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Abstract

An attempt is made to investigate theoretically the controlling

influence of compensating downward motions on the development of

cumulus clouds and the size of the cloudless areas associated with them.

The model consists of two circular concentric air columns: the inside

column corresponds to the updraft (cloud) region and the outside con-

centric annular column corresponds to the downward motion region. The

combined cell is surrounded by the atmosphere at rest. The governing

equations of both the updraft and the compensating downward motion are

derived from the conservation equations of momentum, heat, moisture and

mass.

The differential equations are solved numerically to compute the

vertical velocity, temperature, specific humidity and liquid water

content in and out of the cloud as functions of height and time. Two

experiments were performed with and without the effect of compensat-

ing downward motion. The main conclusions are the following: Without

the effect of the compensating motion, the structure of the solitary

updraft tends to a steady state. However, with the compensating motion,

no tall cloud is maintained (unless there is a steady source of moisture

at the cloud base) since the compensating downward motion acts as a

"break". Also it was found that the most active cloud system develops

when the ratio of the cloud area over the entire area (including the

cloudless area associated with the updraft) is of the order of several

percent.
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1. Introduction

It has been recognized recently that the role played by cumulus

clouds is very important in understanding the dynamics of the tropics and

also the formation of hurricanes (for example, see Charney and Eliassen,

1964). In the general circulation models of the atmosphere designed by

research groups at the U. S. Weather Bureau (Smagorinsky, et al., 1965;

Manabe, et al., 1965), U.C.L.A. (Mintz, 1965) and the Lawrence Radiation

Laboratory (Leith, 1965), various formulations were used to account for

the amount of heat released in convective clouds and also the vertical

heat transport by them. The proposed schemes are all crude, since little

is known quantitatively of the relationship between the formation of

convective clouds and the synoptic weather conditions in which they

develop.

The reason for this difficulty is partly due to the fact that the

scale of convective clouds is small, say the order of a few kilometers,

and partly due to a different mechanism which convective clouds form

compared with stratus clouds. If one wants to compute the evolution of

such clouds, one is required to use a horizontal mesh size of 100 meters

or less as has been done, for example, by Lilly (1962) and Ogura (1963).

It seems, therefore, to be hopeless to incorporate the calculations of

such magnitude into a general circulation model with a mesh size of the

order of 300 kilometers.

The above situation is not actually as bad as it may sound, simply

because it is not necessary to predict and follow the individual motions
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of convective cells in the general circulation patterns. To simplify

the matter, let us consider tall cumulonimbus cloudsof a given horizontal

cross-section area. The problem is to calculate the number of clouds

present in a given area (say a hundred-kilometer square) without asking

how they are distributed in the area. Thus one can picture a given area

covered by cloud and cloudless areas. Since the size of each cloud is

given, one can compute the number of clouds if one knows the size of the

cloudless area associated with an individual cloud. The problem now

reduces to finding a relationship between the ratio of the cloud area

(updraft) to the associated cloudless area (compensating downward motion

region) and the large-scale environmental (synoptic) conditions. This

is the subject of study in this paper.

To carry out this problem, we must select a cumulus cloud model.

A number of cumulus cloud models have been proposed previously by many

investigators (for example, Haltiner, 1959; Mason and Emig, 1961; Asai,

1962; Squires and Turner, 1962; Scorer and Ludlam, 1953; Levine, 1959).

However, earlier studies of cumulus clouds have been concerned primarily

with the physical forms of buoyant elements in the updraft and the

mechanism of entrainment of environmental air into the updraft. In all

of these studies, the cloud consists of only a single updraft in an

environment at rest and no consideration is made concerning the effect of

compensating downward current associated with the updraft. From observa-

tions of cumulonimbi and of BAnard cell convections, it is evident that

the role of compensating currents is important. It is well known that
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the development of moist adiabatic ascending motions is suppressed in an

environment with dry-adiabatic downward motions.

In this paper, an attempt will be made to develop a cumulus model

which takes into account descending motions associated with the updraft.

The model consists of two concentric air columns: the inside column

corresponds to an updraft (cloud) region and the outside concentric

annular column corresponds to the surrounding downward motion (cloudless)

region. The geometrical configuration of the model is illustrated in

Fig. 1. Circular symmetric cells adopted here are regarded as approxima-

tions of equilateral hexagons. The radii of the inside and outside

columns are denoted by "a" and "b" respectively. The ratio a defined by

a = a/b (1.1)

2

will be an important parameter in this study. Thus, a represents the

ratio of the area of updraft to that of the whole system. Hereafter,

2
a will be referred to as the "area density of the updraft".

Interactions between the inside and outside columns are considered

through the buoyant force which depends on temperature differences between

the air in the ascending area and the air in the descending area. We also

consider entrainment and turbulent mixing through the lateral boundary

between the inside and outside cells. In this study, we will assume that

the radii a and b are independent of height. This assumption rules out

the possibility of computing the shape of the cloud as done by Squires

and Turner (1962), but it leads to a great simplification in mathematical
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treatments. In return for sacrificing details inherent in the study of

cumulus clouds alone, the treatment will permit economical investiga-

tions of the interactions of cumulus clouds and large-scale motions.

2. Basic equations

We consider radial-vertical motions in the cylindrical coordinates

(r, X, z) where r, X, and z denote the radial, tangential and height



coordinates. The vertical component of the equation of motion is written

as

aw aw aw I ap
- + u- + w = - - g

at Br 2z p 8z (2.1)

where w and u are the vertical (positive upwards) and radial (positive

outwards) components of the velocity; p denotes the pressure; p, the density

of air and g the acceleration due to gravity.

We assume that the equation of mass continuity can be approximated by

1 8 8

- - (0ru) + - (pw) = 0

r r o z (2.2)

where po denotes a mean density defined by the hydrostatic equation

aPo
.. - pog

az o (2.3)

where po denotes a horizontally averaged pressure.

It is convenient to introduce here the potential temperature e and

the virtual potential temperature 8 defined by

Tv

9 = T - ; = R/C
Vp P (2.4)

and
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e = (1 + 0.608q) 9 (2.5)
v

where T denotes the temperature; C , the specific heat of dry air at
p

constant pressure; R, the gas constant for dry air; q, the specific humidity;

p represents 1000 mb.

With the aid of (2.2), Eq. (2.1) may be written in the following form

bw 1 8 9 -
p -+ -- (p rwu) - (p ww) = p v vog (2.6)

at r Br z

where 9 represents a horizontally averaged value of 9 and 8 denotes

a vertically averaged value of 9 . In order to derive Eq. (2.6), it was
vo

assumed that the pressure p adjusts instantaneously to the mean pressure

p , so that the deviation from the hydrostatic equilibrium given on the

right-hand side of (2.1) is expressed only by the buoyancy as adopted

customarily in the jet models of convection (see, for example, Morton,

Taylor and Turner, 1956).

We use the thermodynamic equation written in the form

89 1 8 L P
p - + -- (o r9u) +- (p 9w) = P M (2.7)

ot r r r z C ) Po

where L denotes the latent heat of condensation and M represents the rate

of condensation of water vapor. The method described by Asai (1965) will

be used in this study to compute the rate of condensation.
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The equations of continuity for water vapor and liquid water may be

written, respectively, as

aq 1

S --- + -- (rpqu) +- (pqw) = -pM , (2.8)

at r ýr 0z

am 1 a a
S- + - - (rp mu) + -(p mw) = p M (2.9)

at r r az

where q and m are the specific humidity and the liquid water content,

respectively. It will be assumed that condensed liquid water remains

in the cloud without falling out of the cloud as precipitation and the

effect of evaporation of liquid water will be taken into account.

3. Horizontal averaging of the basic equations

In order to derive the system of equations for the variables averaged

over the inner area, we integrate Eqs. (2.6) through (2.9) and (2.2) over

the cross section of the inner column and then, dividing the resulting

2
equations by p rra , we obtain the following set of equations
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(w + w "u ")
aa a a

1 ý
+ -- p (w w +w 'w ')]

o aa a a
Po aZ

va vo)=^ - - )
(3.1)

1
+ e "u ") + -

a a
POO

- [p (e w + e 'w ')]
o aa a a

az

M
a

,(3.2)

"qU P- -,.)
q u + q "")

aa a a

1 z

0·
[p (q w + q 'w ')]o aa a a

(m u + m "u ") +
a a a a

1

p0

O [p (maw + m 'w ')]o a a a a

(3.4)

ow
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at
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2
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am
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at
+
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(3.3)

so
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2 -
- u +

a
a

1 0

-(pW) = 0.
o oapo oz0

Here we used the following notations for any variable A.

1 2TT a
A = A r dr dX

qrra2 0 00

1

A
a 2nr

A ' = A
a

2r2
A dX at r = a,

0

-A A " = A -A
a a a

Similarly, we integrate Eqs. (2.6) through (2.9), and (2.2)

over the cross section of the outer annular column, and dividing the result-

2^ 2
ing equations by pon (b - a ), we obtain

wb 2 [b(wbu + Wb"Ub") - a(w u + w "u ")]S---- bb b aa a a-a0t b -a

1 0 - 9.
So (Wbwb- + WbIWb)] = ( vb vo g

p 8z (
o (3.7)

(3.5)

(3.6)
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Lb ( bub + 6 "bu' ) - a(e u + 9 "u ")]
bb b b aa a a

1 5z
+ -- p

1 a

p az
O

(Obb + b 'bl)]
L p

C So
P po

[b(qU + qb"Ub) - a(q a + q "u ")]
2 2 bb bb aa a a

b -a

po(qbb + qbb'wb)] = - b

2 2+ "~m

S L[b(mbub + mb'ub'') - a(muau
b -a

(3.8)

(3.9)

------------
+ m "u ")]

a a

bz
(3.10)

(b Ub - a ua)ub au
1 a

+ - - (pwb)
Po Wb)p az0

2

2 2a
b -a

1

Po

2

b a2b -a

= 0

(3.11)
I
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where, for any variable A,

1
________ T2rr

r(b2-a2 ) !b A r drdX
a

1
'2rrS- 2 A dX at r = b.

2rr '

A' = A-Ab %" = A - A
(3.12)

In Eqs. (3.1) to (3.4), and (3.7) to (3.10), there are terms such as

A a"u , A '"Ub"
a a b b

A 'w ' and A 'w ' where A stands for one of the
a a b b

variables w, 6, q and m. The first two terms represent the lateral eddy

fluxes of vertical momentum, heat, water vapor and liquid water through the

cell boundaries located respectively at radii a and b. The last two terms

represent the vertical eddy fluxes of the above mentioned transport quantities

in the inner and outer areas respectively.

The lateral eddy exchanges of momentum, heat, etc., between the updraft of

a cumulus cloud and its relatively quiet surrounding air are very important

from the standpoint of entrainment. Therefore, in this study, we will

take into account only the effect of A "u " term and neglect the terms
a a

Ab

A b
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A "ub , A 'W ' and A 'wb' . Applying the exchange hypothesis, we assumeb b a a b b
that

a a -aa (b a (3.13)

where Vdenotes the kinematic eddy exchange coefficient. For simplicity,

the value of D is assumed to be the same for all the transport quantities,

w, 9, q and m.

By integrating (2.2) over the circular area of radius b and dividing

the result by porb , we obtain

u 1 Pub I

2 -+- - (pow ) = 0

b Po 0z (3.14)

where

21 rrb
w -- wr drdX

o be -0 J0  (3.15)

From (3.11) we eliminate ua by using (3.5) and ub by using (3.14). The

result is

- P [I 2 w + (1 - a2 ) w w = 0

za

where the definition of a is given by (1.1).
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By applying the boundary conditions that w = wb = w = 0 at z = 0,a b o

we obtain

a Jw + ( 1 - )wb = w
a b o. (3.16)

To simplify the model, we assume that

w = 0.o = 
(3.17)

Namely, the mean vertical velocity over the cross section of the model

vanishes. This condition leads to

ub = 0 
(3.18)

from (3.14). With the use of condition (3.17), it is clear from (3.16)

that we need only one time dependent equation for either w or wb.a b

With the aid of (3.13), (3.17), (3.18), (3.5) and (3.11), we can

rewrite Eqs. (3.1) to (3.5) and (3.7) to (3.11) as follows:

w 2w 2 ~
a= -w a + _--(w -w) uSaa a

6t az a

2 v 9 -9
--- (b - )+ g ( va vo

a a b (3.19)
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a,

w +
a z

(eb - a)b a

-w -
a zaz

2
+ -(qa

a

(qb - q) - Ma '

am
a

a z

2
+ -

a

(3.21)

(m - m) u
a a a

(mb - m) +M

1a
+  (-Pw- w) = 0 ,

o

-15-

2
- (e -

aa

a

ot

2v

2a

S) ua a

L
+ -

C
P
(-

PSop0

M
a

(3.20)

- q) aa a

2-o

+

a

a

at ut

21

a

2

a

u
a

(3.22)

(3.23)
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b,-w z
oz

2 (i

a2(1 - 2 )

2 2

a(l - a 2 )

( b - e )ba

(b - a) ub a a

L p

+ --
p o

ýqb b 20 ~ ~
= - Wb (b - a ua

at az a(l - a )

2v oa

a 2 (1 - b a a) -a (i - Cy•)

6mb
- w -

b z
(m - ma) Uo a a

20e

a(l - o )

- m ) + Mb ,
a (3.26)

oaw + (1 - a2 )wb = 0 .a b

(3.24)

(3.25)

2)t

Mb

2 U21) (mb

(3.27)
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The quantity 9
Vo

value

in (3.19) is the horizontally averaged of v given by

1 2TTr ,b

vo = b2 0O 0
8 r drdX

v

o2 + (I - ) Ovb .va
(3.28)

Note that in Eqs. (3.19) to (3.28), we omitted bar symbols over the

variables.

In Eqs. (3.19) to (3.27), the following four quantities wa, a ,a a

q and m are still unspecified. Following a similar procedure discussed
a a

by Asai (1962), it is assumed that

A = Ab
a b

A =A
a a

if u < 0 ,a

if u > 0 .
a

(3.29)

This means that if there is a net inflow into the inner column and the

entrained air transports Ab into the inner area, the mixing of the entrained

air with the air in the inner column contributes to the local time change

2
of A by the amount- (A - Ab) u . Similarly, if there is a net outflow

a a a b a

in the inner column and the air transports A out to the outer
a
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area, the mixing of the detrained air with the air in the outer cell

of
contributes to the local time change Ab by the amount of

A

2oa

S (Aa - Ab) u . This kind of entrainment or detrainment is

a(l - a2)

called the dynamic entrainment after Houghton and Cramer (1951) and is

required to satisfy the mass continuity between the inner and outer

cells.

The third terms on the right-hand side of Eqs. (3.19) to (3.22) and

(3.24) to (3.26) represent the lateral turbulent mixing of momentum, heat,

water vapor and liquid water, respectively. Here, we assume that the

eddy mixing coefficient v is proportional to - across the lateral

boundary of the cloud (Kuo, 1962),

2

r Wa - wb) (3.30)

6r a

where ½ is the mixing length which may be represented as

U=ca a (3.31)

with the proportional constant a varying from, say 0.1 to 1. With the

aid of (3.27), (3.30) may be expressed as

92
v = -- Wa l (3.32)

a(l - 2 ) 
a

The fourth term on the right-hand side of Eq. (3.19) is the buoyant

term which may be expressed as
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/ va vo va vb
- g = (1 - a~) - - g (3.33)

with the aid of (3.28). The model of a solitary updraft without its

compensating current corresponds to the case a 0. It is seen that

the compensating motion tends to reduce the buoyant force acting upon

the inner updraft.
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4. Kinetic energy equation

Multiplying (3.19) by w and integrating the resulting equation over
a unit horizontal areaaof

the entire mass of the inner column and applying the boundary conditions

that w = 0 at z = 0 and z = ZT, we obtain
a

ok 9 - 9 \ 2 ~ ~6k a = gw va vo(ww K
j t o a a aa a

4-
S(K - ow w ) ap dz

a ab (4.1)

where K = ½w
a a

With the aid of (3.29), the second term on the right-hand side of

(4.1) is expressed by

1 + c 2

-- if u < 0

2 a2K 1. - a

-J al p0dz.
1  if u >0 0

a (4.2)

Since the term (4.2) is negative regardless of the sign of ua , the actions

of both entrainment and detrainment contribute to the dissipation of kinetic

energy.
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With the aid of (3.27), the third term on the right-hand side of

(4.1) is expressed by

41u
- G- - 2 K p dz (4.3)

a 1 -

which is always negative. Thus, the eddy mixing process has a dissipative

effect.

The first term on the right-hand side of (4.1) can be rewritten as

6
gw va vb (1 - 2 ) podz (4.4)

with the aid of (3.33). This integral can be either negative or positive

depending on the value of the product wa ( - vb). When the ascending

air in the inner column is warmer than the air in the outer column, the

product is positive and vice versa. Therefore, we shall call the integral

(4.4) the kinetic energy producing term.

The total kinetic energy of the outer column Kb is expressed by

1 2
K2 W 2 Ka (4.5)

1 -2 a 2

with the aid of (3.27).

Thus, the relationship between the total kinetic energy K of the

whole system per unit cross section and K becomes
a
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2
2 K (46)

K - a K2a + (I - ) Kb ) Ka (4.6)

5. Dynamical characteristics of the model

In this section, we shall present the results of analysis based on a

simplified version of the equations to illustrate essential physical

characteristics of the model.

We assume that motions are so small in magnitude that the nonlinear

terms in the basic equations can be ignored except for the lateral mixing

terms. Thus, we obtain the following set of equations.

ow \ - 9 2,
a g (ia 0- 2 a wb) , (5.1)

2 2
a2 w + (1 - a ) w = 0 , (5.2)

89 2y
a = -S -- (a -0) , (5.3)aa 2 a b

at a

2e9b 2uw2

- Sbwb 2- 2( 2 (b - a) , (5.4)
at " a(l - Ca)
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2 2
S( - )6 . (5.5)
o a b

Eq. (5.1) was derived from (3.19). Eq. (5.2) is identical to (3.27).

Eqs. (5.3) and (5.4) were derived from (3.20) and (3.24) respectively.

Eq. (5.5) is identical to (3.28) except that averaging is taken for 0

instead of 0 . In these equations, S and Sb stand for the static
v a b

stabilities in the inner and outer columns in which the moist ascending

and dry descending adiabatic processes are assumed respectively. There-

fore, we express

S e e
a z T s

Sb - ( -F) , (5.6)

az T

where 9 and 0 are the potential temperature and the equivalent potential

temperature of the basic field, respectively. Also, F and F are
s a

respectively the saturation-adiabatic and dry-adiabatic lapse rates; and

F is the temperature lapse rate of the basic field.

Applying (5.5) to (5.1), and eliminating wb from (5.1) by using

(5.2), we obtain

w a (9 - b) 21w
- g( - 2) a (5.7)

at @ a (1 - )
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By subtracting (5.4) from (5.3) and eliminating wb with the aid of (5.2),

we get

( 9 a - ) = Sba b b (-
2

a 2 w B

2u (8 - 9 )2 a b
2 (- 2)

a (1 - CT )

6 = - S /S b 0 .
a b

(5.9)

By substituting (3.31) into (5.7) and (5.8), we obtain the follow-

ing set of equations

aw

at
at

k( - b) - k2wa 2k a b 2 a

(5.10)

-- ( - )at = k w - k 2 (9 - 6b) w
3 a 2 a b' a

g 2= - (1 - ) > 0 ,
®j)

2g 2

k > 0
2 3 2 2

a (1-a )

k = S 6
3 b

2

1 -

where

(5.8)

where

(5.11)

k 1
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In the absence of dissipation, namely k 2 = 0, it can be easily shown

that the motion grows exponentially if k3 is positive or

2

S> --- - 0 . (5.12)
1 - C

With the definition of 6 given by (5.9) and (5.6), the condition (5.12)

can be expressed as

Fr  - r

2 sa < 
(5.13)

F -
a s

This condition implies that cumulus convection does not occur unless the

ratio between the area occupied by cumulus towers and the area of the cloud-

less intervals is below the critical value. The condition identical to

(5.13) has been pointed out by Bjerknes (1938).

The solutions of nonlinear equations similar to (5.10) have been

discussed by Kuo (1962) and we will not reproduce them here. However,

we shall point out that the system (5.10) possesses the following steady-

state solution:

k1k
Wa 2 a b = k3/k2 (5.14)

2 ,

Let us evaluate the magnitude of vertical heat transport H of a unit

horizontal cross section per unit time using the solution (5414). We

obtain
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S 2 2
we = o + (1 - a ) Wbe

aa bb

= 2 w (e - )
a a b

and, therefore,

H = Cp we
P o

2 ½P
= C pa k *

p 1

(5.15)
-2 3/2k * k

2 3

By substituting (5.11) and (3.31) into (5.15), we obtain

H = C F (0,6)

where

1C = Cp (-p o ®
3/2  -ia.

b
22

2 (1 3 2 2 3/2
F(a,6) = 2(1 - a 2 )3 [(1 - 02) 6 ]

Fig. 2 shows the dependence of F (ordinate) upon the area density

2
of updraft a (abscissa) and the static stability ratio 6. In a mean

tropical atmosphere, below the 500 mb level, the value of 6 ranges from

0.5 to 1. The solid lines show the cases of 6 = 1, 0.5, 0.3 and 0.1 as

labelled. It is seen that the curves show two cut-off ends, one at a

large value of a and the other at a small value of u. The sharp cut-off

at a larger a is due primarily to a stabilization of the compensating

(5.16)
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current associated with the updraft. The other cut-off at a smaller a,

however, is due to dissipative effects of turbulent mixing between the

inner and outer columns. The maximum upward heat transport appears

roughly at 5~15 percent of the area density of the updraft. Thus,

for a given static stability the size of the compensating downward

motion area is uniquely determined by imposing an assumption that the

cloud transports heat most efficiently in the upward direction. In the

following sections, we shall again investigate a relationship between

the size of the descending motion area and the upward heat transport

based on numerical integrations of the complete equations.
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6. Environmental and initial conditions

In order to obtain numerical solutions of Eqs. (3.19) to (3.27), we

choose the following environmental atmospheric condition: The temperature

distribution T(z) has the lapse rate of 6°C km-1 with 250C at the earth's

surface and the distribution of relative humidity R(z) has the decreas-

ing rate of 5% per kilometer with 90% at the surface. In other words,

taking z = 0 at the surface, we assume that

T(z) = T(O) - Fz

(6.1)

R(z) = R(0) - yz

where

T(0) =(25° + 273.16)°K

F = 6°C km-1

(6.2)

R(0) = .90

-l
y = .05 km"

The top of the air column is assumed to be at z = 15 km where the vertical

motions vanish.

The distributions of p, 6, q , and q are computed from
s
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p(z) = p(O) [T(z)/T(O)]R-

e(z) = T(O) [p(z)/p(O)]n

(6.3)

qs(z) = [3.8 exp ] T 27316) /P
T - C2

q(z) R qS

where C1 = 17.27 and C2 = 35.86 according to Teten's formula. The thermal

stratification described by the present temperature distribution is

conditionally unstable below the level of about 5.5 km and stable above

that level.
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onvective
In order to start motions, the following form of vertical motion

Awa is assumed initially in the layer below 2 km.

Aw = Aw * - 2 - - (6.4)
a a z* z*

which is represented by a parabola having the maximum Awa* at z = z*
per unit area

( = 1 km). To impose the condition that the total kinetic energy of the

initial motion does not depend on the parameter a or a, it is assumed that

2a a 1 -cY
Aw* = Aw *i : 2

a o 2
a7 i - cr

o

-1
where the following numerical values are chosen: Aw * = 1 m sec

0

a = 0.1, and a = 1 km. It can be shown that the total kinetic energy
o o

per unit area of the initial motion becomes

2 2a0a
S(Aw*)2 (ao2-o 2

SAWo 2S- (0

which is constant. The disturbed layer is assumed initially to be

saturated with water vapor.

In order to solve Eqs. (3.19) to (3.27) numerically, finite-difference

equations must be written for the partial differential equations with respect

to time t and height z. The difference scheme which was used by Asai

(1962) is also applied here. In order to save space, we shall omit the

finite-difference equations. A time step At of 5 seconds and a height

increment Az of 100 meters are used. All computations were performed up
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to the period of one hour which corresponds to 720 time steps. Many

experiments were performed by varying the value of a, the radius of the

cloud a, and the mixing length coefficient a.

7. Results

Here we will discuss differences between the results of two experi-

ments. The identical initial and environmental conditions are used in

both experiments, but one does not include the effects of compensating

current and therefore the calculation reduces to that of a single column.

Figs.3(a) and (b) show the time sections of the distributions of the

vertical velocity w and the potential temperature deviation A6 from
a a

its environmental value given by (6.3). Figs. 3(c) and (d) show the

specific humidity deviation Aqa from its environmental value and the liquid

water content m , respectively. These results are for the inner column

2
and for a = 1.5 km, a = 0.3 and a2 = 0.1. The ordinate shows the height

in kilometers and the abscissa denotes the time in minutes. The results

of Exp. I (with compensating downward motions in the outer column) are

indicated by solid lines and those of Exp. II (without compensating

currents) are indicated by dashed lines.

For both experiments, the upward motions and temperature deviations

increase with respect to time, and the cloud tops reach a height of 7 km

after about 25 minutes. Beyond this growing period, the structure of the

cloud in Exp. II becomes more or less stationary. .However, the structure
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of the cloud in Exp. I shows a different evolution. After about 25 minutes

from the start, the downward motion develops first at the lowest layer of

the inner column and then propagates to the upper portion, while the

height of the updraft maximum and the cloud top continue to rise, despite

the fact that a cooling developed above a height of 6 km. After about 30

minutes from the start, the cooling at the 8-km height intensifies sufficient-

ly and the downward motion develops in the core. This stage appears to

be the end of the cloud development and, from this time on, the cloud under-

goes a stable oscillatory regime.

Differences in the evolution of the clouds in the two experiments

are interesting. Without the effect of the compensating downward motion,

the structure of the single column updraft can reach a steady state.

However, the compensating downward motion acts as a "break" and it prevents

the maintenance of a tall cumulus cloud. It seems that a constant supply

of moisture into the lower layer of the updraft is necessary to produce

and maintain tall cumulus clouds.

In order to study the energy characteristics, the following integrals

are computed at each time step:
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i. The total kinetic energy E produced during the computation

period (40 minutes) in the whole system defined by

72  aK

E 1 2 pdz dt

with reference to (4.6),

ii. The total heat transport HT of a unit horizontal area of the

whole system during the computation period defined by

HT j 2 g ( va vb dz dt
HT = J'J gWa Po dz d t .

with reference to (4.4) and (4.6).

We now discuss a dependence of cloud development on the parameters

a and a. In Fig. 4, the ordinate shows the scale of energy, the upper

2
abscissa shows the parameter a and the lower one shows 0. The two solid

lines show the magnitudes of HT and E (which is the maximum value ofmax

2
E attained during the computation period) for a = 0.1. The two dashed

2
lines show the same quantities, but for a2 = 1.0. Roughly speaking,

2
the values of HT and E for a = 1.0 are one order of magnitude smaller

max
2

than those for a = 0.1, which is the case of smaller eddy exchange rate

between the inner and outer columns. The maxima of those curves, however,

all appear aro2 = 020 Th mns t t v o 2
all appear around at a = 0.04'0.09. This means that the value of a
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for which the maximum of either HT or E appear does not depend much
max although

upon the choice of the value of mixing length coefficient a,Athe peak of

2
E shifts slightly toward a higher value of a by increasing the value
max

of a. Thus we conclude that the most active cloud system develops when

the ratio of the upward motion area to the entire area is several percent.

The above results are based on the case of L= 1 km. For 7= 2 km,

2
the value of a for which the peak of E appears shifts very slightly

max
2

toward a higher value of a and the maximum magnitudes of E and HTmax

both increase approximately by 12% compared with those of the case

S= 1 km. Evidently, the larger the size of the updraft, the smaller

the rate of energy dissipation due to eddy mixing becomes. However, the

size of the updraft influences only slightly the determination of the area

ratio of the most active cloud system.

8. Conclusions

The study was made to investigate theoretically the influence of

compensating downward motions on the development of cumulus clouds and

the size of the cloudless area associated with them. It is an extension

of the so-called "slice method" given by Bjerknes (1938). In order to

allow for the compensating downward motions associated with the updraft,

the model consists of two circular concentric air columns. The govern-

ing equations of motion in both regions were solved numerically, treated

as an initial value problem. The thermal stratification of the environ-

mental temperature distribution used in this study is conditionally
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unstable below the level of about 5.5 km and stable above that level.

The following conclusions are derived from the results of the present

calculations:

(1) When the environmental field is relatively moist as assumed here, a

tall cloud can develop and may be maintained if we disregard the

influence of the compensating downward motion. This result seems to

give a basis for the consideration of steady states for a single-

column cumulus model. However, this conclusion is no more valid if

we take into account compensating downward motions.

(2) Under the influence of the compensating downward motion, a tall

cloud can develop, but the lifetime of the cloud lasts only about 25

minutes without a steady source of moisture.

(3) The development of clouds depends on, among other things, the

2
parameter a2 - the area density of the cloud - which is the ratio

of the area of the cloud to that of the whole system including the

cloudless area associated with the cloud. It was found that the

2
most efficient kinetic energy production occurs at = 0.04' 0.09.

This suggests that the most active cloud system appears when the

cloud towers occupy the several percent of a given area. From a

photogrammetric study of the distribution of cumulus clouds in a

hurricane by Malkus, Ronne and Chaffee (1961), they found that the

cumulonimbus coverage in the central part of the hurricane is around

several percent. This may be interpreted to mean that cumulus clouds

are formed in hurricanes to carry heat upwards with the most efficient

rate.
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In this study, the condition at the wall of the outer boundary is

assumed so that there is no flow through the boundary. In reality,

large-scale synoptic conditions influence the development of cumulus

clouds. The influence of environmental motions can be taken into account

in this model by allowing flow through the outer boundary of the system.

This will be discussed in a separate report.
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LEGENDS

Fig. 1. The geometrical configuration of the model.

Fig. 2. The dependence of the vertical heat transport upon the area

2
density of the updraft a . The solid lines show the case of

6 = 1, 0.5, 0.3, and 0.1, respectively.

Fig. 3. Time sections of the distributions of (a) vertical velocity

w , (b) potential temperature deviation A6 from its environ-
a a

mental value, (c) specific humidity deviation Aq from its
a

environmental value, and (d) liquid water content m . These

results are for the inner column and a = 1.5 km, a = 0.3, and

2
S= 0.1. The results of Exp. I (with compensating motions in

the outer column) are indicated by solid lines and those of

Exp. II (without the compensating motions) by dashed lines.

Fig. 4. The dependence of vertical heat transport HT and maximum

2
kinetic energy E upon the area density of the updraft a

max

and a 2
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