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ABSTRACT

For thermal convection between horizontal plates a certain Ray-

leigh number greater than the critical value must be attained before

well-defined, unsteady temperature fluctuations occur. Their appear-

ance is found to be a strong function of Prandtl number, and has appar-

ently been explained for large Prandtl number by a theory of L. Howard.

These fluctuations at a given point midway between plates are intermittent

in appearance over a considerable range in Rayleigh number. The Ray-

leigh number at which the intermittency essentially ceases and irregular

fluctuations are nearly always present is determined and also found to

be strongly dependent upon Prandtl number. There is no apparent asso-

ciation between the development of these short-period fluctuations

and the heat-flux transitions of Malkus.



1. Introduction

In a previous study it was noted that subjecting a horizontal layer

of air to a slow increase of Rayleigh number beyond the critical value led to

a sudden appearance of a well-defined period in the temporal temperature

fluctuations and the gradual development into irregular fluctuations.

The fluctuations were noted to appear at a Rayleigh number of

Ra = Ra ~.6300 in air, and to be quite irregular in appearance at

Ra = Ra ; 10000 and beyond. Recently it was also found 2 that the first

3
supercritical heat-flux transition of Malkus occurs at Ra %8200 and

is essentially independent of Prandtl number, Pr. If the two phenomena

were in any way connected, the appearance of unsteady fluctuations would

also be independent of Pr. One purpose of this study is to determine if

any such connection exists between the two phenomena by determining the

dependence of Ra' upon Pr.

It was also mentioned in the previous study that the fluctuations

at a point midway between horizontal plates for Ra1 4 Ra -Ra occur

intermittently. A second purpose of this study is to determine the

dependence of this intermittency upon Pr.

2. Experimental Equipment and Techniques

Measurements were taken in a convection chamber of horizontal

dimensions 80 by 80 cm. The separation h between horizontal plates is

adjustable, and was typically set between 1 and 2 cm, giving a favorable

ratio of horizontal to vertical dimensions. The chamber was designed

for use with either liquids or air. The heating and cooling systems of

a larger convection chamber previously described were used to provide

the plate temperature difference AT. Details of this method are given

in reference 2.
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A single thermocouple midway between plates was employed in

studying the temperature fluctuations for the cases of air and water.

For the case of silicone oils two widely separated thermocouples, both

midway between plates, were used. Temperature fluctuation signals were

recorded continuously on a DC strip-chart recorder. The recorder fre-

quency response, and that of the thermocouples, were considerably faster

than the frequencies of fluctuations of interest in this study. The

plate temperature difference AT was monitored at frequent intervals on

one of the two channels of the recorder.

The fluids used in this study were air, distilled water, and two

viscosity grades of Dow Corning 200 Fluid. Average values of relevant

physical properties of these fluids are given in Table I. The properties

for water were calculated from temperature dependence values taken

from Silveston.5 The values for the DC 200 Fluids (silicone oil) are

listed for a mean temperature of 25 C.

In Table I, oc is the average coefficient of expansion, ) is the
m m

mean kinematic viscosity, and the mean thermometric conductivity.
m

Before use in an experiment the liquids were "degassed" by main-

taining the mean temperature just below the boiling point for about one

hour. After being allowed to return to room temperature in a closed

vessel, the liquid was poured into the convection chamber through a

filler tube, taking care to vent any air trapped during the process.

Measurements were taken both with increasing and decaying Rayleigh

numbers by varying only AT during an experiment. The values of Ra/

determined were very similar for both cases in air, but were somewhat

different for the liquids. The reason for such a difference is believed

to be due,. with decaying Ra, to destabilization of the flow as Ra -•Ra!
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from above. In the regions of initial appearance of the short-period

fluctuations only the data of increasing Ra were used. Away from these

regions data with both increasing and decaying Ra were used. Average

-5 -1 -5
relative rates of decay of Ra were 4 x 10 sec for air and 7 x 10

-l
sec for the liquids, while for increasing Ra the rates of change were

about three times the decay rates.

The strip-chart traces of fluid temperature fluctuations were digi-

tized with a data interval of 1 sec for air and 2.5 sec for the other

fluids. Subsequent calculations of intermittency were performed by

digital computer.

A discussion of experimental error is given in Appendix 1.

3. Determination of Intermittency

We wish to define an intermittency parameter I(Ra) having zero

value for Ra < Ra' when short-period fluctuations are absent, and having

nearly unit value for Ra > Ra" when the fluctuations are almost always

present and are, moreover, quite irregular. The Rayleigh number range

Ra' 4 Ra (Ra" will then be a transitional range for the development

of "turbulent" temperature fluctuations in time. To do this, we must

define three different time intervals, j, 7, and 13.

First, we shall examine the temperature T only at discrete times

separated by intervals Ti"

T(t) = T(kIl) = T(k) , k = 0,1,2,....N

with ?I being a time interval much smaller than the average period of

the fluctuations in question, k is the time index, and N the total number

of temperature values in a given experiment.
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Then let us define a larger time interval 72 over which the tem-

perature may be examined to determine if fluctuations are either present

or essentially absent. Thus, a delta function may be defined as

S(k) = 1, (0)

if short-period fluctuations are present (absent) in the interval

7 = (k1+72/2) - (k71 /2)

Generally, r2 /7j was sufficiently great (of order 20) to allow good

resolution of the fluctuations, if present. The subjective criteria used

in determining 72 and the presence or absence of the fluctuations are

described in Appendix 2.

Finally, we may define an intermittency parameter I over a still

larger time interval 3 = (k 1 + 7/2) - (k 7 - 7/2) by

1 3

k= 1

where i -/ " is an integer sufficiently large (of order 500) to contain

intervals with S(k) having either of its two values, but still sufficiently

small that the variation of I with Ra could be ascertained as Ra was

gradually varying. The known relationship between Ra and k in a given

experiment was then used to convert I(k) to I(Ra).

For nearly steady convection with no short-period fluctuations

present I = 0, and when fluctuations are always present I = 1.
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4. Results of Intermittency Analysis

The computed values of I are plotted versus Ra in Fig. 1 for the

fluids studied. Each data point is the average over at least one hour

of data, yet the scatter is still quite large (due to the intermittent

nature of the temperature trace) making the exact positions of the

curves drawn somewhat questionable. The Rayleigh numbers of most inter-

est are those for which I(Ra) first increases rapidly from zero, Ra',

and those for which I(Ra) ceases to increase rapidly and approaches

unity asymptotically, Ra". The exact values of Ra' selected are based

on the data averaged over smaller Rayleigh number increments than those

presented in Fig. 1. For Figs. 1(a) and l(b) Ra" was taken as the

Rayleigh number at which I first equals unity; while for Figs. l(c)

and l(d) it was taken as the I = 1 intercepts of the extrapolations of

the smooth curves. The uncertainty in the values of Ra"\selected in this

manner for Pr = 18 and Pr = 57 is probably as large as 20 percent since

the values are strongly dependent upon the shapes of the drawn curves.

Values of Ra' and Ra" thus determined are plotted versus Pr in

Fig. 2. The dashed line indicates the greater uncertainty in Ra" than

in Ra', and is not meant to place an absolute limit on the transition

region. The term quiescent is taken to mean that the short-period, fluc-

tuations are totally absent, while active means they are present at all

times. There is a strong Prandtl number dependence upon both appearance

and development of the short-period fluctuations.

The fluctuations develop quite rapidly in air as evidenced by the

narrow extent of the transition region at Pr = .71. The transition region

widens tremendously in Rayleigh number extent at larger Prandtl numbers.



There is a suggestion of decreasing dependence upon Pr for Pr > 20,

but a definite conclusion cannot be made on the basis of our limited data.

6
In this vein, H. T. Rossby, in experiments conducted in a manner similar

to ours (but with larger Pr and with visual observations), found for

Pr > 1 that Ra' ~14000(Pr). . This result is in fair agreement with our

data for-A5 <Pr 457. However, it is evident from our data with air and

Rossby's observations with mercury that the constant power law cannot

properly describe the Pr dependence of Ra' for Pr less than perhaps 5.

As in our previous study with air only, the present values of Ra"

for which I .-l agree closely with our subjective estimates of the Rayleigh

numbers at which the short-period fluctuations could be called "turbulent"

in appearance. Hence we continue to refer to the region 0<I(Ra) ( 1

or Ra'(Ra(Ra" as synonomous with a transition region to turbulence (for

fluctuations at a given point midway between plates).

One may perhaps question the usefulness in analyzing the development

and transition to turbulence of the shorter period fluctuations, while

ignoring the existence of much longer period fluctuations which could be

called "turbulent" on a long time scale. However, these extremely slow

fluctuations exhibit no particularly interesting behavior, and are probably

associated with gradual adjustments of the large-scale temperature pattern

from those occurring initially towards more symmetric and optimum patterns.

They may also be highly dependent upon the geometry of the convection

chamber, small experimental imperfections, and slow changes of Rayleigh

number. In contrast, the short-period fluctuations first appear with

a well-defined period, are experimentally reproducible, are not strongly

dependent upon the geometry of the convection chamber, and are perhaps

amenable to theoretical explanation.
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In the next section, spectra will be presented showing the gap

between short- and long-period fluctuations which enabled the former to

be analyzed in the continued presence of the latter.

5. Spectra of Temporal Temperature Fluctuations

Spectra of temperature fluctuations at a fixed point midway between

plates of the chamber will be presented for the two extreme Prandtl

numbers studied, .71 and 57. They are shown in Figs. 3 and 4, respec-

tively. The spectral estimates S(i) were calculated by direct Fourier

analysis of the digitized strip-chart traces for sections of 18 min total

duration. The ordinate iS(i)/C 2 is the fraction of the temporal vari-

ance per increment of the logarithm of the Fourier component number

i = 1,2..., where 62 is the temporal variance for the 18 min period.

The abscissa, has been converted to a period and made nondimensional by

means of the time scale h2/A. The dimensional period can be retrieved

by reference to Table I. The spectra shown are the average of two indi-

vidual spectra.

The spectrum for air in Fig. 3(a) shows a single broad dominant

peak and complete absence of short-period fluctuations for Ra = 4900.

This peak we associate with gradual movements of the organized structures

of the convection. For Ra = 6900 we see in Fig. 3(b) the appearance of

a short-period peak of small amplitude with period W.u.3. This peak

is that of the fluctuations of primary interest here. The nondimensional

period 7 is the same as that found previously1 for air in a larger

convection chamber for which h was 63% larger, and for which one

horizontal dimension was 4.6 times greater than for the chamber used in

this study. Figs. 3(c) and 3(d) show a further relative increase in
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amplitude of the short-period spectral peak and its gradual spread towards

both shorter and longer periods. At these Rayleigh numbers the spectral

gap is very pronounced, although it is likely that further increases in

Ra would eventually lead to a more uniform temporal spectrum without any

7
well-defined gaps.

The temperature spectra of Fig. 4 for Pr = 57 are similar to those

of air in respect to the appearance and growth of a short-period spectral

peak, but display some basic differences. The relatively large amplitude

of the short-period peak, Fig. 4(b) may be considered due to the rela-

tively small amplitude of fluctuations present at the long periods. It

seems one effect of the increase of Pr is for the organized structures

to be more stable in position and shape. Other Prandtl number effects to

be noted are the shift of the short-period peak to a smaller nondimensional

period of 7":.017, and the narrowing of the spectral gap between this

peak and the long period fluctuations. A third peak is discernible in

Figs. 4(c) and 4(d) at shorter periods, and is probably closely asso-

ciated with the major short-period peak.

At the two intermediate Prandtl numbers, Pr = 6.8 and 18, the short-

period peak occurred at nondimensional periods of ';O035, and .028,

respectively. If the periods had been made nondimensional by use of

h2/ instead of h2/A , the nondimensional periods would be, for increasing

Pr: .21, .24, .51, and .97.

6. Discussion

The origin of the short-period temperature fluctuations, while not

definitely known, is believed to lie in the boundary layers. Our obser-

vations at mid-chamber level show that the fluctuations first occur in
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regions where the temperature associated with the large-scale structures

is near a maximum or minimum, and where vertical convection from the

boundary regions would be expected. Also, observations of temperature

averaged over a long resistance wire very close to the boundary2 have

shown that the fluctuations occur there also. Rossby, in simultaneously

observing point temperatures at ten different levels extending from near

the boundary to the interior of the fluid, noted the increasingly inter-

mittent nature of the fluctuations at levels further removed from the

boundary. Therefore, our observations of intermittency at mid-level,

Fig. 1, probably represent the minimum value of I(Ra) existing at any

level between the horizontal plates. (Fluctuations which are highly inter-

mittent occur very infrequently and are associated with very small values

of I.)

Rossby outlines a recent theory of L. Howard, based on Rayleigh

instability of the thermal boundary layer, which predicts a thermal

release period of fluid from the boundary layer. Rossby's data for

Pr >6.8 are in excellent agreement with the functional form of Howard's

theory. Our data for 6.8 4 Pr < 57 are in reasonable agreement with the

theory, but the theoretical form does not agree well with data for Pr = .71.

It is not inconsistent with the above observations to assume the short-

period fluctuations originate as local emissions in the conduction layer

and are convected to mid-chamber level, initially with little horizontal

displacement from sites of updrafts and downdrafts. As the Rayleigh

number is increased appreciable horizontal velocities can exist at all

levels removed from the boundaries, thus displacing the temperature fluc-

tuations away from the initial sites of updrafts and downdrafts. As the

flow becomes further disrupted the short-period fluctuations are convected
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throughout the entire fluid layer. In a flow of this type it would be

expected that the short-period fluctuations would be strongest near

temperature maxima and minima and would be diminished in amplitude, although

still retaining their identity, in the rest of the fluid. This character-

istic is clearly observed in most of the spatial and temporal data from

our convection chamber.

The lack of detectable Prandtl number dependence in the heat-flux

transitions of Malkus (at least for Ra(2 x 10) , and the strong Pr

dependence found here for the development of temporal temperature fluctu-

ations and for the region of transition indicates that the latter pheno-

menon investigated here is not related to the occurrence of unstable

vertical modes of motion as is likely for the former.

A primary effect of large Pr = is the potential for a strong rate

of damping of velocities associated with relatively large , and weak

rate of smoothing of temperature fluctuations due to relatively small C.

It was observed from horizontal traverses through the liquids (with rather

large Pr) by a steadily moving thermocouple that the temperature fluctu-

ations in space were irregular in appearance at Rayleigh numbers far

below those at which temporal fluctuations first appeared. The highly

complex patterns seemed almost "frozen" in space. Extremely weak large-

scale velocities are all that would be necessary to translate the irregular

spatial temperatures into short-period, irregular temporal fluctuations

at Rayleigh numbers much smaller than those for which such fluctuations

were observed. A satisfactory explanation of the observed temporal fluc-

tuations must therefore explain the relative stationarity of the compli-

cated large-scale structures as well as the origin of the well-defined

short-period fluctuations of Howard. 8
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7. Conclusions

The Rayleigh number at which well-defined, unsteady short-period tem-

perature fluctuations first appear increases strongly with increase of

Prandtl number. The fluctuations, which apparently originate in the

thermal boundary layers, are intermittent at a given point midway between

plates until a larger Rayleigh number (also dependent upon Pr) is reached

above which they are quite turbulent in appearance. It is therefore

concluded that these fluctuations are not associated with the heat-flux

transitions of Malkus which are essentially independent of Prandtl number,

and are of a recurring nature.

The period of these fluctuations, when made nondimensional by h2/K,

decreases rapidly with increasing Prandtl number. When made nondimensional

by h2/)), they increase only slowly with Pr.

The spatial modes connected with these temporal fluctuations have

not yet been ascertained, nor has any theory properly predicted their

Prandtl number dependence for Pr 4 .71.
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Appendix 1. Error Estimation

Three factors are thought to have contributed primarily to possible

errors in AT. These are the existence of small horizontal temperature

gradients along the plates; acceptance of tabulated values of 41UvC for

the thermocouple emf's; and occasional recorder zero drift. These fac-

tors are estimated to give rise to a maximum percentage error in AT

of about 6%.

Maximum errors in determination of the mean fluid temperature and

atmospheric pressure (used in the determination of molecular properties

of air) were each less than 1%.

Uncertainty in h was about 0.01 cm, giving rise to maximum percentage

errors of 0.4% for air and about 1% for the liquids.

If the physical properties of the fluid are assumed constant and

correct, the maximum errors in the Rayleigh numbers are expected to be

about 7% for air and 9% for the liquids. These estimates apply, of

course, to the absolute value of Ra with relative errors in any given

experiment probably being considerably less.

The method of digitizing the fluid temperature fluctuations led to

an estimated rms error of 0.012 C. However, rms fluctuations less than

0.016 C were excluded from the analysis of intermittency. When present,

the fluctuations typically had magnitudes in excess of 0.1 C.

Appendix 2. Criteria Used In Intermittency Analysis

To determine if the short-period fluctuations were present or absent

in the interval ,2' it was helpful first to remove, as far as possible,

much longer period fluctuations from the temperature record. This was

done by subtracting from the original digitized data a smoothed version
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of this data. The smoothing was performed by applying a moving average

of period '2 obtained from the temporal spectra to coincide with the

period of minimum gap amplitude to the left of the short-period spectral

peak. Nondimensional periods thus chosen are '7 = .47, .064, .052, and

.042 for the four fluids in order of increasing Prandtl number.

The resulting temperature data T'(k) of relatively high frequency

were tested against two criteria to determine values of the delta func-

tion (k). First, if T'(k + 1) - T'(k) did not change sign a sufficient

number of times in the interval c to indicate presence of fluctuations

of period Y2 or less, S(k)= 0.

If, however, the preceding test did show such fluctuations to be

present, an amplitude criterion was next checked. Variances of T'(k)

were computed over successive intervals , and made nondimensional by

AT. These were compared against a constant threshold variance selected

to just exceed the small error arising from data digitizing. This

threshold was made nondimensional by the plate temperature difference

occurring at Ra = Ra'. If the T'(k) variance exceeded this threshold,

and if the criterion of the preceding paragraph were met, b(k) = 1.

Otherwise, (k) = 0.

The width of the transition region of Fig. 2 depends to some degree

upon these two criteria. The effect of arbitrarily changing T, upon

the resulting values of Ra' and Ra" (based upon extrapolation of the

intermittency to zero and unit value, respectively) is shown in Fig. 5

for Pr = 18. The upper portion shows how Ra" is affected by the choice

of T', and the lower portion shows how Ra' is similarly affected. The

arrows indicate the r2 value actually used in the data analysis. Reason-
able filter-period choices would not depart from the values used by,

able filter-period choices would not depart from the values used by
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more than about 20%. This uncertainty leads from Fig. 5 to 5% and

6% uncertainties in Ra' and Ra", respectively. The possible errors due

to choice of T are somewhat less in the other fluids studied.
2

The effect of the choice of threshold variance levels on Ra' and

Ra" is shown for Pr = 6.8 in Fig. 6. The arrows indicate the threshold

level used in the analysis of section 4, while the digitizing error is

-5
estimated to be 0.2 x 105 nondimensional units. A 50% increase in the

threshold level from the value used in the analysis gives corresponding

8% and 9% increases in Ra' and Ra", respectively.

Thus, the results of the intermittency analysis are not completely

independent of the subjective aspects. Yet, greatly different choices

of filter period and threshold variance would be required to significantly

alter the results.
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TABLE I. Relevant fluid physical properties

m m -n h
-1 2 -1 2 -1

Fluid (C ) (cm sec ) (cm sec ) (cm) Pr Ra

Air 3.37x10-3 1.9x10-1 2.64x10-1 2.45 .71 9.8x102 AT

Water 2.13x104 9.8x10-3 1.44x10-3 1.50 6.8 5.0x104 AT

DC 200 1.34x10-3 1.5x10 2  8.45xl0 4  1.05 18 1.2xl0 T

DC 200 1.05x10- 3 5.0x10-2 8.77x10 4 1.50 57 7.9x104AT
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FIGURE CAPTIONS

Fig. 1. The intermittency I as a function of Ra for the four Prandtl

numbers studied.

Fig. 2. The intercepts I = 0 (Ra = Ra') and I = 1 (Ra = Ra") as taken

from Fig. 1.

Fig. 3. Normalized temporal temperature spectra for Pr = .71 for

various Ra.

Fig. 4. Normalized temporal temperature spectra for Pr = 57 for various

Ra.

Fig. 5. The effect of filter-period choice,"2, upon Ra' and Ra" for

Pr = 18. Note the change in vertical scale between lower and

upper halves of the diagram. The arrows indicate the filter

period used in the analysis.

Fig. 6. The effect of choice of threshold variance level upon Ra' and

Ra" for Pr = 6.8. Note the change in vertical scale between

lower and upper halves of the diagram. The arrows indicate

the threshold level used in the analysis.
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