b�

and we note that

�
0

H�h

� dz � �0�1H � �0�4h. �A8�

Again, by design, �4 � �5 → 1 for H/H0 → 0.

APPENDIX B

Asymptotic Analysis

Herein, we derive approximations to the analytic re-
sults for small H/H0, which allows us to find the first-

554 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 65



order changes as H/H0 increases away from the incom-
pressible reference solution. We begin by deriving ap-
proximations to �i (i � 1–3), assuming that H/H0 K 1
and that �s � 1. We use the expansion

�1  x�n � 1  
nx

1
�

n�n � 1�x2

2
 

n�n � 1��n � 2�x3

6

� . . . , �B1�

which is derived from the binomial theorem and is valid
for x2 � 1. We retain terms of high order as needed to
obtain an adequate approximation. Using these as-
sumptions, we derive the following approximate forms
for �i, wherein � � h/H:

�1 ≅ 1 �
1
2

c


R

H

H0
, �B2a�

�2 ≅ 1 �
1
2

c


R


H

H0
, and �B2b�

�3 ≅ 1 �
2
3

c


R


H

H0
. �B2c�

To demonstrate the accuracy of these approxima-
tions, we first derive the asymptotic solution for the
energy-conserving current depth hec /H for cold gravity
currents. Starting from the exact solution, (19), we use
(B2) for �i and make further use of (B1) during the deri-
vation. We have thus derived an approximate solution,

hec

H
≅

1
2
�

1
12

c


R

H

H0
. �B3�

This equation is compared with the exact equation in
Fig. B1a; the two solutions are approximately the same
for small H/H0. Thus, we conclude that hec /H varies
linearly with slope �(1/12)(c� /R)(H/H0) in the asymp-
totic limit.

For our analysis of flows with energy dissipation (sec-
tion 2d), we find an asymptotic solution for the thrust,

T ≅ 2�1
2
�

c


R �1
4
�

1
12

� H

H0
	. �B4�

Hence, T increases linearly with H/H0 (all else being
held fixed). For the net momentum flux we find

D1 ≅ �
C2

g�H



1 �  �1 �
1
2

c


R

H

H0
�. �B5�

Hence, D1 decreases linearly with H/H0 (all else being
held fixed). As we discuss in section 2d, the increase in
T combined with the decrease in D1 (the two terms that
are directly affected by H/H0) creates a situation
whereby the steady flow assumption is violated. Thus,
for fixed �, steady flow can be established if propaga-

tion speed C2/(g	H) decreases from the incompressible
reference solution. Using (B4) and (B5) in the balance
equation (23) and then solving for C/(g	H)1/2, we find
after further applications of (B1) an asymptotic solu-
tion for cold pool propagation speed, which is given as
(24). We plot this result with the exact solution for � �
0.2 in Fig B1b; the two solutions are approximately the
same for small H/H0. We conclude that, for fixed �,
propagation speed decreases linearly with slope
�1/2(c� /R)�(H/H0) in the asymptotic limit.

FIG. B1. Asymptotic solutions for cold gravity currents: (a) cur-
rent depth for energy-conserving flow and (b) propagation speed
for flows with energy dissipation for h/H � 0.2. The solid curves
are the exact analytic solutions, and the dashed curves are the
approximate solutions valid for small H/H0.
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APPENDIX C

Derivation for Warm Gravity Currents

Using the same methodology that we use for cold
gravity currents, we first integrate the mass continuity
equation over the control volume to yield

C�
0

H

� dz � U�
0

H�h

� dz. �C1�

Conservation of energy along the upper boundary, as-
suming no surface friction, produces the constraint
C2/2 � �R,H. We again use a simple distribution of
buoyancy, wherein BR� g	 in the gravity current and is
zero elsewhere. Consequently, integration of the hydro-
static equation on the right boundary, combined with
the above upper-boundary constraint, provides the dis-
tribution of �R that we use in section 3:

�R�z� � �
C2

2
� g�h for z � �H � h�;

C2

2
� g��H � z� for z � �H � h�.

�C2�

To obtain the general solution for propagation speed,
we integrate the horizontal momentum equation over
the control volume, and we again assume that normal
stresses at the boundaries are zero, to obtain the solu-
tion

C2 �

g���
H�h

H

�z dz � H�
H�h

H

� dz � h�
0

H�h

� dz�
�

0

H

� dz�1
2
�

�
0

H

� dz

�
0

H�h

� dz�
.

�C3�

Using the definitions (A4a) and (A7), this result can be
expressed in terms of �i (i � 1, 4, 5), which is given as
(29).

To obtain the energy-conserving solution, we again
utilize conservation of energy along streamlines, (3).
For the streamline starting at the stagnation point (x �
xs), and proceeding along the gravity current interface
to a point on the right boundary, this yields U2/2 �
�R,(H�h)� �s. Because �s� �R,H and �R,H� �R,(H�h)�
g	h, we find

U2 � 2g�h, �C4�

which is identical to the solution for cold gravity cur-
rents, (17), and is again independent of H/H0. For the
general solution of U2, we use (29) and (C1) to derive

U2 � g�h
�1H�2��1 � �4 � �5�H � �2�4 � �5�h�

��1H � �4h���1H � �4h�
.

�C5�

The solution for gravity current depth in energy-
conserving flow is then derived by equating (C4) and
(C5), and then solving for � � h/H; the result is given as
(30).

REFERENCES

Bannon, P. R., 1996: On the anelastic approximation for a com-
pressible atmosphere. J. Atmos. Sci., 53, 3618–3628.

——, J. M. Chagnon, and R. P. James, 2006: Mass conservation
and the anelastic approximation. Mon. Wea. Rev., 134, 2989–
3005.

Benjamin, T. B., 1968: Gravity currents and related phenomena. J.
Fluid Mech., 31, 209–248.

Bryan, G., D. Ahijevych, C. Davis, S. Trier, and M. Weisman,
2005: Observations of cold pool properties in mesoscale con-
vective systems during BAMEX. Preprints, 11th Conf. on
Mesoscale Processes, Albuquerque, NM, Amer. Meteor. Soc.,
JP5J.12.

Crook, N. A., and M. J. Miller, 1985: A numerical and analytical
study of atmospheric undular bores. Quart. J. Roy. Meteor.
Soc., 111, 225–242.

Davis, C., and Coauthors, 2004: The Bow Echo and MCV Experi-
ment: Observations and opportunities. Bull. Amer. Meteor.
Soc., 85, 1075–1093.

Klemp, J. B., R. Rotunno, and W. C. Skamarock, 1994: On the
dynamics of gravity currents in a channel. J. Fluid Mech., 269,
169–198.

Klingle, D. L., D. R. Smith, and M. M. Wolfson, 1987: Gust front
characteristics as detected by Doppler radar. Mon. Wea. Rev.,
115, 905–918.

Mahoney, W. P., III, 1988: Gust front characteristics and the ki-
nematics associated with interacting thunderstorm outflows.
Mon. Wea. Rev., 116, 1474–1491.

Maxworthy, T., J. Leilich, J. E. Simpson, and E. H. Meiburg, 2002:
The propagation of a gravity current into a linearly stratified
fluid. J. Fluid Mech., 453, 371–394.

Simpson, J. E., 1997: Gravity Currents in the Environment and the
Laboratory. 2nd ed. Cambridge University Press, 244 pp.

Skamarock, W. C., and J. B. Klemp, 1992: The stability of time-
split numerical methods for the hydrostatic and the nonhy-
drostatic elastic equations. Mon. Wea. Rev., 120, 2109–2127.

Ungarish, M., 2006: On gravity currents in a linearly stratified
ambient: A generalization of Benjamin’s steady-state propa-
gation results. J. Fluid Mech., 548, 49–68.

von Kármán, T., 1940: The engineer grapples with nonlinear prob-
lems. Bull. Amer. Math. Soc., 46, 615–683.

Wicker, L. J., and W. C. Skamarock, 2002: Time-splitting methods
for elastic models using forward time schemes. Mon. Wea.
Rev., 130, 2088–2097.

Xue, M., 2000a: Density currents in two-layer shear flows. Quart.
J. Roy. Meteor. Soc., 126, 1301–1320.

——, 2000b: High-order monotonic numerical diffusion and
smoothing. Mon. Wea. Rev., 128, 2853–2864.

——, 2002: Density currents in shear flows: Effects of rigid lid and
cold-pool internal circulation, and application to squall line
dynamics. Quart. J. Roy. Meteor. Soc., 128, 47–73.

556 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 65


