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Abstract 

Weather and climate disasters receive much public attention, as well as dominating the 

portfolios in catastrophe insurance. Public policy concerns include the questions of whether such 

disasters are becoming more frequent and/or more intense. Addressing such questions is 

complicated because not only is the climate possibly changing, but societal vulnerability as well. 

Extreme value theory provides a natural framework for addressing these questions, yet statistical 

methods based on this theory have been only rarely applied in this context. In the present 

chapter, first the extremal characteristics of extreme weather and climate events that may result 

in disasters are described, including possible trends and relationships to physically based 

covariates such as the El Niño-Southern Oscillation phenomenon. Then the extremal 

characteristics of economic damage are described, including the random sum representation for 

annual total damage. Finally, damage functions converting the intensity of extreme events into 

the corresponding economic damage are considered. In an attempt to attribute the upper tail 

behavior of economic damage to that of the underlying weather or climate phenomenon, 

penultimate approximations in extreme value theory are invoked. Applications include the U.S. 

billion-dollar weather and climate disasters, with the main focus being on the economic damage 

caused by hurricanes. 

Key Words:  Hazard rate; Heavy tail; Penultimate approximation; Power transformation; 

Weibull distribution.
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1. Introduction 

 Much of the economic impact of weather and climate is realized through extreme events. As an 

example, Figure 1 shows the time series of the annual total economic damage from US billion-

dollar weather and climate disasters, adjusted for inflation to constant 2011 dollars, for the time 

period 1980–2011 (Smith and Katz, 2013). The total damage for the year 2005 stands out; still 

no long-term trend is necessarily evident. The total damage shown in the figure can be viewed as 

a random sum, with sources of variation including both the annual number of events and the 

damage from individual events (Embrechts et al., 1997; Katz, 2002). In general, the extreme 

upper tail of the distribution of the economic damage caused by weather or climate phenomena is 

of concern, especially to the insurance and reinsurance industries (Embrechts et al., 1997; 

Murnane, 2004). 

 The US billion-dollar weather and climate disasters dataset (on which Figure 1 is based) is 

maintained by the National Climatic Data Center (NCDC) of the US National Oceanic and 

Atmospheric Administration (NOAA). All types of weather and climate disasters are covered, 

including hurricanes, droughts, and floods, with damages being adjusted for inflation using the 

US Consumer Price Index. The annual frequency of such disasters and the annual total damage 

from these disasters are available to the public. For more information about this dataset, see the 

Appendix and Smith and Katz (2013). 

 In trend analysis of time series of economic damage, one complication is isolating the 

influence of weather and climate extremes. Trends in damage are also associated with shifts in 

societal vulnerability, including higher population and more valuable capital. Thus it is difficult 

to necessarily attribute any observed trend to climate change. For some extreme weather and 
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climate phenomena, especially hurricanes, attempts have been made to adjust the damage data 

accounting for these shifts in societal vulnerability (e.g., Pielke et al., 2008). 

 Hurricanes are the single most prevalent type of weather or climate phenomenon causing 

billion-dollar events (Smith and Katz, 2013), with these damage estimates being of higher 

quality than those for other extreme phenomena (e.g., floods; Pielke and Downton, 2000). As can 

be seen from Figure 2, only a few of the damaging hurricanes making landfall along the Gulf and 

Atlantic coasts of the US caused much of the total economic damage during the time period 

1900–2005 (based on a dataset adjusted for both inflation and shifts in societal vulnerability to 

the year 2005; Pielke et al., 2008). The highest adjusted damage, about $150 billion (US$ for 

year 2005), is associated with the Great Miami hurricane in 1926; that is, the hypothetical 

damage if this storm had occurred in 2005 instead. For more information on the hurricane 

damage dataset, see the Appendix and Pielke et al. (2008). 

 An indirect approach to the quantification of the economic impact of extreme weather and 

climate events involves what is termed a “damage function” (Pielke, 2007); typically, assumed to 

be in the form of a power transformation (e.g., Nordhaus, 2010). It might be anticipated that, 

depending on the form of damage function, the upper tail behavior of economic damage is 

inherited from that of the underlying weather or climate variable. 

 It would seem natural to make use of the statistical theory of extreme values (e.g., Coles, 2001) 

to study the statistical characteristics of the economic damage caused by extreme weather and 

climate. Nevertheless, the majority of the statistical analyses so far have relied on distributions, 

such as the lognormal (Katz, 2002; Nordhaus, 2010), whose properties are not necessarily 

flexible enough for the extreme upper tail. In the case of economic damage caused by hurricanes, 
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exceptions in which methods based on extreme value theory have been used include Jagger et al. 

(2011) and Katz (2010, 2015). 

 In this chapter, first the statistical characteristics of extreme weather and climate events are 

reviewed, including trends in frequency and intensity and relationships to physically based 

covariates such as the El Niño-Southern Oscillation phenomenon (Section 2). As an application, 

the economic damage caused by hurricanes striking the US is analyzed as well as, to a lesser 

extent, the US billion-dollar disaster data (Section 3). Then the approximate upper tail behavior 

of economic damage is related to that of the underlying weather or climate variable through a 

damage function, in the form of a power transformation, in combination with a penultimate 

approximation (Section 4). Finally, Section 5 consists of a discussion. Details about the billion-

dollar weather and climate disasters and economic damage from hurricanes datasets are relegated 

to the Appendix.
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2. Extreme weather and climate events 

 

2.1. Extremal characteristics 

 To characterize the statistics of extreme weather and climate events, first the statistical theory 

of extreme values is briefly reviewed. 

 

2.1.1. Block maxima 

 The fundamental result in the classical statistical theory of extreme values is the Extremal 

Types Theorem (Coles, 2001). Suppose that the limiting distribution of the maximum of a 

stationary sequence of random variables (each with cumulative distribution function (cdf) F, 

sometimes called the “parent” distribution), suitably normalized, has a limiting distribution, say 

with cdf G. Then G must be in the form of the generalized extreme value (GEV) distribution; 

that is, 

 

 G(x; μ, σ, ξ) = exp{−[1 + ξ (x – μ)/σ]−1/ξ }, (1)  

 

1 + ξ (x – μ)/σ > 0, σ > 0. Here μ, σ > 0, and ξ denote the location, scale, and shape parameters, 

respectively. Note that the Extremal Types Theorem does not require that the sequence of 

random variables necessarily be temporally independent (e.g., Chapter 5 of Coles, 2001).  

 The GEV distribution has three types: (i) the Weibull, unbounded below and with a finite 

upper bound of μ – σ/ξ (ξ < 0); (ii) the Fréchet, with a finite lower bound of μ – σ/ξ and an 

unbounded, heavy upper tail (ξ > 0); and (iii) the Gumbel unbounded below and above with a 

light upper tail (ξ = 0), formally obtained by taking the limit as ξ → 0 in (1). If the limiting 
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distribution of the suitably normalized maximum is the Gumbel type of GEV, then the parent cdf 

F is said to be in the “domain of attraction” of the Gumbel (with analogous terminology for the 

other two types of GEV).   

 Weather or climate variables such as precipitation totaled over short time periods (e.g., an hour 

or a day) and stream flow typically possess an apparent heavy tail (e.g., Katz et al., 2002; 

Koutsoyiannis, 2004). That is, block maxima (e.g., annual maximum of daily precipitation 

amount or annual peak stream flow) are usually approximated by a GEV distribution with shape 

parameter ξ > 0. Other weather and climate variables, such as temperature or wind speed, have 

an apparent bounded upper tail (i.e., a GEV distribution for block maxima with shape parameter 

ξ < 0; e.g., Furrer et al., 2010; Katz, 2015).  

 

2.1.2. Excess over high threshold 

 More modern extreme value theory has focused on the limiting behavior of the upper tail of 

distributions. Consider a high threshold u and suppose that the random variable X exceeds this 

threshold (i.e., X > u). Denote the “excess” over the threshold by Y = X – u. Analogous to the 

Extremal Types Theorem, for sufficiently high threshold u, the excess has an approximate 

generalized Pareto (GP) distribution (Coles, 2001) with cdf 

 

 H[y; σ(u), ξ] = 1 – {1 + ξ [y/σ(u)]}−1/ξ ,  y > 0, (2)  

 

1 + ξ [y/σ(u)] > 0. Here σ(u) > 0 and ξ denote the scale and shape parameters, respectively. The 

interpretation of the shape parameter is identical to that for the GEV distribution (termed the beta 

(ξ < 0), Pareto (ξ > 0), and exponential (ξ = 0) types). As the notation suggests, the scale 
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parameter depends on the threshold u, with the excess over a higher threshold having an 

approximate GP distribution with the same shape parameter, but requiring an adjustment to the 

scale parameter. 

 Several techniques are commonly used to estimate the parameters of the GP distribution, 

including maximum likelihood and probability-weighted moments. Here maximum likelihood is 

adopted, in part because of the ease in introducing trends and other covariates into the extreme 

value models. For shape parameter ξ > −0.5, the maximum likelihood estimators have the usual 

asymptotic properties, including approximate expressions for the standard errors (Smith, 1985). 

This constraint on the shape parameter is satisfied in practice for the extremes of weather and 

climate variables and of the economic damage caused by these variables. 

 As an example, part i of Table 1 gives the parameter estimates and standard errors for a fit by 

maximum likelihood of the GP distribution to the excess in hurricane wind speed at landfall (a 

common measure of hurricane intensity) over a threshold of 107.5 kt. This threshold value was 

obtained by trial and error, first fitting GP distributions for a number of possible thresholds, next 

identifying a tentative value based on stability of the shape parameter estimates, and finally using 

a Q-Q plot to verify the goodness-of-fit of the GP distribution for the tentative value (diagnostics 

described in Chapter 4 of Coles, 2001). As anticipated for wind speed, there is an apparent 

bounded upper tail with a shape parameter estimate of about −0.19. The wind speed data are part 

of the US hurricane damage dataset, and will be analyzed in more detail in Section 4 (also see 

Appendix). 

 

2.1.3. Poisson-GP model 
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 Besides the excess over a high threshold, the rate at which the threshold is exceeded also needs 

to be modeled. Given that exceeding a high threshold is a rare event, it is natural to model the 

sequence of exceedances as a Poisson process, say with rate parameter λ > 0. Consequently, the 

total number of threshold exceedances within a time interval of length T would have an 

approximate Poisson distribution with rate parameter (or mean) λT. The combination of these 

two components (i.e., a Poisson process governing the rate of exceedance of a high threshold and 

a GP distribution for the excess over the threshold) is sometimes called a Poisson-GP model 

(e.g., Katz et al., 2002). Such a model is consistent with using the GEV distribution as an 

approximation for block maxima (e.g., Smith, 1989). 

 For the billion-dollar disaster data set, 133 events occurred over the 32-yr time period, or a rate 

of about 4.2 events per year. For the hurricane damage data set, 160 events occurred over the 

106-yr time period (excluding events with damage less than $0.1 billion – see the Appendix), or 

a rate of about 1.5 events per year. In the next two subsections, possible trends in these rates as 

well as modulation by physically based covariates will be considered. 

 

2.2. Trends in frequency and intensity 

 Concerns about possible climate change call for the introduction of non-stationarity into 

extremal models. One straightforward approach is to express one or more of the parameters of an 

extremal distribution as a function of covariates such as time (e.g., Coles, 2001). Parameters can 

still be readily estimated by maximum likelihood, with model selection being based on a 

likelihood ratio test (e.g., Coles, 2001) or model selection criterion such as Akaike’s information 

criterion (AIC) or the Bayesian information criterion (BIC) (e.g., Venables and Ripley, 2002). 



9 

 

 As an example, Figure 3 shows the time series of annual frequency of US billion-dollar 

disasters. Also included is the fitted trend curve, expressing the log-transformed rate parameter λ 

of the Poisson distribution for the annual frequency of disasters as a linear function of the year t 

(i.e., a form of Poisson regression): 

 

 log λ(t) = λ0 + λ1t. (3) 

 

The estimated slope parameter λ1 corresponds to a relative increase in the frequency of disasters 

of about 4.8% per year. This apparent trend is overwhelmingly statistically significant (P-value < 

10−5 for likelihood ratio test). For more details, see Smith and Katz (2013). 

 Similarly, trends in extreme event intensity can be modeled by expressing one or both of the 

parameters of the GP distribution for the excess in intensity over a high threshold as a function of 

time (e.g., the log-transformed scale parameter as a linear function of time). Nevertheless, it is 

difficult to detect trends in, for example, hurricane intensity (Kunkel et al., 2013), 

notwithstanding physical arguments suggesting an increase in intensity with global warming 

(Emanuel, 2005). 

 

2.3. Relationship to covariates 

 In addition to trends, covariates in extremal models can be physically based, such as indices of 

large-scale atmospheric or oceanic circulation. As an example, Figure 4 shows the time series of 

annual frequency of hurricanes damaging the US. Also included is fitted trend curve, modulated 

by an index of the El Niño-Southern Oscillation (ENSO) phenomenon denoted by Zt (i.e., Zt = 

−1, 0, 1 for La Niña, neutral, and El Niño events, respectively). In this case (again a form of 
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Poisson regression), the log-transformed rate parameter of the Poisson distribution for the annual 

frequency of hurricanes is expressed as a linear combination of both the ENSO phenomenon and 

the year t: 

 

 log λ(t) = λ0 + λ1Zt + λ2t. (4) 

 

Controlling for the effect of ENSO (with damaging hurricanes being less frequent during El Niño 

events; Katz, 2002), there is fairly strong evidence for a trend (P-value about 0.0004), with the 

estimated trend parameter λ2 corresponding to a relative increase in the frequency of 

hurricanes of about 0.9% per year (holding the ENSO state fixed). For more details about 

the ENSO data, see the Appendix and Katz (2010). 

 As with trends, it is difficult to detect any dependence of extreme high hurricane intensity on 

physically based covariates. Nevertheless, Mestre and Hallegatte (2009) found an influence of 

sea surface temperature on the upper tail of the distribution of hurricane intensity.
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3. Economic Damage 

 In this section, the statistical properties of economic damage from extreme weather and climate 

events are considered.  

 

3.1. Damage from individual extreme events 

 The economic damage caused by hurricanes striking the US coast along the Gulf of Mexico 

and Atlantic Ocean exhibits a rapid increase over the past century, even if corrected for inflation 

(Pielke et al., 2008). Yet most, if not all of this increase is attributable to shifts in societal 

vulnerability, as opposed to any change in climate. To remedy this problem, Pielke et al. (2008) 

developed a hurricane damage data set adjusted for wealth and population in addition to inflation 

(see the Appendix).  

 Part i of Table 2 includes the parameter estimates and standard errors based on maximum 

likelihood for the GP distribution fit to the excess in damage over a high threshold. The value of 

the threshold u = $7.5 billion was obtained using the same diagnostics as described for the 

hurricane wind speed data (see Section 2.1.2), leaving a total of 31 excesses. In particular, a Q-Q 

plot (not shown) looks satisfactory. There is evidence of a heavy tail, with the estimated shape 

parameter being 0.476, consistent with other analyses (Chavas et al., 2013; Jagger et al., 2011; 

Katz, 2010). 

 To assess the fit of the GP distribution to excess damage, it is convenient to consider the 

survival function. From (2), it follows that 

 

 log{1 – H[y; σ(u), ξ]} = – (1/ξ) log{1 + ξ [y/σ(u)]}. (5) 
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In other words, the survival function of the GP distribution is approximately linear for large 

excesses on a log-log scale. Further, the slope of the approximate straight line is negative for a 

heavy-tailed distribution (i.e., ξ > 0). 

 Figure 5 shows a plot of the log-transformed survival function versus the log-transformed 

excess damage for both the empirical and fitted GP distributions. It indicates that the GP 

distribution provides a reasonable fit, with the approximate linearity of the empirical survival 

function for high excesses being evident. A Q-Q plot uses essentially the same information as 

shown in Figure 5, but in a linearized form. 

  

3.2. Total damage as random sum 

 It is common to aggregate damage (e.g., over a year) from extreme weather and climate events. 

Such an aggregation is especially convenient for the insurance and reinsurance industry, with 

premiums typically being tied to an annual time scale (recall Figure 1 for the billion-dollar 

disaster data). As mentioned in the Introduction, total damage can be viewed as a random sum. 

Because random sums are the “bread and butter of insurance mathematics” (Embrechts et al., 

1997, p. 96), much is known about their statistical properties. In particular, the upper tail of the 

distribution of a random sum closely resembles the corresponding one for damage from 

individual events under broad conditions (“the tail of the maximum determines the tail of the 

sum,” Embrechts et al., 1997, p. 38). Nevertheless, it is generally more informative to directly 

model the two component processes of a random sum: (i) the frequency of events; and (ii) the 

individual damage associated with each event. 
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 Let the random variable N(t) (= 0, 1, . . .) denote the number of events in year t. Conditional on 

N(t) > 0, let Lk denote the damage from the kth event in year t,  k = 1, . . ., N(t). Then the total 

annual damage in year t, say S(t), can be expressed as 

 

 S(t) = L1 + L2 + ∙ ∙ ∙ + LN(t). (6) 

 

 As already discussed in Section 2.1.3, it is natural to assume that the annual frequency of 

events has a Poisson distribution. Additional common assumptions are that, given the number of 

events in year t, say N(t) = k, k > 0, the damages from individual events, L1, . . ., Lk, are 

independent and identically distributed, as well as being independent of N(t). For the 

damage from extreme weather and climate events, at least some seasonality would be 

anticipated, suggesting that the terms on the right-hand side of (6) are not necessarily 

identically distributed. Further, there is some evidence that extreme weather and 

climate events tend to “cluster,” with N(t) being overdispersed relative to a Poisson 

distribution (Vitolo et al., 2009). Nevertheless, the random sum representation with 

these common assumptions still seems to work fairly well in practice (Katz, 2002). 

 

3.3. Trends 

 Recall that a statistically significant increasing trend in the annual frequency of damaging 

hurricanes, modulated by the ENSO state, has been found (Section 2.3). Now possible trends in 

the economic damage from individual hurricanes are considered. Part ii of Table 2 gives the 

results of fitting a trend to the upper tail of the distribution of damage from individual hurricanes. 
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Specifically, the log-transformed scale parameter of the GP distribution is assumed to have a 

linear trend; that is,  

 

 log σ(t, u) = σ0 + σ1t, (7) 

 

where t denotes the year (t = 1 corresponds to the year 1900, etc.). A likelihood-ratio test yields 

borderline statistical significance for a decreasing trend estimated at about 1.3% per year in the 

scale parameter for the excesses over a threshold of $7.5 billion (P-value = 0.094).  
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4. Damage functions 

 The economic damage from hurricanes has an apparent heavy tail (see Section 3); yet 

hurricane intensity apparently does not (see Section 2). So, at first glance, it would seem futile to 

attempt to relate the upper tail behavior of damage to that of event intensity. But more refined 

extreme value theory, based on so-called penultimate approximations, provide an avenue to 

make sense of this result for hurricanes. 

 

4.1. Functional form 

 

4.1.1. Power transform 

 It is common to assume that the function converting the intensity of the extreme weather or 

climate event into the corresponding economic damage is in the form of a power transformation 

(e.g., Nordhaus, 2010). This functional form has been justified on the basis of physical 

principles, empirical evidence, and mathematical convenience.  

 Suppose that the intensity of the weather or climate variable is denoted by V and the 

corresponding economic damage (or loss) by L. Then it is assumed that L is related to V by the 

power transformation 

 

 L = a V b,  a > 0, b > 0. (8) 

 

For hurricanes, with V being the maximum wind speed at landfall, it has been argued on a 

physical basis that the exponent b = 3 in (8) is consistent with the hurricane power dissipation 
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index used by Emanuel (2005). Otherwise, both the parameters a and b in (8) would need to be 

estimated. 

 The power transformation (8) implies log-log linearity for the relationship between the damage 

L and the intensity V of the extreme weather or climate event. So it is straightforward to estimate 

the exponent b as the slope in the regression of log L versus log V. That is, applying the 

logarithmic transformation to both sides of (8) gives 

 

 log L = log a + b log V . (9) 

 

Some empirical evidence obtained from such regression analyses indicates that b > 3 for 

hurricane damage (Nordhaus, 2010; Pielke, 2007). 

 The maximum wind speed at landfall, as already analyzed in Table 1, is used as a measure of 

hurricane intensity (see Appendix for more details about this dataset), even though ideally other 

storm features such as size should be included as well (Chavas et al., 2013). Figure 6 shows a 

scatter plot of log-transformed hurricane damage versus log-transformed wind speed, along with 

a smoothed curve based on loess (Venables and Ripley, 2002). The loess curve appears 

somewhat nonlinear, but roughly piecewise linear with a steeper slope for high wind speeds (say 

V > 82.5 kt). So the scatter plot suggests that, at least for high wind speeds, the damage function 

may be approximately in the form of a power transformation (8). Note that Murnane and Elsner 

(2012) also found a lack of log-log linearity in the damage function for hurricanes. 

 Table 3 gives the estimated parameters and standard errors from the regression of log-

transformed damage on log-transformed wind speed, both for all the data (part i) and for only the 

subset with wind speed V > 82.5 kt (part ii, reducing the size of the data set from 160 to 78). By 
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(9), this slope can be viewed as an estimate of the exponent of the power transformation b. For 

all the data, the estimated slope is about 2.64 or roughly one standard error below the physically 

based value of b = 3; for only the data with V > 82.5 kt, the estimated slope is about 4.24 or 

roughly one standard error above b = 3. In both cases, a t-test of b = 0 gives overwhelming 

statistical significance for a linear relationship between log-transformed wind speed and log-

transformed damage.  

 Table 3 (part iii) also includes the results of a piecewise linear regression of log L versus log V, 

with a join point at 82.5 kt. That is, a damage function of the following form is fitted: 

 

 log L = log a + b1 log V + b2 log(V/82.5) I{V > 82.5}, (10) 

 

where I denotes the indicator function. A piecewise linear function is a better fit to the scatter 

plot than a linear one (P-value ≈ 0.003 for t-test of b2 = 0 in (10)). For this model, the slope for V 

> 82.5 is given by b1 + b2, with an estimate being about 4.85 or somewhat higher than that based 

on only the data for which V > 82.5 (i.e., part ii of Table 3). As already mentioned, a few recent 

studies have found estimates of b considerably higher than three. For instance, Nordhaus (2010) 

concluded that b ≈ 9, whereas Bouwer and Botzen (2011) claimed that b ≈ 8 is a better choice. 

 

4.1.2. Extreme value approach 

 An alternative approach to obtaining a hurricane damage function would be based on extreme 

value theory, considering only the relationship with wind speed for the most damaging 

hurricanes (Chavas et al., 2013). Instead of fitting an unconditional GP distribution to the excess 

in damage above a high threshold u (as in part i of Table 2), one or more of the parameters of the 



18 

 

GP could depend on wind speed. In particular, it is assumed that the log-transformed scale 

parameter of the GP can be modeled as a linear function of the wind speed V; that is, 

 

 log σ(V, u) = σ0 + σ1V, (11) 

 

with the shape parameter ξ being held constant. 

 Part iii of Table 2 includes the results of fitting such a conditional GP distribution with the 

same threshold of u = $7.5 billion, again using maximum likelihood to estimate the parameters. 

A likelihood ratio test can be used to compare the fit of this conditional GP distribution to that of 

the unconditional GP (Coles, 2001). This test of the slope parameter σ1 = 0 in (11) is not 

statistically significant, with a P-value about 0.228. Most likely, this lack of statistical 

significance is attributable to the relatively small sample size involved (i.e., only 31 excesses). In 

fact, if a lower threshold of u = $5 billion is used instead as in Chavas et al. (2013), a P-value of 

about 0.05 is obtained or at least borderline statistical significance. 

 

4.2. Induced damage distribution 

 Suppose that the weather or climate variable V has a conventional Weibull distribution (a 

reverse or negated version of the Weibull type of GEV distribution (1)); that is, with cdf given by 

 

 F(x; u, σ, c) = 1 – exp{−[(x – u)/σ]c },  x > u. (12) 

 

Here σ > 0 and c > 0 denote the scale and shape parameters, respectively, and u the lower bound 

or threshold (often u = 0). This distribution is commonly fitted to wind speed (e.g., Cook and 
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Harris, 2004). Then the power transform relationship (8) implies that the damage L would also 

have a Weibull distribution, but with different scale and shape parameters, σ* and c*, related to 

the original scale and shape parameters, σ and c, by 

 

 c* = c/b,  σ* = a σ b (13) 

 

(Johnson and Kotz, 1970, Chapter 20). 

 Table 1 also includes the maximum likelihood parameter estimates and standard errors of  

Weibull distributions fit to the hurricane wind speed data. The estimated shape parameter c = 

2.214 for all the data (part ii of Table 1) and c = 1.444 for only wind speed greater than 82.5 kt 

(i.e., the same threshold as used for the damage function estimation, part ii of Table 3). These 

estimates are reasonably consistent with the typical values of c being between 1 and 3 for wind 

speeds in general (Cook and Harris, 2004). So, using the estimates of c and b based on only the 

wind speed greater than 82.5 kt (part iii of Table 1 and part ii of Table 3), (13) implies that 

damage would have a Weibull distribution with shape parameter of c* = 0.341. As will be seen 

later in this section, this shift to a smaller Weibull shape parameter would correspond to a 

heavier upper tail for damage than for wind speed (in the sense of penultimate extreme value 

theory). 

 

4.2.1. Penultimate approximations 

  One way to determine the domain of attraction for the parent cdf F is based on a concept 

known as the “hazard rate”; that is, 
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 hF (x) = F ′(x) / [1 – F(x)], (14) 

 

where F ′ (i.e., the derivative of F) denotes the corresponding probability density function (pdf) 

(Reiss and Thomas, 2007). For simplicity, assume that the upper tail of the cdf F is unbounded. 

A sufficient condition for F to be in the domain of attraction of the Gumbel type of GEV 

distribution (known as the von Mises condition, Reiss and Thomas, 2007) can be expressed in 

terms of the limiting behavior of the derivative of the reciprocal of the hazard rate as follows: 

 

 (1/hF)′ (x) → 0 as x → ∞. (15) 

 

 The extreme value theory approximations described in Section 2 can be thought of as 

“ultimate” (or first-order), in the sense of only holding in the limit (i.e., as the block size n or the 

threshold u trends to infinity). More refined penultimate (or second-order) approximations are 

also available, with potentially increased accuracy in practice.  

 For simplicity, only the case in which the cdf F is in the domain of attraction of the Gumbel is 

considered, with it further being assumed that the von Mises condition (15) holds. The basic idea 

is to make use of the approximate behavior of the quantity (i.e., derivative of the reciprocal of the 

hazard rate) on the left-hand side of (15) for large x, rather than simply taking the limit as x → ∞. 

Instead of the Gumbel, the GEV distribution is used with shape parameter ξn depending on the 

block size n as follows:  

 

 ξn ≈ (1 / hF)′ (x)│x=u(n)  (16) 
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(Reiss and Thomas, 2007). Here 

 

 u(n) = F −1(1 – 1/n) (17) 

 

denotes the (1 – 1/n)th quantile of the cdf F (sometimes called the “characteristic largest value”). 

By (15), ξn → 0 as n → ∞, so this penultimate approximation converges towards the ultimate 

approximation as the block size increases. 

 If F is the conventional Weibull distribution (12), then the hazard rate and the characteristic 

largest value can be expressed in closed form as: 

 

 hF (x; σ, c) = (c/σ) (x/σ)c−1,  u(n) = σ (log n)1/c. (18) 

 

So by (16) and (18), the shape parameter of the penultimate GEV distribution is given by: 

 

 ξn =  (1 – c) / (c log n) (19) 

 

(Furrer and Katz, 2008). 

 Because the conventional Weibull distribution is in the domain of attraction of the Gumbel, the 

penultimate shape parameter (19) does converge to zero as the block size n increases. 

Nevertheless, for finite block size n, (19) implies that: (i) ξn < 0 (i.e., Weibull type of GEV) for c 

> 1; and (ii) ξn > 0 (i.e., Fréchet type of GEV) for c < 1, a penultimate approximation used for 

precipitation extremes (Furrer and Katz, 2008; Wilson and Toumi, 2005). 
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 Katz (2015) compared the penultimate approximation (19) to that for the GEV distribution 

directly fitted to block maxima obtained from pseudo random numbers simulated from 

conventional Weibull distributions. For a plausible range of block sizes  and of shape parameters 

for the Weibull, the GEV shape parameters based on the penultimate approximation (19) are 

only slightly too large in absolute magnitude as compared to the simulated ones. 

 

4.2.2. Application to hurricane damage 

 Now inferences about the upper tail behavior of the distribution of economic damage caused 

by hurricanes can be made on the basis of these penultimate approximations in extreme value 

theory. Making use of (13), the penultimate approximation (19) for the shape parameter of the 

upper tail of the distribution of damage can be expressed as 

 

 ξn =  [1 – (c/b)] / [(c/b) log n]. (20) 

 

 Because the shape parameter of damage has been estimated for the excess in damage over a 

high threshold (i.e., not directly in terms of block maxima), the value of the block size n to 

substitute into (20) is somewhat ambiguous. Nevertheless, because the expression for ξn depends 

on the block size only through log n, it is not very sensitive to the exact choice. 

 If the estimates of c and b based on only the data for which the wind speed V > 82.5 kt are 

used, then damage would have a Weibull distribution with shape parameter c* = c/b = 0.341. So 

(20) gives a GEV (or equivalently GP) shape parameter ξn ≈ 0.495 for the upper tail of damage if 

the block size n = 50 and 0.420 if n = 100. Both these shape parameter estimates correspond to 

rather heavy tails, with the value for n = 50 being close to the actual estimate of 0.476 for the 
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direct fit of a GP distribution to damage (part i of Table 2) and virtually identical to the estimate 

of 0.496 based on only damage for which the wind speed exceeds 82.5 kt (part iv of Table 2).  
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5. Discussion 

 It has been demonstrated that statistical methods based on extreme value theory provide a 

natural framework for quantifying the risk of high damage from extreme weather and climate 

events. In particular, it has been shown that economic damage from hurricanes has a distribution 

with an apparent heavy upper tail. Further, increasing trends in the frequency of damaging 

hurricanes, as well as in the frequency of all billion-dollar disasters, are evident but not 

necessarily in extreme high damage from individual hurricanes. 

 One chance mechanism has been proposed concerning how the wind speed at landfall, a 

measure of hurricane intensity, could have a distribution with an apparent bounded upper tail, yet 

the economic damage from hurricanes has a distribution with an apparent heavy upper tail. This 

chance mechanism is based on the assumption of a conventional form of Weibull distribution for 

wind speed and a power transformation relating wind speed to economic damage.  Under these 

assumptions, penultimate approximations in extreme value theory can be invoked. Still it should 

be noted that, strictly speaking, both the upper tail of the distribution of wind speed and of 

damage could be light in the sense of ultimate extreme value theory. 

 Nevertheless, there are other possible explanations for the heavy upper tail of the distribution 

of hurricane damage. It may be that this heavy tail arises, at least in part, as a consequence of 

damage being aggregated over a population, irrespective of the underlying weather or climate 

phenomenon. In fact, Vilfredo Pareto originally derived the Pareto distribution (or “Pareto’s 

law”) as a model for how income or capital should be distributed over a population (Arnold, 

1983). 

 Other statistical challenges remain in the analysis of economic damage from extreme weather 

and climate events. In particular, the current procedures for adjusting damage to take into 
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account shifts in societal vulnerability may introduce systematic biases through ignoring the 

small-scale granularity of the adjustment data, such as the rate of insurance coverage (Smith and 

Katz, 2013). It may be that temporal shifts in these biases also affect trend analysis, further 

complicating any effort to attribute any trend in damage data to climate change. 
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APPENDIX 

Data 

 

Billion-dollar weather and climate disasters 

 The US billion-dollar weather and climate disasters dataset is available on the NOAA/NCDC 

website www.ncdc.noaa.gov/billions. Because the damage from individual disasters is 

considered proprietary (being based in part on estimates from the reinsurance industry), only the 

annual frequency and annual total damage are publicly available. The damage estimates have 

been adjusted for inflation using the Consumer Price Index, but not for any shifts in societal 

vulnerability. For convenience, the total damage for the year 1987, in which no billion-dollar 

disasters occurred, is treated as “missing” (i.e., coded as “NA” in R). 

 The billion-dollar disasters dataset is updated annually, both to incorporate additional weather 

and climate disasters and to adjust for inflation in terms of the most recent year. As such, the data 

values presently posted on the NCDC website necessarily differ somewhat from those analyzed 

here. For more information about this dataset, see the NCDC website and Smith and Katz (2013). 

 

Economic damage from hurricanes 

 The US economic damage data from hurricanes (strictly speaking, including some tropical 

cyclones which caused damage despite not attaining official “hurricane” status), adjusted for 

inflation and shifts in societal vulnerability (including population and wealth), are available at 

sciencepolicy.colorado.edu/publications/special/normalized_hurricane_damages.htm. The 

dataset termed “PL05” is used, with the adjustment process being described in Pielke et al. 

(2008).  To avoid bias against relatively low damage events early in the record, only storms 
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causing greater than $0.1 billion are analyzed, reducing the number of events from 208 to 160 

over the time period of 1900–2005. 

 As a measure of hurricane intensity, the maximum wind speed at landfall was obtained from 

the NOAA Atlantic basin hurricane database (called HURDAT and available at 

www.aoml.noaa.gov/hdr/hurdat), following Chavas et al. (2013). Hurricanes that made multiple 

landfalls were treated as separate events. Because of ambiguity about landfall, a few events were 

eliminated. Covering tropical cyclones (as well as full-fledged hurricanes), the lowest wind 

speed value in the data set is 30, with a resolution of 5 kt. So 27.5 kt is treated as the effective 

lower bound. 

 The classification of the ENSO state (i.e., La Niña, neutral, or El Niño event) follows that in 

Trenberth (1997), as adapted by Pielke and Landsea (1999). It is based on the average sea 

surface temperature over the Niño 3.4 region of the Pacific, with these data being available at 

www.cgd.ucar.edu/cas/catalog/climind/TNI_N34/index.html#Sec5. But it should be noted that 

the numerical values now posted on the web page differ slightly from those used in this chapter 

because of changes in computational methods. 
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Table 1.  Maximum likelihood estimates and standard errors for parameters of GP and 

conventional Weibull distributions fit to hurricane wind speed. 

 
 

 Distribution  Parameter Estimate*
 

 

 (i) GP σ(u) 17.203 (3.702) 

 (u = 107.5 kt, n = 34)  ξ −0.188 (0.134) 

 (ii) Conventional Weibull σ 63.920 (2.391) 

 (u = 27.5 kt, n = 160)  c 2.214 (0.141) 

  
 (iii) Conventional Weibull σ 26.956 (2.214) 

 (u = 82.5 kt, n = 78) c 1.444 (0.133) 

 
 
*Standard error given in parentheses. 
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Table 2.  Maximum likelihood estimates and standard errors for parameters of GP distribution fit 

to excess in hurricane damage over high threshold. 

 
 

 Model Parameter  Estimate* 
 

 (i) All excesses σ(u) 11.603 (3.677) 

 (n = 31, u = 7.5)  ξ 0.476 (0.275) 

 
 (ii) Trend  σ0 3.326 (0.543)  

 (n = 31, u = 7.5)  σ1 −0.013 (0.008)** 

   ξ 0.382 (0.244) 

  
 (iii) Covariate V σ0 1.258 (1.061) 

 (n = 31, u = 7.5) σ1 0.011 (0.009)*** 

  ξ 0.452 (0.287) 

 
 (iv) V > 82.5 kt σ(u) 12.793 (4.616) 

 (n = 25, u = 7.5)  ξ 0.496 (0.316) 

 
 
*Standard error given in parentheses. 

**P-value ≈ 0.094 for likelihood ratio test of σ1 = 0 in (7). 

***P-value ≈ 0.228 for likelihood ratio test of σ1 = 0 in (11). 
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Table 3.  Least squares estimates and standard errors for parameters of power transform damage 

function fit to hurricane wind speed and damage. 

 
 

 Model Parameter Estimate* P-value 
 

 (i) All data log a −11.153 (1.503) 

 (n = 160)  b 2.635 (0.342) ≈ 0** 

   
 (ii) V > 82.5 kt log a  −18.509 (5.045) 

 (n = 78) b 4.239 (1.082) < 0.001** 

 (iii) Piecewise linear log a −5.439 (2.403) 

 (n = 160)  b1 1.230 (0.575) 0.034*** 

  b2 3.624 (1.207) 0.003****   

 
 
*Standard error given in parentheses. 

** Test of b = 0 in (9). 

*** Test of b1 = 0 in (10). 

**** Test of b2 = 0 in (10). 
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Figure 1.  Annual total economic damage from US billion-dollar weather and climate disasters 

(adjusted for inflation to constant 2011 dollars) for time period 1980–2011.  
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Figure 2.  Economic damage caused by individual hurricanes making landfall along US coast for 

time period 1900–2005, adjusted for inflation and changes in societal vulnerability to year 2005. 

For multiple events during the same year, the points are superimposed. 
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Figure 3.  Time series of annual frequency of US billion-dollar disasters, along with trend 

(dashed line) fit by Poisson regression for time period 1980–2011. 
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Figure 4.  Trend in annual frequency of hurricanes fit by Poisson regression, conditional on 

ENSO state, for time period 1900–2005 (observed values indicated by open circles, fitted values 

by solid circles; fitted points on highest curve correspond to La Niña events, etc.). 
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Figure 5.  Log-transformed empirical survival function versus log-transformed excess in 

hurricane damage over $7.5 billion, along with survival function for fitted GP distribution (solid 

line).  
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Figure 6.  Scatter plot of log-transformed hurricane damage versus log-transformed maximum 

wind speed at landfall, along with smoother based on loess (solid line).  


