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ABSTRACT

Theoretical models are constructed with the aim of relating,

exploring, and predicting features of a radiatively active turbulent

cloud layer over the sea and under a strong subsidence inversion. Both

dry aerosol clouds (no phase change) and wet clouds (with a phase change

and latent heat exchanges) are considered. For the wet cloud case an

important element of the theory is the requirement that the wet-bulb

potential temperature must increase upward in the inversion. For both

cases entrainment of the upper warm air is hypothesized to lie between

upper and lower limits determined from the turbulent energy budget. The

dry cloud case is solved for both steady state and transient results,

with only the transient behavior depending on the entrainment hypothesis.

Only steady state solutions are presented for the more complex wet cloud

case and these differ somewhat for the maximum and minimum entrainment

limits. Observational data from Oakland, California are used for compari-

son with those steady state solutions, with results indicating the essen-

tial validity of the approach. Detailed comparisons, especially for

determination of the most correct entrainment rate, are hampered both

by inadequate measurement of the inversion properties and by uncertain-

ties in the net radiation flux leaving the cloud top. Computations of

the latter, presented in the Appendix, suggest that several presently

used radiation models are still in serious disagreement, at least for

application to downward flux under an inversion.



MODELS OF CLOUD LAYERS UNDER A STRONG INVERSION

1. Physical Framework and Motivation

A shallow turbulent moist stratum is a characteristic phenomenon

of equatorward flow just above the middle latitude and tropical oceans,

especially at the eastern ends of subtropical high pressure areas of

the eastern North and South Pacific and South Atlantic oceans. This

moist stratum, or marine layer, is typified by a solid or broken cloud

cover, topped by a strong temperature inversion with warm dry air aloft.

The extreme sharpness of the inversion, observed strikingly in kite

soundings from the Meteor expedition (Ficker, 1936, examples presented

by Riehl, 1954), is normally partly concealed by the instrumental lag in

balloon-borne radiosondes. It has often been revealed further, however,

by instrumented airplane flights (e.g., James, 1959, Edinger, 1963, 1966)

and slow-ascent radiosondes (Williams and De Mandel, 1956).

Qualitative explanations for this regime, offered for many years

(e.g. Petterssen, 1938, Riehl, 1954, Chapter 2, Neiburger, 1944), were

based on the following arguments. In conditions of strong or moderate

subsidence the low troposphere potential temperature may be substantially

higher than that of the ocean surface. Since the ocean has an effectively

almost infinite heat capacity a temperature inversion or stable layer

must form somewhere. The turbulence generated by surface shear could be

expected to mix the lower layer and maintain a sharp, somewhat elevated

inversion, while radiation from the top of a cloud would exert an additional

cooling effect in the mixed layer.



In recent years the effect of stratification on the surface boundary

layer has been clarified somewhat by observation and theoretical analysis.

In particular the length scale introduced by Monin and Obukhov is shown

to act as an upper bound on the influence of surface shear-generated tur-

bulence. Since this scale is rarely greater than a few 10's of meters,

it seems that we must deny the importance of surface shear on the main-

tenance of a mixed layer of 500 to 1000 meters or more in thickness.

In the present theory we therefore disregard completely the effects

of the surface shear-generated turbulence but consider radiation off the

cloud tops as an essential element. In this respect we follow Petterssen,

who particularly emphasized the radiative heat loss. This theory may

not be valid for the occasionally observed cases of extremely shallow

(< 100 m) marine layers without condensation, but is intended to hold

for the fog, stratus, or stratocumulus containing layer typically observed

near the coasts of California in the summer, and near northern Chile,

southern Peru, and southwest Africa most of the year.

A further essential foundation of the present theory is the stability

of the cloud top against penetration by the very dry upper air mass. If

a parcel of the upper air is introduced into the cloud layer and mixed

by turbulence, evaporation of cloud droplets into the dry parcel will

reduce its temperature. If the mixed parcel reaches saturation at a colder

temperature than that of the cloud top it will be negatively buoyant and

can then penetrate freely into the cloud mass. In such a case the evapor-

ation and penetration process will occur spontaneously and increase unstably

until the cloud is evaporated. The condition for no change in temperature



upon evaporative mixing is that the wet-bulb potential temperatures

of the wet and dry layers be equal. We assume therefore that for stabil-

ity of a cloud layer the inversion at its top must be sufficiently strong

that the wet-bulb potential temperature remains constant or increases up-

ward at the cloud top. For a difference of 5-10 g/kg in mixing ratio

between mixed layer and upper dry layer this requires . 13-26 deg. C.

increase in potential temperature across the inversion. Such inversion

strengths are commonly observed in west coast soundings and it appears,

on the basis of somewhat inadequate data, that the theoretical requirement

is usually satisfied.

We further assume that the large scale vertical motion and the upper

air (above the inversion) temperature and humidity structure are known,

as well as the near surface wind, surface temperature, and (saturated)

surface humidity. Certain simplified formulations are used for calculating

surface heat and moisture fluxes and radiative heat flux. Precipitation

is neglected, which probably restricts the application to rather thin and

not too cold cloud layers.

The mutual interaction of large scale atmospheric properties and

thermal convection is a principal unsolved problem in the development of

forecast and/or general circulation models. The phenomenon considered here

represents one form, in some respects a relatively simple one, of this

interaction. There is a considerable lack of highly definitive observation-

al data on layered convection, in fact on most kinds of non-violent cloud

convection. A principal motivation for this work was to sharpen up the

questions to be asked and to help avoid purely exploratory observations,

which may already exist in sufficient abundance.



2. A Simplified Dry "Cloud" Layer

As a simplified illustration of the mechanism which will be explored

more realistically in the next section, we consider a shallow radiation-

absorbing cloud of dust, smoke, or other inert matter within a horizontally

homogeneous air mass subject to a specified large scale vertical motion

field w(z) 4 0. Radiative cooling is occurring in the air above the

cloud at a rate such as to maintain a stable potential temperature profile

U9(z), i.e., 8' U / z > 0. The upper layer is assumed to be non-turbulent.

The lower boundary is maintained at a potential temperature ES. Turbulent

heat flux from the surface is assumed proportional to the near-surface

wind and to the surface-air temperature difference through a heat transfer

coefficient CT, that is

rj - 5 CVi, ^(o 9) (2.1)

where e is the potential temperature of the air close to the surface.

If this heat transfer is positive it is assumed that the entire cloud

layer, of depth H, is well mixed a a very high Rayleigh number, and is

therefore nearly isentropic with potential temperature 0 except very

close to the boundaries. At the top of the cloud layer a net outward radi-

ative heat flux FUH tends to cool the top, and therefore the entire mixed

layer. We now proceed to derive expressions for the time rates of change

of 0 and H, as functions of their initial conditions and the values of

w, FUH, and U, considered as external parameters. It will become clear

that, in order to do this, it is necessary to make an assumption about

the ability of convection to penetrate a stable layer.



Under the assumption that H is much smaller than the scale

height of the atmosphere, Ogura and Phillips (1962) have shown that it

is possible to use the Boussinesq approximation but with potential temper-

ature replacing temperature as the thermal variable. The thermal equation

for the cloud layer is then a very simple one, i.e.,

SL ) (2.2)

Since & is constant with height this implies that the turbulent heat

transport is a linear function of height, that is, that

HH (2.3)

so that (2.2) may also be written

U (2.4)

The subscript H refers to the inside or lower surface of the cloud layer.

The subscript UH will refer to the upper surface. Relative to the moving

surface z = H, the fluid has a relative motion wH - H/3 t, so that the

maintained existence of a temperature discontinuity may result in an

infinite mean flux gradient, which must be balanced by the combination of

radiation and a turbulent flux discontinuity. We express this by the

following heat balance equation at the layer top:



(• - )( u ^} B I)H - (2.5)

where we recognize that e = 0l.
0 H

Equations (2.1), (2.4), and (2.5) contain four unknowns, 0 , H,

(w'') and (w'G')H Thus there is no unique solution. A single steady

state solution exists, in which (w'O') = (w'9') and H does not appear

explicitly. It should be noted, however, that 0U and w are both functions

of z, so that H must be arbitrarily specified. It is clear that the

equation needed to close the system must be one which predicts the rate

of turbulent entrainment at the cloud top, presumably from consideration

of the turbulent energy balance. When a turbulent body of fluid is in

contact with a non-turbulent region the boundary between them remains

sharp but the non-turbulent fluid is entrained into and made part of the

turbulent fluid. The turbulent energy of the mixed layer is produced by

buoyant forces associated with upward heat flux. We now proceed to quan-

titatively formulate the relationship between entrainment and the turbulent

energy balance.

The turbulent energy equation, integrated over the mixed layer depth

may be written

o (2.6)

where E =/ 2 /2, the turbulent kinetic energy, E is the rate of molecular

dissipation and w'E' is a shorthand notation for the pressure-velocity and



triple velocity product terms. The generation and dissipation of shear

driven turbulence in the lowest levels has been ignored. These processes

are largely confined to heights less than the Monin-Obukhov scale length,

which is usually much less than the mixed layer depth. We next offer an

argument that the terms on the left side of (2.6) are negligibly small

compared to those on the right, so that the equation can be considered

as a steady state relation.

Measurements of various turbulent flows with a well-defined length

scale L support the dimensional relation

E Low t X L (2.7)

where the bars denote average values and the constant is of order unity.

Assuming that the first and third terms on the right of (2.6) are of the

same order, and specifying H = L, we obtain a time scale tE for variations

of kinetic energy SE such that IEj E.

V6 < l g C < r (2.8)

For realistic values of heat flux and shallow layer depths TE is of

3
order 10 seconds, the time scale of a single convective cell, which is

much less than the typical time scales of variation of (2.4) and (2.5)

except perhaps in some sea breeze conditions. Thus after a short tran-

sient period from an arbitrary initial condition the time derivative term

in (2.6) becomes negligibly small. A similar argument leads to neglect



of the vertical advection term. Equation (2.6) then becomes

.[, -- +* = o
4- 0 (2.9)

Ball hypothesized that the dissipation and transport terms of (2.9)

are negligibly small compared to opposing positive and negative contribu-

tions to the energy conversion terms, so that

S'O' j ib 0 but w'e'# 0 somewhere. (2.10)

Although laboratory measurements of individual thermal elements (Richards,

1963) suggest that substantial amounts of turbulent energy are dissipated

almost immediately, this hypothesis clearly corresponds to an upper possible

limit on entrainment. For a linearly varying heat flux, as in (2,3),

Ball's hypothesis leads to the result

that is the heat transported down from above the inversion equals that

carried up from below. Upon combining (2.11) and (2.1) with (2.4) and

(2.5) we obtain a closed set of equations for the maximum entrainment case:

S..o = ,K V ' CO. / " (2.12)

at



CrV =V (2.13)

The minimum possible entrainment is of course zero, that is,

c H/dt = wH. A restriction which we believe represents a more probable

minimum on entrainment than zero, however, is that

w  •1 ' /r 0 (2.14)

The effect of this restriction is to require that all energy dissipation

occurs within the region of positive conversion from potential energy,

none being transported to do work outside the boundaries of the positive

conversion region. We will refer to (2.11) and (2.14) as the maximum

and minimum entrainment hypotheses. Since both of these hypotheses are

based on use of the steady state energy equation, (2.6), they must both

be subject to the constraint that the turbulent fluid does not contain any

source of internal buoyant instability (except the individual thermal

elements), in particular that

7a, 1 Oa (2.15)

If this condition were violated, say by an upper layer of substantial

thickness having a temperature substantially lower than that of the mixed

layer, this entire upper layer would sink through the mixed layer in the

form of convective cells or bubbles with a time scale comparable to that

of (2.8).



Applied to the above system (equations (2.1), (2.4), and (2.5)),

the minimum entrainment hypothesis leads to the minimum entrainment

model equations, i.e.,

CT ( CT&)-/W (2.16)

(2.17)

In this set the zero value of (w' ') is at the upper boundary z = H,

thus the upper boundary condition is an insulating one. The other possible

case, (i'g•') = 0, requires from (2.1) that 9 = 9 , and therefore from (2,4)

that heat flux vanishes everywhere, violating the second part of (2.14).

In Table 1 we present a summary of the above derivations, together

with those to be presented in the next section for wet clouds. It is interesting

and curious that the two models have identical steady state solutions in the

dry case, but that those solutions each violate their respective entrainment

hypotheses, since w'O' = 0 everywhere. In actuality both radiation and entrain-

ment operate over a finite depth rather than on a two dimensional surface, so

that the models become seriously oversimplified at the steady state limit. This

degeneracy of the steady state solution does not occur in the moist cloud model.

In any case, with arbitrary initial conditions and steady upper layer tempera-

tures and subsidence rates the steady state solutions are actually asympototic

states which are approached exponentially.
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It should be noted that in any continuous solution of either the

maximum or minimum entrainment model the requirement (2.15) always

remains satisfied. If the denominator of either (2.13) and (2.17) becomes

small, the entrainment rate increases, so that with a stable lapse rate

above z = H the inversion strength must then increase.

To illustrate the transient and steady-state behavior of the two

models we have performed numerical integrations of both for a given set

of initial and environmental data. A constant divergence rate, a given

upper level stability, a radiative cooling rate and other parameters are

assumed typical of the California coastal conditions to be illustrated

in more detail in a later section:

A , - .s. ^ X H kFu .wL , c1/^.c ^

C •V , " .0 15"J /^ . -

WcV(2.18)

The initial conditions are H = 0, 9 = 8 , corresponding to an initially

stable atmosphere moving out over a warmer surface. Figure 1 shows the

time-dependent behavior of the solutions. In these the diagonal represents

the initial stable lapse rate, while the verticals are the subsequent

soundings through the mixed layer. The general development of the solu-

tion is similar for the two models, but in the maximum entrainment case

the depth of the mixed layer grows substantially faster than it does in

the minimum entrainment case. In both cases an inversion begins to form

immediately and grows roughly in proportion to the growth of the mixed

layer.



The steady state solution for mixed layer depth H is obtained from

solution of the quadratic resulting from substitution of (2.18) into

the steady state versions of (2.16) and (2.17). The result, shown as

the infinite limit on figure 1 is H = 1808 m., and the inversion strength

is 9 - = 6.040 C.
UH o

It is tempting to seek a real physical situation corresponding to

the above solutions, but none has occurred to the author. The obvious

possibility of smoke-polluted air at night would not usually have a large

enough surface heat flux to generate convective overturning in a mixed

layer.

3. A Shallow Moist Cloud Layer

The addition of water in two phases adds complications to the pre-

vious analysis. In order to simplify as much as possible for a mixed

layer which is still thin compared to the atmospheric scale height, we

construct a linearized condensation model. We define a saturation mixing

ratio, q , to be a function of potential temperature and height such
sat'

that

(3.1)

where a and b are constants. We also define a wet-bulb potential tempera-

ture, 0 , in about the usual way, as the temperature obtained 'by expandingw
a parcel to condensation pressure and then compressing it along a moist

adiabat to the surface pressure, so that in the shallow layer approximation



C=ii74 O' t2C (3.2)

where L and c are, respectively, the latent heat of condensation and

specific heat of air, both assumed constant, zc is the condensation

level, and c = aL/c . 9 and q are conserved when no condensation takes
p

place and 9 is conserved with or without condensation. If we choose
w

appropriate values of a and b by use of the Clausius-Clapeyron equation

in a given ambient temperature range, then the above system approximates

the true moist adiabatic process over a limited depth, allowing us to

retain the simplicity of the Boussinesq equations.

The wet cloud model is in principle a simple extension of the dry

cloud model. 9 and q + - are assumed constant throughout the mixedw

layer, while , the liquid water content, is zero beneath the cloud

base, z = h. This is the level at which qo' the surface moisture, is

equal to q sat at the potential temperature of the subcloud layer, 8 .

Since zc = h in the unsaturated mixed layer but vanishes at the sea sur-

face, then from (3.1) integrated upward from the sea surface and (3.2)

we-may express the cloud base level in the various alternative forms

b b *

(3.3)

where qs, 9 , and 9 are sea surface values, q = q (s , z = 0),

and qso = sat (, z = 0). The last equality of (3.3) results from



integrating (3.1) from 9 to 0 at constant height to obtain (4.2),
o s

and combining that result with the first equality. The surface flux con-

ditions are given by

Cr V ,0 - )

. V Cr, -)

(3.4)

(3,5)

In place of (2,3)

8 and q + ., as
w

and (2.4) we construct a similar set of relations for

follows:

(3.6)

(3.7)

(3.8)_ -C(sob C r

I j7O&7f)fr
Dt (3.9)

The condensation relations, (3.1) and (3.2), also enable us to determine

the fluxes of temperature, water vapor, and liquid water separately. From

a Oir

L4 -,



(3.1) and (3.2), and (3.3) we may write

II0.dQL *.*) ~ f40(

(3.10)

and this can be extended to apply to the fluctuating quantities, so that

in the unsaturated region, z ~ h

In the saturated region, z > h, since fluctuations in 0 and 8 at con-
w

stant z become equal and q = q ,sat

S' (
"I

(AfOB4 1 (3.12)

Alm OA.

L 'ip f)

(3.13)

(3.14)

The cloud top interface budget equations are similar to those of the dry

case, and may be written:

- (w= F / Q ) (3.15)'Pelf ( o ur



V' (i(3.16)

where 9wU and qU are values of wet-bulb temperature and mixing ratio

above the moist mixed layer. The denominator on the right of (3.15)

arises because of its appearance in (3.11) and relates to the partition

of heat between sensible and latent forms in saturated conditions.

By use of (3.8) and (3.9) it is possible to eliminate the upper

boundary flux terms from the above, so that

tt \CK
... 6_F ")ON- w e ,),r to o( 3 .1 7 )

14 ( -1 )(0H^.) t ^^^ (3.18)

For comparison with observations it is convenient also to use a similar

expression in terms of ordinary potential temperature, which is obtained

from the above with the aid of (3.10) in the form

- (3.19)

We note that in spite of condensation, evaporation, and liquid water trans-

port it is possible to write the cloud top budget equations for sensible

and latent heat separately.

We now have a system of five equations, (3.3), (3.4), (3,5), (3.17),

and (3.18) in six unknowns, H, h, 9 w q , (w'')o and (w'q') . Thewo w T



energy considerations leading to equations (2.6), (2.9), (2.19), and

(2.14) are still essentially valid, except that the flux of potential tem-

perature should be replaced by that of a form of virtual potential tempera-

ture containing liquid water contributions, since that is the appropriate

energy transformation function. We define the virtual potential temperature

flux

(3.20)

where = .608. By use of (3.11)-(3.14) we express the virtual potential

temperature flux in the sub-cloud and cloud layers as

.__ _(..Q ;?7. + (S- w)' I 2

W-

Integration of (3.21) over the total mixed layer is accomplished with

the aid of (3.6) and (3,7), and yields the following expression,

4  +

where

' |3 ( 1 1+ a' | 5 * ) (3.23)



The effects of the use of virtual temperature in this and subsequent

expressions can be traced by noting that, if w'O' were used instead of

w' ', oC4 would reduce to dO, ) to zero, and the first square bracketedv 1

factor on the right of (3.22) to unity. The maximum and minimum entrain-

ment hypotheses are identical to (2.10) and (2.14) but with the replace-

ment of 0 for e, that is
V

"Maximum" d 4- 1 0 = O Lit w* 4 0 somewhere (3.24)

"Minimum" (L'O), .,0, O ,i >V (3.25)

The substitution of wet-bulb for ordinary potential temperatures

in the above expressions is very significant, since cloud top inversions

are usually accompanied by very large moisture gradients. We assert

that an overcast cloud layer cannot exist for more than a few minutes

unless the inversion at its top is sufficiently strong to overwhelm the

moisture decrease so that the wet-bulb potential temperature increases or

remains constant in passing upward through the inversion, that is, by

anglogy with (2.15), that

Gtrh > O)o0 (3.26)

If the cloud layer top does not fulfill this condition dry air from above

will freely penetrate into it, cooling by mixing and evaporation, until

either the layer depth has risen into warmer air or the cloud layer has



evaporated or broken up into isolated cells. Observations of stratocumu-

lus and stratus overcast appear to be consistent with this theoretical

requirement. The break-up of an overcast layer into a cumulus population

probably occurs when, due to insufficient or vanishing subsidence or

insufficient surface evaporation, the cloud layer is no longer able to

maintain this upper boundary condition.

The above systems are considerably more complicated than those for

the dry layer. For the maximum entrainment hypothesis one can eliminate

the surface flux terms between equations (3.4), (3.5), (3.15), (3.16),

(3.22), and (3.24) and obtain a reduced equation for the growth rate of

the mixed layer

2- -
" iE^ - - nmn^ s  -- J ----V44;

.( ) - (I+, )-H- (3.27)

which is completed by the use of (3.3) for evaluation of the cloud base

height h. For the minimum entrainment case (3.25) holds. Since w'6 '
w

and w' (q' +",') have a linear variation with height, the location of the

zero value of w'e ' must be at one of the boundaries, z = 0 or H, or on
v

either side of the condensation level, z = h. For each possibility one

may eliminate the flux terms from the equation for the rate of growth of

the mixed layer. The proper choice must be that for which the 8 fluxv

is the algebraic minimum, since the entrainment condition requires that it

be everywhere positive.

Because of the relative complexity of the above systems we postpone

further investigation of the transient equations to a subsequent study.



In the remainder of this paper we look more closely at the steady state

solutions and comparisons of them with observational data.

In the steady state case, equations (3.17), (3.18), and (3.19) may

be written, with the aid of (3.4) and (3.5), as

Ur ' + C + o( (3.28)

S-. o () (3.29)

S+ UN FAHS (3.30)

where (0 -w /C V , The maximum entrainment condition, the vanishingr H T o0

of (3.22), can be simplified considerably, since (w' ')H = w' 'l ) and

w'(q + ')H (w'q', to the equivalent forms.

O V (3.31)

The minimum entrainment condition is the vanishing of (3.21) either in

the cloud or the sub-cloud layer, since (in the steady state) w'9 ' mustv

be constant with height except for a discontinuity at the cloud base.

By subtraction of the two expressions for the virtual potential temperature

flux we find that



l -(^ L [^ - )] (IWU -a 
- 'l

(3.32)

(j 4 4) C, V
in which we have used (3.3), (3.4) and (3.5) and recognized that

w'(q' + )zh = w'q') . The right side of (3.32) is always positive

provided that h > 0, which means that the minimum entrainment condition

must be applied at the lower boundary. This condition leads simply to

the vanishing of the air-sea virtual temperature difference, or in terms

of 0 or 0 and q, from (3.20), (3.21), (3.4), and (3.5),
w

S- (3.33)

Equation (3.32) is a very important result of this development. It

requires that in the steady state the virtual potential temperature of

the air in the sub-cloud layer must be greater than that of the sea sur-

face, if the entrainment rate lies between the assumed maximum and mini-

mum conditions. The heat loss by radiation at the cloud top must be more

than compensated by upper boundary entrainment and surface latent flux,

This is significantly different from the dry case, in which steady state

surface heat flux vanishes for both maximum and minimum entrainment conditions.

Equations (3.28) or (3.30), (3.29), (3.3), and either (3.31) or

(3.33) are complete sets of steady state equations in the variables 86, qo'



h, and H. In principle it is possible to reduce the sets to a single

equation each, but this is not a very practical procedure since 0UH,

qUH and ( are normally functions of H, the coefficients, o/, ail' etc.,

should be considered functions of 0 , and FU is a complicated function
0 UH

of qUH' UH0 H, h, and o0. Instead we will be guided by the availableUH UH 0

observational data and use the above relations to predict those parameters

which are less well observed. In fact, general analytic solutions would

not be of much interest since the constraints on 0 (equation (3.26)),
w

and h(0< h H) are sufficiently severe to eliminate most arbitrarily chosen

sets of environmental parameters.

4. Comparison with Observations

Figures 2 and 3 show some examples of the ordinarily available data.

On Figure 2 the mean sounding for Oakland, California, for August 1963-66

is plotted together with that for a month of airplane ascents at Walvis

Bay, southwest Africa, in October, 1939 (Taljaard and Schumann, 1940).

The old airplane data might be somewhat more accurate in strong inversion

situations than that of modern radiosondes because the slower climb rate

of the airplane allowed more time for instrumental response. The indi-

vidual meteorograph records are, however, no longer available. July and

August are the months of maximum frequency of low ceilings at Oakland,

while the regime is present persistently throughout the year at Walvis

Bay. Comparison of the mean soundings suggests that circumstances in the

two areas are very similar. Figure 3 exhibits soundings from Oakland for

three consecutive days in August 1962. On each of these days stratus

overcasts were reported with ceilings at 200-300 or 300-600 meters and

also light drizzle was reported in two cases, with less than .01 inch



accumulation. It is important to note that the humidity data is some"

what inadequate in both the mixed layer and the upper dry layer. No

saturation humidities were reported in the cloud and in some of the upper

levels the instrument was "motorboating" and unable to measure humidity

correctly.

On Figure 4 we have plotted the wet-bulb potential temperature and

mixing ratio for each of the August 1-3, 1962 soundings. In the inversion

region these have been adjusted in an attempt to compensate for some of

the instrumental errors obviously present. The adjustments mostly con-

sisted of raising the temperature and lowering the humidity in the appar-

ent inversion zone in such a way that the wet-bulb potential temperature

and mixing ratio varied smoothly above and below a narrow transition layer.

Admittedly this is partially forcing the theory onto the data, but it

seems partly supported by the results of recent airplane soundings (Edinger,

1963, 1966) and slow-ascent radiosondes (Williams and de Mandel, 1956),

neither of which included humidity data, however. The region of adjust-

ment is indicated by dashed lines. No attempt was made to alter the mixed

layer humidity to require saturation within the cloud since this would seem

to require increasing the mixing ratio in some cases to greater than sur-

face values. In the dry layer above the inversion region, when "motor-

boating" occurred, humidity was assumed to correspond to the station averages

used by the U.S. Weather Bureau for that situation.

From the average of the adjusted soundings the following parameters

were abstracted:



gl^ . Il^~c., H^ S -? 620 0 (4.1)

From the sounding, and assuming the cloud was black to infrared radiation,

the net outgoing long-wave radiation flux was computed by several methods

(see the Appendix). The questions of non-blackness of the cloud and solar

absorption are also considered in the Appendix, with the former found

unimportant in this case and the latter found significant in the diurnal

variation but less so for the mean state.

The surface sea temperature, O , and its associated saturation mixing
s

ratio, qs, the ventilation factor, CTV, and the subsidence rate, -wH,

are probably the least well-known parameters for the present data. This

is principally because the station, Oakland, is located directly downwind

of San Francisco Bay, a rather large body of water whose temperature is

several degrees higher than that of the open sea. The most appropriate

surface temperature is therefore somewhat uncertain. Besides the general

uncertainty of the bulk transfer coefficient CT the wind speed itself is

highly variable spatially along the California coast and has a strong diurnal

oscillation. The same spatial and temporal variability lead to difficulties

in estimating low-level divergence and subsidence rates from the usual

synoptic or even climatological data.

We therefore use the data of (4.1) to predict values of the more un-

certain parameters. From integration of (3.1) at constant z, we can

obtain a formula relating qs to 0 ,
S s



(4 .2)

Upon substitution of (4.2) into the maximum and minimum entrainment condi-

tions, (3.31) and (3.33), we get expressions for the sea surface temperature,

"Maximum" e l w - (_i--f )- A_ (4.3)

"Minimum" L (4.4)

The above results may then be substituted into (3.29), (3.30), and (3.4)

in order to evaluate W , FUH/CTVo , and h. Table 2 contains the results

of these evaluations. The coefficients a, b, o( , o(1, and 1 were com-

puted for a reference temperature equal to 0 , 13.3 C, which was also

used in place of R.

The similarity between the two sets of computed results is surprising-

ly close. The predicted air-sea differences are well within the observa-

tional uncertainty--perhaps they would be so even in a carefully conducted

observation study in open sea conditions. If the cloud top radiation flux

and surface wind velocities were known adequately the fourth entry in the

table might show separation adequate to allow a choice. In the Appendix

we describe calculations from three recent radiation models which predict

black-body net radiation losses of .110, .113 and .178 ly/min. These

values should be reduced by 3,5% for non-blackness of the cloud top and



TABLE 2

Model predictions for the data of (4.1), made from

radiosonde data of Oakland, California, August 1-3, 1962

Maximum Minimum

Quantity Equation entrainment entrainment

6 - q (4.3),(4.4) .750 C .280C
o s

qs - q(4.1),(4.2) 1.31 g/kg 1.62 g/kg

0= - WH/CTVo (3.29) .21 .28

FUH/CTVo (3.30) 2.9 0 C 4.80C

h (3.3) 345 m 345 m

-3 -l -5 -1
Coefficients: a = .652 ' 10 deg , b = .522 10" m,

o(= 1.60, o = 1.00, = .144



by .032 ly/min for the 24-hour average of solar absorption. Assuming an

arithmetic average of the conflicting results of the three models, we ob-

tain a net radiative heat loss from the cloud top, PpFUH = .097 ly/min,
- p UH

or FUH = .055 deg. cm/sec. Upon assuming CT = .0015, V is predicted to

be 12.6 or 7.6 m/sec., respectively, for the maximum or minimum entrain-

ment model. The first of these is apparently too large; the second also

seems, if anything, a bit on the high side. A very tentative conclusion

is, therefore, that the minimum entrainment model conforms best with

observations. The various uncertainties in the radiation flux, heat trans-

port coefficient, steadiness and representativeness of the station conspire

against more definite conclusions. The subsidence rate, for the above

parameters, is .40 cm/sec for the maximum entrainment model and .32 cm/sec

for the minimum, corresponding to a mixed layer average divergence rate

-5 -1 -5 -1
of .65 * 10 sec and .52 ' 10 sec respectively. Again, the smaller

figures are preferable, about equalling the July average surface divergence

near San Francisco Bay as shown by Neiburger, et al., (1961), whose map

has been reproduced as figure 5.

5. Conclusion and Outlook

The steady state model described above appears to be reasonably suc-

cessful in relating, explaining, and predicting many of the features of

observed cloud layers. The prediction of a positive lapse rate of 8 in
w

the inversion seems to agree with observational data. The computed radi-

ative cooling rates, although insufficiently accurate for the most effec-

tive use, are of such a magnitude that the predicted horizontal and vertical

wind velocities seem reasonable. The sea-air temperature difference is



predicted to be slightly negative, in general agreement with climatological

atlas data for the eastern Pacific, Perhaps the most important result is

that the choice of an entrainment hypothesis, at least within the postulated

limits, is not critical to the existence or general character of the steady

state solutions.

One may perhaps go further and conjecture that the strong inversions

typical of the so-called "marine layer" of coastal California and simi-

lar regions are necessarily maintained by a low cloud layer in the manner

described above. It would appear impossible for any observed combination

of subsidence, convection, and shearing turbulence to produce sufficient

amounts of kinetic energy to maintain a 15-20 degree inversion at a height

of 500-1000 meters without a radiatively effective cloud cover. Clear

skies or patchy clouds are observed in the presence of such strong inversions

but this is probably a transient state produced by rapid changes of radia-

tion, surface temperatures or subsidence, especially those associated with

diurnal sea-breeze circulations. Further investigation of such transients

could be accomplished by numerical solution of the time dependent model

equations.

If the above conjecture is correct then the proposed model is a

partial solution to the often discussed question of the origin of the

tradewind inversion. In a sense the model only pushes the problem back

one step, and substitutes the question of origin of the cloud layer which

must be present at the time subsidence commences. In most cases this origi-

nal cloud layer would probably be a remnant of the frontal disturbances

that frequently pass through the Gulf of Alaska in summer.



Additional subjects for future investigation are the conditions and

mechanisms of break-up of the layer cloud at its equatorward end into

the characteristic tropical cumulus population. Meteorological satellite

observations indicate that his break-up frequently includes a stage during

which meso-scale cell structures are observed (Krueger and Fritz, 1961).

Similar cells may also occur without solid cloud layers upwind. The prin-

ciples of the present analysis may perhaps also be applied to an investi-

gation of the cell mechanics.

It seems useful to speculate on the form of an observational study

designed to more thoroughly verify the above theoretical results. Assuming

at least once-daily satellite coverage to establish the large scale cloud

structure and sufficient surface data from "ships of opportunity" and

land stations to adequately define the surface pressure field and at least

allow estimates of low-level divergence, an ideal observational study could

probably be conducted with the use of one stationary ship for a week to

ten days plus an instrumented airplane for not over a month. The ship

should be capable of flying a tethered balloon with a telemetered thermo-

meter, hygrometer, and net radiometer suspended from it and slowly raised

and lowered through the cloud layer and inversion regions. Adequate wind

velocity and air and sea-surface temperature and/or heat and moisture flux

measurements should be made from the ship. The airplane should be equipped

with fast response temperature and humidity elements and some equipment

for measuring liquid water and turbulent intensity or dissipation. The

airplane observation would serve to check the spatial representativeness

of the shipboard data and the ship soundings could establish the time



variability when both plane and ship were available. It would be important

to have both day and night soundings to obtain data on the important

diurnal changes caused by radiation and sea-breeze cycles.



APPENDIX

The Computation of Radiation Off the Cloud Top

The principal conclusions of the text depend on the evaluation of

FUH, the net loss of radiant energy from the mixed layer, whose upper

boundary is effectively at the cloud top. We separate the radiative prob-

lem into three separate questions: (a) Can the cloud be considered a

black body absorbing all downward radiation, and emitting radiant energy

upward according to Planck's law for the cloud top temperature? (b) If

so what is the net infrared radiation emitted from such a black body

cloud and does this depend significantly on the sharpness and structure

of the inversion and the upper air humidity? (c) How much visible solar

radiation is absorbed by the mixed layer?

A. Cloud Blackness

Regarding the question of blackness, the experimental measurements

of Saito (1956) and the theoretical study of Yamamoto, et al. (1966) are

particularly significant. Our cloud is assumed to contain liquid water

at the adiabatic lapse rate,

_ _ J (Al)

Integrated twice over the cloud depth in air of density a this leads

to a total precipitated water, P, given by

P-g __ (A2)



Saito observed the total infrared absorption in a laboratory chamber

containing fog-sized droplets. For droplet radii in the range 3.4-5.9u

he found an over-all absorption coefficient of -.25 m2/g. The absorption

is not uniform over all wave lengths and we are most concerned with that

in the "window" region, 8-12 ~ . Saito's result indicates, however, that

99% of the radiation is absorbed in a depth such that

p, J loo/.s-2/% = (A.3d/)(A3)

For values of the parameters given in Table 2, and =1.2 * 10 g/m3

we find that the 99% depth is 124 meters. Yamamoto, et al., obtained

theoretical predictions for the transmission and reflection in the window

6 -1.5 r
region of water clouds with a droplet distribution function n(r)@Cr e

where r is the radius in microns. The root mean cube radius is 5.31/4

and the water content j= 4 wIrN r /3 ,a' where N is the number of drops

and is the density of water. From the results of their Figure 7
{w

transmission is reduced to 1% by a water content of 27.4 g/m , correspond-

ing to a total cloud depth of 151 meters. Thus the cloud layer analyzed

in Section 4 is more than adequately thick for effective opacity. How-

ever Yamamoto, et al., also computed the reflectivity of a thick cloud to

be t 3-4%. The computed black body emission and absorption (and their

difference) should therefore be reduced by that amount.

B. Black Body Radiation Flux

In order to obtain realistic long-wave radiation fluxes we assume an

above-cloud atmosphere similar to that of the dynamic model but with a



finite inversion layer rather than the infinite discontinuity assumed in

the heat and moisture budget equations. The actual inversion thickness

is varied between 5 and 20 millibars (45-180 meters) with little resul-

tant difference in computed flux. Considerable difference is found,

however, between calculations based on various sets of flux emissivities

found in the literature. The calculations to be described are based on

a 10 mb. inversion thickness with the atmosphere above it corresponding

roughly to the mean summer atmosphere over Oakland. The actual sounding

used is shown on Table 3. For the assumed cloud top temperature, 9.70C,

the total outgoing black body flux is .520 ly/min.

Manabe and Wetherald (1967), henceforth abbreviated M-W, have pre-

sented curves of the spectrally integrated flux emissivities used in

their radiation input into general circulation calculations for the total

downward long-wave flux to the cloud top. The downward flux is divided

into two parts--that associated with water vapor outside the carbon diox-

ide band, F) , and that due to carbon dioxide and water vapor within the

band 550-800/cm, F c(w). These fluxes are evaluated from the integrals

4 (A4)

(A5)

where B(T) = 6T4 is the total black body emission for temperature T and

c w
u and u are the effective CO2 and H 2 masses between the cloud surface

at T = To and a given level, weighted by the appropriate pressure factor.



TABLE 3

Sounding assumed for radiation computations,

cloud top at 945 mb.

P T q

mb deg. K g/kg

945 282.8 8.0

940 291.4 5.5

935 299.9 3.0

925 298.9 3.0

900 297.6 2.89

850 294.4 2.67

800 291.1 2.44

750 287.7 2.22

700 284.1 2.00

600 275.1 1.60

500 265.5 1.10

400 253.1 0.50

300 237.4 0.15

200 216.1 0.02

150 208.1 0.01



The slab emissivity and absorptivity for water vapor are given by integrals

over all wave numbers 04<ao ,

6,•( U.IT') S(T) d0(A6)
(A6)

I ̂  f) \rf(u.')I 4}
r )

(A7)

Where Be (T) is Planck's expression for black body radiation as a function

of frequency and temperature and Tf(u) is the transmission function

w
for a given mass of absorbing material, u , at a given frequency ) . For

the CO2 absorption band the slab absorptivities, c and E are defined

with respect to b(T), the fraction of black body radiation contained

within the band, as

6J^T, L. CA^ 40
C (A8)

and similarly for £ , where the band is chosen to lie between )1 = 550 cm-

and )2 = 800 cm . The temperature and pressure dependencies of the

emissivities and absorptivities are complicated but largely accounted for

by applying a weighting factor (p/po)7 to the calculated absorber mass,

that is

r (A9)



and by tabulating the emissivities as functions of absorber weighted tem-

perature T, where

(A10)

The first bracketed term of (A4) is, in effect, an integration constant

involved in the definition of slab absorptivity and emissivity. The

last term in the integral of (A5) represents an attempt to account for

the overlapping absorption bands of CO2 and H20. Further information can

be obtained from earlier papers by Manabe and Moller (1961) and Manabe

and Strickler (1964).

Complete flux computations were also made using the emission tables

presented by Elsasser and Culbertson (1960), henceforth abbreviated E-C.

In these the quantity R, defined by

0 (All)

is tabulated for water vapor as a function of temperature and effective

absorber mass over various spectral regions and over the total 0 ci). ,

and for carbon dioxide over the band 540 cm 1 2)4 820 cm . When

3
(All) is divided by dB/dT = 4 T3 the result is comparable to the absorp-

tivity defined by (A7). Special tables are also provided by E-C to

correct for the water-carbon dioxide overlap effects. The actual flux

calculation was performed from an equation similar in form to (A4), that is



o - 'O c.IT.)T- R( + JT"-
MT r (AI2)

where

T -)  AtLAe, ) L

(A r o6 i68 'T r-.zi3':. (A13)

R is obtained from the E-C Table 18 for water vapor absorption and - R

from Table 21 for overlapping CO2 absorption. The first and second terms

of (A12) were, however, evaluated from the tables appropriate to T = -80 0 C.
c

No significant error is believed to result from this procedure.

Calculations of the downward flux associated with water vapor were

also made from the emissivities published by Brooks (1950) and Kuhn

(1963) based on atmospheric observations. Finally Dr. T. Sasamori was kind

enough to provide flux computations from his numerical model for both the

E-C absorptivities and those of Yamamoto (1952). The former coincided

closely with the corresponding hand computations while the latter are simi-

lar to the results of the M-W model.

In Tables 4 and 5 some results of these flux computations are summar-

ized. The first row of Table 4 compares all of the flux associated with

water vapor computed from the absorption data provided by M-W (equation

(A4) and the middle term of (A5)), from the E-C model, the Sasamori-Yamamoto

(S-Y) model and from the Brooks and Kuhn emissivities. In the last row

of Table 4 the net upward fluxes for the M-W, E-C, and S-Y models are

compared, with results which may be discomfiting to those complacent about



TABLE 4

Computation of long-wave radiation flux

Manabe- Sasamori- Elsasser-
Wetherald Yamamoto Culbertson Kuhn Brooks

total downward water
vapor flux .363 ly/min .362 .283 ly/min .310 ly/min .321

additions from CO2
overlap .048 .046 .060

total downward flux .411 .408 .343

upward black body flux .521 .521 .521

net upward flux .110 .113 .178



TABLE 5

Effective water masses, slab absorptivities, and downward flux contributions

for the Elsasser-Culbertson and Manabe-Wetherald radiation models

M-W E-C M-W E-C M-W E-C
R

w - W W+-25OV ••w W= w rw W

P T log u log u +. 2 5 w 6
r r dB/dT

945 mb 282.8 deg K

940 291.4 -1.481 -1.488 .305 .291 .168 ly/min .161 mf

935 299.9 -1.270 -1.279 .35 .326 .196 .182

925 298.9 -1.082 -1.095 .385 .351 .218 .198

900 297.6 - .815 - .832 .43 .389 .248 .222

850 294.4 - .549 - .571 .50 .429 .292 .247

800 291.1 - .402 - .427 .535 .454 .313 .262

750 287.7 - .305 - .332 .565 .464 .330 .268

700 284.1 - .235 - .265 .590 .467 .344 .271

600 275.1 - .144 - .178 .61 .472 .355 .273

500 265.5 - .092 - .130 .61 .474 .355 .274

400 253.1 - .068 - .107 .60 .474 .351 .274

300 237.4 -.. 060 - .100 .59 .464 .348 .271

200 216.1 - .058 - .099 .57 .452 .344 .268

integration constant .019 .015

-total downward flux .363 .283



The present state of applied radiation theory. The E-C values differ

from those of the M-W and S-4 models by the equivalent of 14% of the

average incoming solar radiation. These differences are seen to result

from even larger differences in water vapor emission, partially compen-

sated by a difference in the opposite direction in carbon dioxide

emission.

A partial understanding of the reasons for these disagreements may

be obtained from consideration of Table 5, which shows water vapor absorp-

tivities and flux determined from the assumed atmospheric structure using

the M-W and E-C models. Because of the use of different pressure factors

the effective absorber masses are slightly different, but for the absorp-

tivities relative to the cloud surface this is a negligible contribution.

It is clear that the principal disagreement is in the absorptivities at

moderate absorber masses, .1-1.0 g/cm2. The effect of this disagreement

interacts importantly with the strong inversion in the assumed atmospheric

structure. Thus the M-W model predicts much more radiation arriving from

the layers between 940 and 700 mb., where the air temperature is higher

than cloud top temperature, than is predicted from the E-C model.

C. Solar Absorption

During the daytime moist air and clouds absorb appreciable amounts

of incoming visible light. The fractional depletion of solar energy above

the cloud top has been estimated using Manabe and Strickler's (1964) com-

bined absorption curves and astronomical data. For the daytime July aver-

age at Oakland the mean solar zenith angle cosine is -'.56, and the fractional

day length is ~- .61. Assuming a solar constant of 2 ly/min the daytime

average radiation at the top of the atmosphere is then 1.12 ly/min.



Following Manabe and Strickler (1964) and London (1956) we assume that

7% of the incoming radiation, or .08 ly/min, is returned by Rayleigh

back-scattering. The depletion by an ozone amount of .35 cm (NTP) at

the mean zenith angle is ~ .07 ly/min, by the water vapor mass (pressure

weighted by 0.7) of Table 3 is %.22 ly/min, and by CO2 is ~-.01 ly/min,

leaving a net .74 ly/min at the cloud top. Neiburger's (1949) observa-

tions indicated a net cloud absorption of 7% of the impinging energy

or a daytime average of .052 ly/min for the present case. These values

are also reasonably consistent with recent calculations by Twomey, et al.,

(1967) and with the Manabe-Strickler assumption of a 3.5% absorption by

low cloud droplets additional to that absorbed by clear but saturated air.

The 24-hour average solar absorption thus obtained is .032 ly/min. On

the other hand at high noon (solar zenith angle 200) a similar computa-

tion leads to a maximum absorption rate of .109 ly/min, comparable to

the net outgoing infrared flux.



FIGURE CAPTIONS

Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Time-dependent solutions of the dry cloud model for maximum

and minimum entrainment hypotheses. The diagonal line is the

initial stable sounding while the successive step functions

represent development and ascent of the mixed layer and in-

version top. At infinite time both hypotheses lead to the

same solution, for which the mixed layer potential tempera-

ture equals that of the surface and radiative cooling is

balanced by entrainment heating.

Mean atmospheric sounding for Oakland, California, August

1963-66 (solid lines); mean of 27 daily airplane meteoro-

graph records from Walvis Bay, South-West Africa, taken during

October, 1939 (dashed lines).

Radiosonde observations from Oakland, California, August 1-3,

1962.

Wet-bulb potential temperature and mixing ratio obtained from

the data of figure 3. The dashed areas indicate regions where

the data have been adjusted somewhat to remove apparent lags

in the humidity record and wet-bulb effects in the temperature

record in the inversion region.

Divergence of surface resultant winds in July, units of

-6 -sec (from Neiburger,10 sec (from Neiburger, et al., 1961).
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