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1. Introduction 
Superrefraction (SR), or ducting, introduces a 
serious problem for radio occultations (RO) in 
the moist lower troposphere. It makes the inverse 
problem of the reconstruction of the vertical 
profile of refractivity  underdetermined (ill 
posed) and results in the negative bias in the 
refractivity retrieved by the Abel inversion. This 
presentation discusses the effect of the SR in 
geometric optics (GO) and in radioholographic 
(RH) inversions. The effect of small-scale 
irregularities, and of the extension of RO signal, 
on the N  retrieved by RH method is 
estimated. The effect of the small-scale 
irregularities on the detection of reflected signals 
is demonstrated. 
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2. Superrefraction in geometric optics 
When  is below the critical value 

, then the curvature 
radius of ray at tangent point (TP) is smaller than 
the Earth’s radius . Thus the external rays (that 
traverse the atmosphere from space to space) 
may not have a TP inside the SR layer. A surface 
SR layer (when the refractional radius 
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at the bottom of the layer is smaller than r ) 
bends rays to surface. An elevated SR layer 
( ) does not bend rays to the surface. 
The rays, with TP approaching top or bottom of 
the SR layer, are “sliding” along the layer; their 
bending increases infinitely causing the decrease 
of amplitude to zero. The rays below the 
elevated SR layer traverse the layer, but have 
finite bending and amplitude.  The bending angle 

 as the function of ray impact parameter  has 
a singularity (while 
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height, has two singularities and a gap between 
them). In case of SR, the Abel inversion, strictly, 
is not applicable, because  is non-monotone 
(thus  is multi-valued) function.  Formal 
application of the Abel inversion for 
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case of SR results in the impossibility to retrieve 

below the critical value, and thus in 
negative bias in the retrieved N  below the 
top of the SR layer. It is important to note that 
this bias exists under any high accuracy of 
integration through the singularity in 
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The SR often is caused by abrupt drop in 
humidity on top of the moist planetary boundary 
layer (PBL) in tropics and sub-tropics (Garratt 
1992).  Figure 1 shows three radiosonde profiles 

 from St. Helena Island (16 ) on 
consequent days. All profiles show well exposed 
SR at z . Figure 2 shows the N , 
interpolated by cubic splines, and the N  
retrieved by Abel inversion from 
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calculated by geometric optics (GO), i.e., by ray 
tracing, for two of the radiosondes. As seen, the 
negative error in the retrieved N  below the 
SR layer can be as large as ~10%. 
 

 
Figure 1. Radiosonde N  profiles  from St. 
Helena Island. 
 
The structure of PBL and the occurrence of the 
SR can be very different in different geographic 
regions. Figure 3A shows mean refractivity 
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profiles for winter 2001/2002 for St. Helena 
Island and for Atoll Kwajalein 
( ). For each individual profile 

 the 
E.,N. oo 716778

)(zN )(aα  was calculated by ray tracing 
(GO) and subjected to Abel inversion. Figure 3B 
shows mean N  retrieval error, which differs by 
an order of magnitude for the two sites. 

 
Figure 2. The interpolated radiosonde   profiles 
(thick line) and the Abel-inverted profiles from 
GO (thin solid line) and from RH (CT) (thin 
dotted line) bending angles. 
 
It is important to note that the true  and the 
Abel retrieved N  correspond to strictly the 
same , i.e., they are indistinguishable in 
RO signal in GO approximation (the inverse 

problem is ill posed). The difference in the two 
RO signals is related to only diffractional effects 
which are small compared to the effect of non-
spherically symmetric N  irregularities. Figure 
4A shows the true and the Abel retrieved profiles 

 and the ensemble of profiles filling the 
space between them. This ensemble maps into 
the ensemble of 
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)a(α  profiles shown in Figure 
4B. The difference in the α  profiles is 
noticeable only in small interval below the 
singularity. 
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Figure 3. Mean N  profiles (A) and mean N  
retrieval errors (B) for winter 2001/2002. Solid 
line: St. Helena Island; dotted line: Atoll 
Kwajalein. 
 

 
Figure 4. (A) an ensemble of  filling the space between the true and the Abel-inverted . (B) 

the corresponding ensemble of the 
)z(N )z(N

)a(α . 
 
3. Superrefraction and radioholographic 
inversions 
The SR results in the multipath propagation 
already inside the atmosphere. In case of the SR, 
the real and the imaginary caustics of the wave 
field, calculated by back propagation (BP) from 
the observational trajectory in a vacuum, overlap 
(Gorbunov and Gurvich 2000). Thus the 
calculation of a single-valued function )(aα  by 
the BP is impossible for any position of the 

auxiliary trajectory. The sliding spectral (SS) 
methods (Sokolovskiy 2001a, Gorbunov 2002a) 
allow calculation of the single-valued )(aα  but 
provide insufficient resolution. In case of the SR, 
both BP and SS methods introduce N  retrieval 
errors additional to those existing in GO. The 
canonical transform (CT) method (Gorbunov 
2002b,c) allows accurate reconstruction of ray 
structure of the diffracted wave field for any 
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)(zN . Figure 2 shows, by thin dotted lines, the 
 inverted from the )(zN )(aα  reconstructed by 

the CT method from the diffracted wave field 
calculated by the multiple phase screen (MPS) 
method (Sokolovskiy 2001a). As seen, GO and 
CT retrieved N  are almost indiscernible. 
Thus the CT method practically does not 
introduce errors additional to those existing in 
GO (that are fundamentally related to the 
absence of the external rays with TP inside the 
SR layer). 
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4. Effect of small-scale refractivity 
irregularities on radioholographic inversions 
The moist troposphere is filled with refractivity 
irregularities of different scales and different 
horizontal/vertical aspect ratio z/x ∆∆=

∞<

χ . 
Some irregularities, like the top of PBL in some 
cases, may be considered as horizontally 
homogeneous ( ) for the  wave propagation. 
Other irregularities, like those caused by 
turbulent convection, are close to isotropic 
( ). Irregularities with χ  introduce 
random errors in RO inversions. Irregularities 
with  (spherically symmetric) do not 
introduce errors unless 

 exceeds the critical value (SR), then 
they do introduce the negative bias. The effect of 
the small-scale N  irregularities was studied by 
MPS forward modeling of RO signals for 

 and their inverting by use of the CT 
method and the Abel inversion. For the forward 
modeling we used the exponential mean 
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and imposed random structure ∆  of 1% 
fractional magnitude, with vertical scale 

)z,x(N

=∆z 0.05 km (this results in exceeding the 
critical gradient below 3-4 km). Figure 5 (upper 
panels) shows the amplitude of the simulated RO 
signals for χ =2 (A), 40 (B), and ∞  (C). The 
increase of χ  results in the increase of 
fluctuation of RO signals and in their penetration 
deeper into the mean GO shadow zone (altitude 
of the straight line GPS – low Earth orbiter 
(LEO) < -100 km). The lower panels in Figure 5 
show the corresponding inversion errors of 

 (in all cases the )z(N )z(

x(N

N  was used as the 
reference). The increase of χ  results in the 
increase of random errors in the retrieved  
and, most important, in the appearance of errors 
with larger vertical scales, of several kilometers 
(case B), not present in the . 
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Figure 5. Upper panels: amplitude of the simulated RO signals for 1%  irregularities with the aspect 

ratio 2 (A), 40 (B), and  (C). Lower panels: the corresponding  retrieval errors. 
N
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5. Effect of the extension of radio occultation 
signal on radioholographic inversions 
Diffraction by small scale N  irregularities 
results in spread of RO signal over an extended 
section of receiver orbit, deep into the GO 
shadow zone (see Figure 5A,B,C). Although the 
amplitude is not big in that zone, still the 
information content of RO signal appears to be 
important. The loss of this information (stop 
tracking too early for the rising, or too late for 
the setting occultations) results in the additional 
errors in RH inversions. Since formally the 
diffracted waves arrive from all directions, all 
RH methods, including the CT, formally can 
reconstruct  at an arbitrarily low a . Then 
the  is truncated on the base of the 
decrease in amplitude of the transformed RO 
signal, which corresponds to the GO shadow 

(Gorbunov 2002b,c). The effect of the extension 
of RO signal on RH inversions can be 
demonstrated by simulations, and by inverting 
real RO signals. Figure 6A shows the amplitude 
for one of the GPS/MET RO signals. Figure 
6B,C show the amplitude after the CT 
(horizontal lines show the determined cutoff) 
when the original signal was used up to 85 s and 
70 s. Figure 6D shows the retrieved N  for 
both cases and indicates a clear difference in 

 above the cutoff. This demonstrates that 
tracking of RO signals must be performed deep 
enough in the GO shadow, in the open loop 
mode (Sokolovskiy 2001b), in order to minimize 
the inversion errors. The cutoff of the retrieved 

 can then be performed based on the geoid 
or terrain model. 
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Figure 6. (A) amplitude of the GPS/MET RO signal; (B,C) amplitudes of the CT transformed full and 

truncated RO signal; (D)   retrieved from the full and the truncated RO signal. 
 
 
6. Effect of small-scale refractivity 
irregularities on detection of the reflected 
signals. 
Reflections from Earth’s surface where first time 
detected in GPS/MET RO signals (in <1/3 of the 
analyzed occultations) by Beyerle and Hocke 
(2001), who expected their use of the reflected 
signals for estimation of the integrated N . 
While possible in theory, this would require high 
measurement accuracy of the frequency of 
reflected signal at low elevations. Diffraction by 
small-scale  irregularities results in degrading 
of the accuracy. Figure 7 shows the sliding 

spectrograms (50 Hz sampling rate, 1 sec 
window) of two simulated RO signals: for 
exponential  (A), and with imposed 
irregularities 

N

)z(N
x(N )z,∆  with  (B). As 

seen, in case (A) the reflected signal is clearly 
detectable (multiple aliasing is due to the signal 
spectrum was not damped by integration), while 
in case (B) it is overshadowed by fluctuation. 
The largest broadening of RO signal spectrum, 
caused by diffraction by the small-scale N  
irregularities, occurs in the moist troposphere. 

40=χ
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This makes difficult the detection and the use the 
reflected RO signals in tropics and subtropics. 
 

 
 
Figure 7. The sliding spectrograms of the 
simulated RO signals for exponential N  (A) 
and for the exponential  with imposed 1% 
irregularities with aspect ratio 40 (B). 
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Conclusions 
The  may not be retrieved below the top of 
a surface SR layer, and is negatively biased 
below the top of an elevated SR layer. For an 
elevated SR layer the true and the Abel-retrieved 

 correspond to strictly the same 

)z(N

)z(N )(aα  and 
this makes the inverse RO problem ill-
conditioned. When assimilating the RO data 
affected by the SR, the atmospheric model must 
be: (i) capable of reproducing the SR; (ii) nudged 
toward positive values of N when matching the 
observational )(aα  below the top of the 
expected SR layer. Before the atmospheric 
models are capable of assimilation the RO data 
affected by SR, it is feasible to discard such data. 
The fact that the statistics of the SR on top of 
PBL is different in different geographic regions 
can help to assimilate or to discard the RO data 
in PBL. The CT method of calculation of )(aα  
from complex RO signals, practically, does not 
introduce errors additional to those existing in 
GO and fundamentally related to the absence of 
the external rays with TP inside a SR layer. The 
small-scale  irregularities, close to isotropic, 
do not introduce bias in RO inversions. The 
irregularities with large aspect ratio can 
introduce RO inversion errors with magnitude 
and vertical scales much larger than those of the 

irregularities.  Diffraction by the small-scale N  
irregularities results in propagation of RO signals 
deep into the GO shadow zone. Failure to track 
RO signals in that zone introduces the additional 
errors in RH inversions. Diffraction by small-
scale  irregularities impedes detection and 
accurate measurement of the frequency of the 
signals reflected from the surface. 

N

N

 
Acknowledgments 
This work was supported by the National 
Science Foundation, as part of development of 
the Constellation Observing System for 
Meteorology Ionosphere and Climate (COSMIC) 
Data Analysis and Archiving Center (CDAAC) 
at UCAR under the Cooperative Agreement 
ATM-9732665. 
 
References 
Beyerle, G., and K. Hocke (2001): Observation 
and simulation of direct and reflected GPS 
signals in radio occultation experiments, 
Geophys. Res. Lett., 28(9), 1895-1898. 
 
Garratt, J.R. (1992): The atmospheric boundary 
layer. Cambridge, Univ. Press, 316 pp. 
 
Gorbunov, M.E., and A.S. Gurvich (2000): 
Comparative analysis of radioholographic 
methods of processing radio occultation data, 
Radio Sci., 35(4), 1025-1034. 
 
Gorbunov, M.E. (2002a): Radioholographic 
analysis of radio occultation data in multipath 
zones, Radio Sci., 37(1), 
10.1029/2000RS002577. 
 
Gorbunov, M.E. (2002b): Canonical transform 
method for processing radio occultation data in 
the lower troposphere, Radio Sci., 37(5), 
10.1029/2000RS002592. 
 
Gorbunov, M.E. (2002c): Radio holographic 
analysis of Microlab-1 radio occultation data in 
the lower troposphere, J. Geophys. Res., 
107(D12), 10.1029/2001JD000889. 
 
Sokolovskiy, S.V. (2001a): Modeling and 
inverting radio occultation signals in the moist 
troposphere, Radio Sci., 36(3), 441-458. 
 
Sokolovskiy, S.V. (2001b): Tracking 
tropospheric radio occultation signals from low 
Earth orbit, Radio Sci., 36(3), 483-498. 
 

2-07-5 


	On Inversion of Radio Occultation Signals in the Lower Troposphere

