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1. Introduction

It has long been recognized that the atmosphere shares certain attri-

butes with those of a turbulent fluid. Its apparent randomness and unpre-

dictability on many scales combined with long term statistical order are

just about what one would expect to observe if he were, say, an ant dwelling

amongst the eddies of a turbulent pipe flow. Until recently, however, little

use has been made of this sort of analogy except in the case of the surface

boundary layer. The principal reason was first (before about World War II)

the non-recognition by meterologists of the special characteristics of the

large scale atmosphere as a quasi-two-dimensional fluid and later the non-

recognition by fluid dynamicists of the meaningfulness and general charac-

teristics of two-dimensional turbulence.

At one time it was thought that the large scale disturbances of the

atmosphere were shearing instability phenomena deriving at least some of

their energy from the mean westerlies and easterlies. Jeffreys (1926)

pointed out, however, that the very existence of mid-latitude and polar

westerlies at the surface required that non-symmetric circulations exist

capable of transporting angular momentum poleward, i.e. toward regions of

westerly flow. Although he did not carry the argument further, it can be

shown that his analysis implies a transfer of kinetic energy from the dis-

turbances to the mean flow. Much later, after Fjdrtoft's (1953) explanation

of the general tendency of two-dimensional flows to transfer energy from

small scales to large, it was assumed that the large scale atmosphere was

not turbulent in any proper sense. And yet it is certainly not steady-

state or periodic and it seems to be often unstable to perturbations. When

Benton and Kahn (1958) and Ogura (1958) looked at the energy spectrum of

the large scale atmosphere they found that it apparently followed a power
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law in wave number (near -3) but not the one predicted for and observed in

three-dimensional turbulence.

A major part of this series of lectures is devoted to describing the

recent developments in two-dimensional turbulence theory and its atmospheric

applications which are bringing to atmospheric dynamics a higher degree of

integration with other areas of fluid mechanics.

A principal recent thrust in atmospheric dynamics is the growing use

of numerical simulation methods, not only in practical and experimental

forecasting but as an aid in solving fundamental problems in fluid dynamics.

Because most atmospheric scales of motion involve turbulence the simulation

modelers must attempt to deal with the closure problem of turbulence theory,

but in a somewhat different form from that familiar in laboratory-oriented

fluid mechanics. Some current developments in this area will be reviewed.

Finally, the last lecture of this series will review the current pro-

blems and prospects in certain mesoscale phenomena, usually involving tur-

bulence, which constitute some of the most serious blocks to further

development of large scale atmospheric simulation models.



2. Homogeneous turbulence theory - concepts and notation

In the first few lectures of this series we will be dealing with as-

pects of the theory of turbulence in two and three dimensions. For this

purpose it is convenient to introduce some standard notation and concepts

from the theory of homogeneous turbulence. Much of this material, especially

for the three-dimensional case, is quoted or directly derived from Batchelor

(1956). As does Batchelor we will use mixed tensor and vector expressions.

Many of the definitions and derivations can also be found in texts by Hinze

(1959) and Lumley and Panofsky (1964).

We first define a velocity field as a function of space and time, i.e.

u. = u.(x,t), x = {x ,x ,x , i = 1,2,3 .(2.1)1  1  
1 2 3

In general this velocity field, or at least parts of it, is expected to be

somewhat random in nature. It is therefore desirable to deal with statisti-

cal moments and their Fourier transforms. In particular we define the two-

point tensor velocity correlation as

R..(x,r) = ui(x-r/2) u.(x+r/2), (2.2)

where the over-bar represents an average over all x-space. If the turbulence

can be considered spatially homogeneous the above correlation is a function

of the separation vector only, that is

R.(x,r) = R..(r) = u.(x) u.(x+r) . (2.3)

We will deal generally with incompressible flows, so that au./9xi = 0. From

this it can be easily verified that

aR..(r) aR..(r)
- -11 = 0 . (2.4)

i J
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From the general theory of tensors it can be shown that if R.. is iso-
1J

tropic (i.e. invariant to an arbitrary rotation and to reflection), it can

be expressed in terms of two functions, F and G, of the scalar separation

distance, i.e.

R.(r) = F(r) r.r. + G(r) 6.. . (2.5)13 J LJ

Upon differentiating Eqn. (2.5) and applying (2.4) we can show that the two

functions are not independent in an incompressible flow, i.e.

=] r. (n+l)F + r -+ )
Dr. dr r dr j (2.6)

1

where n is the number of dimensions present in the physical framework (2 or

3). The most convenient combination of F and G for many purposes is that

which appears when i and j are equal and summed, that is

R(r) = ½R i() = ½(rF + nG) . (2.7)

The quantity R(r) is called the scalar velocity correlation function.

It is also convenient to define a vorticity correlation function

Z.. () as
1J

Z.. () = W.(x)a.(x+r) (2.8)

th
where w. is the i component of vorticity. Batchelor (1956) shows that

1

Z..(r) is related to R..(r) by the equation

Zij() = V 2R.. ) + 4- V2 () , (2.9)
13 Br.8r. 13-Rkk

where V2 = 2 /ark 2 . A scalar vorticity correlation function, Z(r), can

also be defined analogously to the scalar velocity correlation function as
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Z(r) = Zii() = -VR(r) . (2.10)

From a system of hydrodynamic equations, such as the Navier-Stokes

equations, it is possible to derive expressions for the rates of change of

the above correlation functions. Certain terms involving the pressure

become rather difficult to evaluate, however, and this difficulty has led

to widespread use of the Fourier transforms of the correlations, the equa-

tions for which do not present such difficulties. In Batchelor's notation

the Fourier transform of the tensor velocity correlation function is given

by

+ 1 + -ikr +
1..(k) - f R..(r) e dr , (2.11)
13 (2T)n 1J

with the inverse transform

+r -

R.ij() = / ij(k) e dk , (2.12)

where dr = dr1 dr dr3, etc. Since R.. is real, i..(-k) = j..*(k). We

may note that the velocity correlation for zero separation is given by the

integral of i.., that is

R..(0) = u ()u.(x) = / ~. () dk , (2.13)
1ij I j LJ

and therefore that the kinetic energy is expressed as

u-./2 = / f..(k) dk . (2.14)

In the isotropic case i.. is a function only of the amplitude of its argu-

ment, so that

4T / k2 . (k) dk , 3 dimensions

= . (2.15)

27 / k.. (k) dk , 2 dimensions
11
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We then may define the scalar energy spectrum function E(k) as the energy

on a circle (two-dimensional) or spherical shell (three-dimensional) in

wave vector space. Thus in isotropic turbulence

2wTk 20..(k) , three-dimensionalf

E(k) = and u-7/ 2 = E(k) dk . (2.16)
S1Tkr.. (k) , two-dimensional J

11

Equations may also be derived directly relating the scalar velocity

correlation function R(r) and the scalar energy spectrum function E(k). From

Eqns. (2.7), (2.12), and (2.16) one may write for the three-dimensional case

R(r) = e dk = f ½E(k) e sine de dk (2.17)R(r) = fE4Tk dk=

÷2where the integration element dk has been taken as 27kk sine d6 dk in spheri-

cal coordinates with 6 the angle between r and k, measured from the direction

of r. Integration of (2.17) over 0 leads to the expression

00

sin kr
R(r) = 0 s kr E(k) dk , three dimensions. (2.18)

o kr

A similar derivation in the two-dimensional case yields

R(r) = fo J(kr) E(k) dk , two dimensions (2.19)

th
where J is the zero order Bessel function. The inverse expressions are

o

given by

2
E(k) = - J kr sin kr R(r) dr , three dimensions (2.20)

00

E(k) = j kr Jo(kr) R(r) dr , two dimensions . (2.21)

A tensor vorticity spectrum function may be defined analogously to the

tensor velocity correlation function as
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÷> ->-

1 + -ik'r +
.ij () = Z. (r) e dr , (2.22)1 J  (2w)n 1J

where Z..(r) is the vorticity correlation function. Upon substitution of
13

(2.9) and two successive integrations by parts (and assuming that R..(r) - 0
ij

as r - 0) we find that 0..(k) is related to Q..(k) by the equation

.. (k) = (k6..-k.k.) (M) - k 2 . (k) . (2.23)

In the summation case we obtain

Q . () = k 2 .. () . (2.24)

The function 0.. is related to enstrophy (half the squared vorticity) simi-

larly to the relationship between (.. and energy, i.e.

S/2 = ½ .. (k) dk . (2.25)

Thus in isotropic turbulence we can define the scalar enstrophy spectrum

function Q(k) as the contribution to enstrophy on a circle or spherical

shell in wave space. But from (2.23) and (2.24) it is evident that

Q(k) = k 2 E(k) and 7/2 = J k2 E(k) dk . (2.26)
i

Equation (2.26) is also generalizable to higher moments, so that, e.g.

(~w./ax.) 2 /2 = / k4E(k) dk . (2.27)

In all the above relations an infinite spatial and wave number domain

has been assumed, with some corresponding special mathematical difficulties

discussed by Batchelor. In the case of a finite volume (Ln) and resolution

(Nn Fourier amplitudes or mesh points), as is usual in numerical simulation

studies, similar definitions hold but with the integrals replaced by finite
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sums, i.e.

Ai (D ) = (L/2N)n R..(r) eike r (2.28)

ik -

R (r) = (T/L)n ij () eikr . (2.29)
ij kinN/L ij

k<•N/L

In this case the practical way to obtain the spectrum functions is by direct

Fourier analysis, i.e.

u.() = (L/2TN) u.() e x, where u.(-k)= *(k) (2.30)
x1L 1 1 1
x<L

and the converse

= (Lnik.x
u.(x) = (u/L)n u.(k) eik . (2.31)

Sk'TrN/L

We then find that

j (D ) = (n/L)n ui*(·) u.(k) . (2.32)

The scalar energy spectrum function E(k) is half the integral of @ii(k)

around a shell or circle in wave space. Since an arbitrarily defined shell

or circle will not coincide with the ends of more than a few wave vectors

in a discrete system it is necessary to estimate E(k) by its average over a

finite band width. Sometimes it is more convenient to arbitrarily define

E(k) to be the integral around a square or cube in k-space rather than a

circle.



3. The micro-scales of turbulence

An important aspect of turbulence in a viscous two- or three-dimensional

fluid is its character at the smallest spatial scales. We confine ourselves

to incompressible constant density fluids, but the principal results hold

in slightly altered form for a barotropic gas at low Mach number.

We will assume the usual Navier-Stokes equations of motion and incom-

pressibility in the form

Bu. u. 2 u.-+u D (P/P)

S . + = r (3.1)j ax •x. x.

ýu.
S= 0 ,(3.2)9x.
1

where density p is assumed to be constant. The vorticity equation is ob-

tained by taking the curl of (3.1) in the form

W. 9(W. 9u. 92W.

S + u. oo- . - = -- (3.3)t j 9x. j 3x "x

J j J

auk
where w. = . - , with . the unit alternating tensor, and other

i ijk 9xj ijk

notations are standard. By multiplying (3.1) and (3.3) respectively by

u. and w. and applying (3.2) to each, we may obtain equations for kinetic
1 1

energy and enstrophy as follows:

9(u 2/2) - 92(u.2/2) f9u72
Si (u u.2/2) 9- (u.p/p) + ix - i (3.4)

9(w. 2 /2) 9u. 9 2 (W. 2 /2) ". 2

S - y (u2..2/2) + . - + v 2 -- . (3.5)Jt = x. ji / j 3x. Lx. ix.
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We note that the kinetic energy is conserved except for viscous terms, i.e.

if Eqn. (3.4) is integrated over a closed or periodic or infinite volume,

all terms on the right vanish except the last viscous dissipation term,

which is always negative. The enstrophy is not so conserved because of the

presence of the second term on the right of (3.5). If the flow is confined

to two dimensions, however, this term disappears and the enstrophy is also

conserved except for viscous dissipation. We symbolize these two important

dissipation parameters by

energy dissipation: = v( u./Dx.) = v.\ , (3.6)

enstrophy dissipation: rn = v(D./x.)2  , (3.7)

where the over-bar represents time, space and/or ensemble averaging. The

second equality in (3.6) is a kinematic identity for homogeneous incompres-

sible turbulence. In applying definition (3.7) we will usually assume that

the motion field is confined to a plane and w. reduced to a scalar, w.
1

It has long been recognized that the viscous terms of Eqns. (3.1) and

(3.3), because they are of the highest differential order, should be most

important at the smaller spatial scales. A more quantitative appraisal may

be obtained by performing a formal scale analysis of these equations. We

let L, U, Z, P and T represent scaling parameters for distance, velocity,

vorticity, pressure and time respectively. If L is to represent the scale

at which the nonlinear and viscous terms of (3.1) and (3.3) are of the same

magnitude, we then find that

UL/V = 1 , P = pU2 , T = L/U .. (3.8)

It is then convenient to introduce E and n as parameters by making (3.6)

and (3.7) dimensionless, so that
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vU 2 /L2  = = Z2  (3.9)

and vZ 2 /L2  = n . (3.10)

From (3.8) and (3.9) we then deduce the usual three-dimensional Kolmogoroff

micro-scales (dissipation scales) of velocity, vX, and length, X, and the

corresponding pressure and time scales, as

S= L = (v3/)¼ vx = U = ()

(3.11)

P/p = (vE) , T = (v/)

From (3.9) we also have

Z = v/X = (/v)E . (3.12)

Then (3.10), (3.11) and (3.12) combine to form alternative two-dimensional

micro-scale definitions, i.e.

X = (v3/n)1/6 , vx = (v3n) ./6 (3.13)

The micro-scale definitions (3.11) and (3.13) are completely equivalent,

but the former is more useful in three-dimensional turbulence and the latter

more useful in two dimensions. The reason lies in the interpretation and

measurement of c and r with respect to the total flow field.

In three dimensions kinetic energy is conservative in the absence of

forcing and viscosity, so that £ represents a net energy loss from the flow.

Enstrophy is not conserved, however, being continually generated by vortex

stretching processes, so that its dissipation does not necessarily repre-

sent a net loss from the flow and is not measurable as a large scale pro-

perty. In two dimensions enstrophy and energy are both conserved excepting

for the viscous dissipation. But if there are many scales of motion present,
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i.e. if the energy spectrum is broad, then we will show that the fractional

rate of dissipation of energy is small compared to that of enstrophy, and

the latter is thus the more significant parameter. To show this we define

moments of the scalar energy spectrum as follows

k 2  /2 _ k2 E(k) dk k 4 _ ( _ / k4 E(k) dk (314)
2 / E(k) dk ' 4 - / E(k) dk (3 1

E E

From Equations (3.4) to (3.7) we then write the mean energy and enstrophy

equations in two dimensions as

dE/dt = -vk 2 2

(3.15)

d (k2) = -vk 4 E

From these we see that

d(ln E) 2  d(1n W/2) _ vk4= -k ,^ = u ---- r . (3.16)
dt -2 ' dt k2

By Schwarz's inequality, k4
2 > k2

2 in any case, but if E(k) has significant

amplitude over a wide range of k (for example any power law) then k2 >> k2
2

and the second expression in (3.16) is much larger in magnitude.



4. The inertial ranges

It is commonly believed that in flow of sufficiently large Reynolds

number there exists a range of scales of motion which are intermediate

between and not directly affected by either large scale forcing (or initial

large scale state of flow) or viscous decay processes. In this range, the

"inertial range", the flow is expected to be random and isotropic, and its

principal function is to transfer energy (in three dimensions) and enstrophy

(in two dimensions) from the large scales down to those of viscous dissipa-

tion. It is postulated that certain gross statistics of the flow (correla-

tion functions, energy spectra) have a form which depends only on the rele-

vant dissipation parameter. In particular the energy spectra are predicted

to conform to the relations

E(k) = a 2 /3 k-5/3 (three dimensions) (4.1)

E(k) = 3n2/3 k 3  (two dimensions) (4.2)

where a and 0 are supposedly universal dimensionless constants. The quali-

tative and semi-quantitative arguments used to justify Eqn. (4.1) can be

found in Batchelor (1956) and those for Eqn. (4.2) in papers by Kraichnan

(1967) and Batchelor (1969).

A great deal of work has been done in attempting to derive (4.1), (4.2),

and the constants from basic principles. The basic justification for their

survival, however, remains that they (especially (4.1)) fit observational

data remarkably well (Lilly and Panofsky, 1967). Many atmospheric and

oceanographic scientists in small scale turbulence research tend now to

test the calibration of new instruments and techniques on how well they

produce a -5/3 power law. The -3 power law is apparently rather well

satisfied by the large scale atmosphere, for planetary wave numbers greater
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than about 5-6 (Wiin-Nielsen, 1967; Julian, et al., 1970) which suggests

that the large scale atmosphere may be regarded as a quasi- two-dimensional

turbulent fluid. A number of numerical simulation experiments have been con-

ducted for the purpose of testing the -3 power law prediction, and these have

produced for the most part positive verification.

Probably the simplest of these simulation tests to interpret are those

done on decaying two-dimensional flow (Lilly, 1971). These are started by

introducing forcing for a short time to produce a quasi-periodic flow field.

The forcing is then removed and Eqn. (3.3) (without the third term on the

left for two-dimensional flow) is integrated numerically for over 1000 time

steps. The results are satisfyingly random and exhibit (see Figure 4.1)

several octaves of a -3 power law spectrum. The constant 3 is found to be

of order 2, which compares to values of a ~ 1.5 from geophysical turbulence

data analysis.

The most unique feature of two-dimensional turbulence is its energy

trapping or blocking characteristic. From Eqn. (3.16) we saw that energy

dissipation tends to be negligible compared to enstrophy dissipation for

large Reynolds number flow and that the scale defined by 2E/w- therefore

increases with time. From Fig. 4.1 we see, however, that the development

of the -3 spectrum has proceeded both up and down the scale range and that

most of the kinetic energy is ultimately associated with larger scales

than that of the initial forcing. From a statistical point of view this

result is an essential consequence of the -3 spectrum and the quasi-

conservation of energy. If Eqn. (4.2) is valid for k > kc , say, then the

total energy in the flow may be obtained by integration, and is

E= 2/3 k 2E~ 2
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As the total enstrophy decays, its dissipation rate decreases and since E

is nearly conserved k must also decrease. Somewhat more fundamentally

Fj6rtoft (1953), in a paper much pre-dating the development of two-dimensional

turbulence theory, pointed out that the nonlinear interactions of the equa-

tions of motion occur in wave number triads typically consisting of a small,

an intermediate, and a larger wave number. He showed that if enstrophy is

transferred from the intermediate to the larger wave number (as we now know

is necessary for maintenance of the enstrophy inertial range) then energy

must be transferred to the smaller wave number.

The above arguments also hold in general for turbulence maintained by

continuous forcing at large or intermediate scales. In this case Kraichnan

(1967) predicts a second inertial range at scales larger than that of the

forcing, in which energy flows "backwards" from the generating scale to

larger scales. The energy spectrum is given by

E(k) = a' -k5/3 (4.3)

where dE/dt is the rate of energy increase produced by forcing and a' is

another dimensionless constant (not necessarily equal to a or P). The high

frequency limit on the validity of (4.3) is the forcing frequency, but the

low frequency limit continues to move toward smaller k as the total energy

increases until the entire available spectrum (defined by the size of the

physical regime) is filled. After that, the energy continues to pile up

indefinitely at the lowest frequency. We entitle this prediction the "In-

frared Catastrophe in Flatland Fluid Dynamics". Kraichnan's predictions

have been partially tested by numerical simulation (Lilly, 1969) and found

in agreement with the results.



5. Application of two-dimensional turbulence to the atmosphere

Real geophysical fluids, in particular the atmosphere, do not experi-

ence the I-R catastrophe in spite of their gross two-dimensional behavior

because of the existence of surface drag. Surface friction, although it

involves turbulence, is not sensitive to the horizontal scale of motion,

but only to its amplitude. Thus it tends to remove energy from the peak

of the energy spectrum and prevent the "backwards" inertial range from

piling up energy indefinitely at the largest scales.

A simple model of a forced two-dimensional fluid has been constructed

which reproduces several of the gross statistical features of the atmosphere.

It is produced by numerical time integration of the following differential

equations:

- + u -+ v F + V 2  - K
3t +x Vy

(5.1)

ýy x
u = -•y , v - x w = V21x

where w is the z-component of vorticity, k is a stream function, F is a

forcing function and K is a surface drag coefficient. This is equivalent

to a barotropic model of the atmosphere but with generation and dissipation

terms. In the real atmosphere kinetic energy is obtained from the release

of potential energy, either by direct heating from fixed and moving heat

sources, or through baroclinic instability. In the model two kinds of

forcing have been applied, both of which are somewhat arbitrary and artifi-

cial but analogous to the above two kinds of real forcing. The first kind,

the "uncorrelated forcing" is an arbitrary distribution of vorticity sinks

and sources. The distribution is fixed in its amplitude and scale character-

istics, but may vary with time in a manner uncorrelated with the flow. The

second kind, "negative viscosity forcing", consists of a positive
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amplification of a portion of the existing vorticity field. It is thus

analogous to a flow instability, since in the absence of the nonlinear and

dissipative terms, the flow amplitude would grow exponentially. In most

cases both kinds of forcing have been restricted to a narrow scale range,

for example, all the Fourier modes lying on the rim of a box in wave number

space.

Figures (5.1) and (5.2) show representative maps of stream function

and vorticity at a time when the simulated turbulence is fully developed

and roughly steady-state in its statistical structure. This case is for

negative viscosity forcing at wave number 8 with the two damping constants

chosen so as to produce an energy spectrum with a peak near wave number 2

-3
and a k- inertial tail. Figure 5.3 is a map of the forcing function F at

the same time, showing its characteristic lack of strong correlation with

the flow field it is generating. Figure 5.4 shows the scalar energy spec-

trum E(k), defined as the sum around boxes in wave space. Figures 5.5,

5.6 and 5.7 are time plots of kinetic energy, enstrophy, and enstrophy

dissipation rate during 4000 time steps of the experiment. The rather

large oscillations observed are typical of the experimental simulation re-

sults. From these figures and the coefficients of viscosity and surface

drag it is possible to evaluate the energy and enstrophy budgets. In the

next section we will compare these results with a simplified model intended

to predict them and other aspects of forced two-dimensional flow with sur-

face drag.



6. A problem in turbulence theory and planetary atmospheres

In this section we introduce a problem relevant to planetary and (possi-

bly) solar atmospheres. The problem, which was inspired by Monin's lectures

on planetary atmospheres, can be solved in an approximate way by application

of some concepts of the inertial ranges of two-dimensional turbulence.

We assume that an atmosphere is known or postulated to be quasi- two-

dimensional and that it has a source of kinetic energy and enstrophy with a

characteristic wave length LF, or a characteristic wave number kF = 2T/LF.

This energy source could consist, for example, of either a fluid instability

or a distribution of heat sources and sinks. We will assume the former. If

LF is less than the circumference of the planet then it is possible that

motions of scales larger than LF will be generated and maintained by

Kraichnan's backwards energy cascade. We ask what is the characteristic

large scale, if different from LF, and what is its corresponding velocity

amplitude. In order to obtain a definite result we will have to assume a

value of the surface drag coefficient (which is mainly a function of the

surface roughness) and the existence of molecular (or eddy) viscosity with

an enstrophy dissipation scale much smaller than L . This last assumption

can be tested a posteriori after the solution is obtained.

We now assume that Equation (5.1) adequately describes the dynamics of

the atmosphere. The forcing function F is of the negative viscosity type,

representing a fluid instability, and given by

F = WF/T , (6.1)

where 0F is the part of the vorticity field associated with the Fourier

modes of wave number kF and T is a characteristic time scale of growth. Thus

V2 F = -kF2 .( (6.2)
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Upon multiplication by -. and w and averaging over all space we respectively

obtain the mean energy and enstrophy equations as

E = -F - (6.3)
dt

d = F- n (6.4)
dt

where c and n are the dissipation rates of energy and enstrophy respectively.

Each of these terms is produced partly by surface drag and partly by viscous

dissipation, i.e.

E = 2KE + v• (6.5)

n = KW- + V(VW) 2 . (6.6)

The atmosphere will be assumed to be statistically steady-state, so that the

left side of (6.3) and (6.4) vanish and the generation and dissipation rates

are equal. In addition we can deduce immediately from (6.1) and (6.2) that

T and £ are proportional to each other through the forcing frequency, kF, i.e.

S_ (V) _ ( F) = k2 (6.7)

£ F
F iýFF ý

If planetary rotation is an important dynamic influence the surface drag

terms should be altered to account for the fact that drag is relative to

the moving surface. We will neglect these alterations and our results will

thereby be in error with regard to the existence and characteristics of a

mean zonal flow.

The questions posed above can be answered from the form and amplitude

of the scalar energy spectrum, E(k), as defined in Eqn. (2.13), if this is

known. One might assume, for example, that a model spectrum like that
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proposed by Kraichnan for maintained two-dimensional turbulence would hold

for this case with dE/dt replaced by the energy dissipation rate c, i.e.

E(k) = a'2/3 k-/3 , kc < k < kF ,(6.8)

E(k) = 2  k , k < k < k , (6.9)

where k would be determined somehow from the magnitude of the drag coeffi-
c

cient K, and kd would be inversely proportional to X from Eqn. (3.13). Be-

cause it assumes that the energy and enstrophy transfers are constant within

the respective inertial ranges this solution would only be valid if the

energy dissipation were all at very large scales and the enstrophy dissipa-

tion all at very small scales. That requirement means that the following

conditions must be assumed:

a) the spectral contributions to (6.5) are essentially

all associated with wave numbers much smaller than kF;

b) the spectral contributions to (6.6) are essentially

all associated with wave numbers much greater than kF.

As we shall show, conditions (a) and (b) are only fulfilled for special

circumstances, in particular a very low drag coefficient, that are pro-

bably not common in planetary atmospheres.

Our approach will be to alter (6.8) and (6.9) in a somewhat intuitive

way to account for the non-fulfillment of conditions (a) and (b) and then

to test these new spectral predictions in simple ways for internal self-

consistency. The tests ultimately lead to a prediction for k as a func-
c

tion of kF, K and c, which is then compared to the results of simulation

experiments. The drag factor K, which is actually an inverse time scale of

surface frictional losses, is then re-evaluated in terms of the normal
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dimensionless boundary layer drag coefficient CD. Finally the ratio kc/k

is shown to be a simple function of the dimensionless combination H/CDL ,

where H is the characteristic depth (usually scale height) of the atmosphere.

Kraichnan's derivation of Eqns. (6.8) and (6.9) depended on having a

constant rate of energy transfer to smaller wave numbers (equal to C in our

case) and a constant rate of enstrophy transfer to larger wave numbers equal

to rn. We shall preserve the form of the equations but replace the dissipa-

tion rate arguments by the local rate of spectral transfer of energy or

enstrophy. Thus we replace £ in (6.8) by the total dissipation of energy

at wave numbers smaller than k, since all that energy must be transferred

across k, and similarly we replace Tr in (6.9) by the total dissipation of

enstrophy at wave numbers smaller than k. The result is a pair of integral

equations, i.e.

- k 2/3 /
E(k) = ' 2K f E(k) dk k kc < k < kF (6.10)

- k c
c

- kd 2 /3
E(k) = 2K f k2E(k) dk + n k , kF < k < kd . (6.11)

- k

The term in brackets in (6.10) is 2K multiplied by the energy associated

with wave numbers less than k and the first term in brackets in (6.11) is

2K times the enstrophy associated with wave numbers greater than k. The

second term in brackets in (6.11), V , is the enstrophy lost by molecular

viscosity. It is assumed to occur at wave numbers k ~ kd >> k .

The above equations may be transformed by differentiation into differ-

ential equations and easily solved. With the use of the boundary conditions

E(k) = 0 at k , kd the results may be written as

E(k) = a3K2k-/3(k 2/3 - k2/3)2 , k < k < kF (6.12)c cF
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E(k) = K 3 K 2 k- (In k*/k )2 , kF < k < kd (6.13)

where In k*/kd = 3nVl1 /(2K3). These expressions look reasonable and pro-

mising, since they seem to be similar to (6.8) and (6.9) when kc << k << kd.

If we evaluate (6.12) at k = kF, the factor multiplying a'kF5/3 must be the

2/3 power of the total energy dissipation at wave numbers smaller than kF

(compare (6.10)), and evaluation of (6.13) similarly yields the total en-

strophy dissipation for wave numbers larger than kd. Thus we obtain

2K F O 3K3 Fk \2/3 3
2K E(k) dk = - (6.14)

c F c/

2K \d k2 E(k) dk + nv = K In k*/kF3 . (6.15)

F

Also, equating the two expressions (6.10) and (6.11) at k = kF yields a rela-

tion between and a', i.e.

F3 (kF/kC)2/3 -12/3

2 In k*/kF616)

Next we evaluate the energy dissipation occurring at wave numbers greater

than kF and thereby determine how well condition (a) above is fulfilled.

This quantity is the integral

kd kd
2K f E(k) dk = - 5K 3  f k (In k,/k )2 dk (6.17)

F F

in which we have utilized (6.13). Somewhat surprisingly this expression can

also be readily integrated with the result
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kd 4 33K k k* 1 k 2  k k
2K f E(k) dk 4< In - ln + --+ In  - ln +

9 k k k 2 k kdk/ k -2 2k F FF d dF d

(6.18)

When kd >> kF the first term inside the brackets dominates. Upon neglecting

the remaining terms and substituting (6.16) to remove @ we obtain

kd a 3K3
2K E(k) dk - --

kkF F

2

(6.19)

Upon comparing (6.19) with (6.14), we see that the former is much smaller

if kc << kF. Thus condition (a) is fulfilled only for those circumstances.

There have been no obvious self-inconsistencies in the model and we

now may construct an equation for predicting the scale k . The sum of the
c

left sides of (6.14) and (6.19) is the total energy dissipation rate. Upon

adding the right sides, also, we obtain

-2/3

(6.20)
v3K3

E F2

We may similarly evaluate the total enstrophy dissipation from the

assumed spectral forms and compare it with the simulation results to obtain

an estimate of k*/kF. Neglecting some small contributions from the low wave

number end, Tr is given essentially by the term in brackets in (6.11) evaluated

at k = kF. Using (6.11) and (6.13) and (6.16) we obtainF

1 ln k*/kF . (6.21)

Solving for k*/kF and making use of (6.7) and (6.20) we obtain the rather

Tj Clk 3l E (k 3/2 3 K 3
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simple result

In k /k 3 - k F  (6.22)

We now may compare the predictions of this model with the results of

the simulation experiment described in the previous section. Figure 6.1

shows the theoretically predicted spectra of Equations (6.12) and (6.13),

with /ca' evaluated from (6.16) and k*/kF from (6.22), plotted for various

values of kc/kF. The simulated spectrum is shown by the solid points and is

a time average of the spectra for the simulation illustrated in Section 5.

The time averaged spectrum does not differ greatly from that of Fig. 5.4.

Except for the sharp spike at the forcing frequency it is evidently well

represented at both low and high k by the theoretical prediction for kc/kF ~

0.09. The constant a' can now be estimated from Eqn. (6.20)

k 2 1 K- + V(V))2_1(k /k) 2
t3 =c F (6.23)

K3  1 - (kc/kF) 2/32 K3  - (kc/kF)2/3]2

where Eqns. (6.6) and (6.7) have been introduced into the second equality.

The constant 3 can be evaluated from (6.16), which with the aid of (6.22)

becomes

/' = [1 - (k/kF) 2/32/3 (6.24)

Evaluation of E, 7---/ 2 , and v(V\)2 from Figs. 5.5, 5.6, and 5.8 respectively,

lead to the estimates

a' = 7.4 , e = 6.4 .
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Now that we have tested the theoretical predictions against numerical

simulation results it seems appropriate to proceed to a more complete atmo-

spheric interpretation. We therefore proceed to evaluate the parameter K in

more meteorologically suitable terms.

The energy dissipation in the surface boundary layer is given (Monin,

Eqn. 8) by

= T- (6.25)

where T is the stress. If we integrate this expression over the mass of

the boundary layer, we obtain

h h au -
SpE dz = f T ~ Tuh (6.26)

where uh is the value of u at z = h. The last approximation can be made be-

cause most of the shear occurs in the constant stress layer. The drag coef-

ficient, CD, may be defined by the relation

S= O CDuh2 (6.27)

so that (6.26) becomes

h

fo pe dz ~ po CD uh3  (6.28)

We wish to use a value of dissipation equivalent to an average over the total

mass of the atmosphere. Thus we divide (6.28) by p0 H, where H is something

like an atmospheric scale height, and write

E = CD( 2E) /H (6.29)

where we have replaced uh by (2E)2 , a characteristic velocity for the system.
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We have assumed, however, that the dissipation is also given by the first

term of Eqn. (6.5). Upon eliminating E from that equation and Eqn. (6.29)

we obtain

K3 = CD2 /H 2  . (6.30)

Upon inserting the above into (6.17) we find that the rate of dissipation is

eliminated from the equation as an explicit parameter, and it becomes

F F F
k -i k -C r -3/2
c c D

This is a very interesting result. It states that the largest length

scale that can be simulated by forcing at a much smaller scale is limited by

the ratio of atmospheric scale depth to drag coefficient. Thus when the

parameter on the right of (6.31) is large we have

S2Tr 27rH
Lc = k ~ C T 2  . (6.32)

c D

For the earth's atmosphere CD ~ 10-3 and H ~ 04 m. Using a' = 7.4 (from

evaluations of the simulation experiments) we thus find L ~ 3500 km, a

surprisingly small value about equal to planetary wave number 8-10. Of

course the forcing in the earth's atmosphere arises from both geographic

and baroclinic instability sources and therefore has components from wave

numbers 1-10 at least. Under these circumstances Equation (6.31) simply

says that the response scales of the atmosphere will be significantly

larger than the forcing scales, i.e. k /kc > 1. For example, with forcing

at LF = 15000 km, Le ~ 20000 km is predicted.
Fr C
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For application to planetary atmospheres it is necessary to know or

estimate what sort of driving scales are present, as well as to know the

character of the underlying surface well enough to guess the drag coeffi-

cient. A particularly interesting case arises with the solar atmosphere.

It is known that a general circulation exists in the outer layers of the

sun, as indicated by the observational evidence of a differential rotation

rate as a function of latitude. Evidence also exists (Ward, 1964; 1965)

that this mean zonal shear is driven by at least somewhat smaller scales of

quasi- two-dimensional motion, but the only motions for which a definite

driving force is known are associated with the small eddies by means of the

reverse cascade process. Equation (3.2) predicts that this process could

be effective if H/CD is of the order of the solar diameter. The scale depth

of the chromosphere is of order 300 km and increases rapidly downwards,

while the solar diameter is 1.4 x 10 km. The drag mechanism between the

convective and lower layers of the sun is not well understood but may be

similar to the interactions between a convective boundary layer in the

atmosphere and a stable layer above it with shear across the interface.

-3
An effective drag coefficient of order 10 therefore seems reasonable.

This then implies that the reverse cascade mechanism is plausible.



7. The formal closure problem and the predictability problem for two-

dimensional atmospheric simulation

Assume a two-dimensional atmosphere described by Eqn. (3.1), rewritten

in component form as

+ a ((u2 ) + (uv) + P 2u u (7.1)@t 9x y x L 7 2

9v + (uv) + 2 9 /P) [ ý2v 32V
+ x (uv) + +(va2 + (y2 (7.2)

u + v= 0 (7.3)ýx Dy

We neglect rotation, surface drag and forcing terms because they are not in-

volved in present considerations. The restriction to two dimensions is also

not essential here. It has been made largely for simplicity. The three-

dimensional case has been considered from the same viewpoint by Lilly (1967).

In a simulation problem of numerical forecast we commonly define variables

at centers of mesh boxes of side A and think of them as representing the

spatial average in that box. Using an over-bar to represent this averaging

process we define for any dependent variable F(x,y,t)

A/2 A/2
F(x,y,t) = T f J F(x + x', y+ y', t) dx' dy'. (7.4)

-A/2 -A/2

Examination of (7.4) shows that the averaging operator commutes freely with

space and time differentiation. We may therefore apply this operator to

Eqns. (7.1)-(7.3) to obtain predictive equations for u, v. The difficulty

in making use of such equations is in defining u v, and v in terms of

u and v. The problem is more clearly defined by averaging (7.1) and (7.2)

and rearranging the terms as follows
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+ - (U2) + - (X (7.5)
at +x Dy x x y (7.5)

a (+ +  ( 2 ) + a (+ (7.6)ýt ax ýy ýy ýx ýy
where

u u2,V - + L2 aU  aT;
xx yy 2 x aSy

T = T = u v - uv+ + (7.7)
xy yx 3x dy

S P= [-- - 2 + 2---- 2

The nonviscous parts of the T..'s are the Reynolds stresses defined in such

a way that they all vanish in isotropic turbulence. The diagonal part of the

usual Reynolds stress tensor, which does not vanish in isotropic turbulence,

has been incorporated into the pressure term and pressure is thus augmented

by the small scale kinetic energy to form a "macro-pressure". The usual

Reynolds postulates cannot be applied here because the over-bar is a running

average, and in general F # F, etc. Nevertheless, the principal contributions

to the Reynolds stresses come from the integrated effects of motion on scales

less than the mesh interval. It is formally possible to derive equations for

the rates of change of the T..'s, but these equations then contain triple-

product correlations on the right. The generalization of this process leads

to the usual closure problem of turbulence. There are always more terms

required than there are equations to relate them.

The central problem of turbulence theory (still unsolved) is to truncate

the infinite series of moment equations by means of a suitable set of assump-

tions relating higher order moments to those of lower order.. It must be



recognized, however, that no matter how successful such a theory may be in

this respect it can make no more than a statement of probability. For

example, if we have a relation giving T.. as a function of U, V and the
1J

T. 's at all previous times, the relation will at best give a prediction of

the most probable value with perhaps some measure of the expected statisti-

cal deviation of that value. Errors in the predicted Tij's cannot be ex-

pected to be self-correcting. On the contrary they will immediately begin

to affect the U, V fields and ultimately lead to complete invalidation of

the detailed flow forecast. This is because the equations of motion of

large Reynolds number flow are unstable to small perturbations. This is

the central problem of predictability and will be discussed further in sub-

sequent lectures.

There is another framework of equations with which to look at the closure

and predictability problems that has always been useful in turbulence theory

and is now becoming more popular in numerical simulation and forecasting.

That is the Fourier mode system. If we define, as in (2.30),

+ + ik.x + ikx
u(x,t) = (/L) 2 Z u(k,t)e , v(x,t) = (7/L)2 Z v(k,t)e , (7.8)

and recognizing from the continuity equation that

ki u(k) + k2 v() = 0 , (7.9)

then Equations (7.1) and (7.2) may be written in Fourier space as

du) + vk u(k) = k2  K(k,p,q) u( u(
dt ÷ ÷ ÷ P2q2

p+q=k

dt( + vkv(k) = -k K(k,p,q) , (7.10)
dt P1qq

p+q=k



where

(kzp, - k q,)(pzq - p q )
K(k,p,q) = i (L/27r) 2  (kp k2q2 p - (7.11)

By comparison with (7.1) and (7.2), expressed in finite difference form,

this system has the advantage that all numerical errors associated with

spatial differences are removed. Orszag (1970) has shown that with proper

organization of the calculations a high resolution numerical simulation

can be done with better accuracy with Fourier modes in a comparable time

to that required for (7.1) and (7.2) cast into finite difference form.

The equivalent to the Reynolds stress problem appears here in a dif-

ferent form. If we limit the resolution by confining k, p and q to a finite

area in Fourier space (say k, p, q < K) and remove all interaction terms on

the right leading to k > K the energy and enstrophy conservation principles

remain equivalent to those for an unbounded series. In doing this we have

removed any way for energy or enstrophy to be exchanged across k = K. What

is required for correct dynamic behavior is a statistical expression for the

right hand side of (7.13) and (7.14) when p and/or q > K. In general the

expression must have the effect of decreasing the amplitude of the Fourier

modes near k = K.



8. Closure hypotheses

Zero'th order.

The simplest solution to the problem of Reynolds stresses is to ignore

them. This has, in fact, been a fairly common approach in simulation

studies, especially when the numerical discretization and integration methods

are stable. If the viscosity is sufficiently large that X > A, then there

is no need to include those terms, but this is not ordinarily the case in

atmospheric or oceanographic flow problems. The results of neglecting the

Reynolds stresses in many cases are:

1. If the numerical procedures are accurate then little or no

energy or enstrophy can be removed from the system at high

Reynolds number.

2. If, again, the numerical methods are very good (like Fourier

mode systems) it is believed (Lee, 1952) that there will be a

tendency to develop an equipartition spectrum, in which energy

is randomly and equally distributed through all modes. This

is a highly unrealistic solution for most practical problems.

3. More commonly the numerical scheme will either develop a form

of computational instability or, if the scheme is a strongly

damped one, all the high frequency modes will disappear be-

cause of a very small effective Reynolds number.

First order. Non-linear eddy viscosity.

In an attempt to remove or reduce the above difficulties Smagorinsky

(1963) adopted and generalized a form of variable viscosity deduced earlier

(Von Neumann and Richtmyer, 1950) by workers in shock-wave dynamics simula-

tion. It was soon realized that the form chosen was related to and consistent

with both the standard mixing length approximation of boundary layer theory

and the Kolmogoroff inertial range predictions. Those relationships have
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since been quantified (Lilly, 1967; Deardorff, 1970) and the form also ex-

tended (Leith, 1969) to two-dimensional turbulence. At the present time one

or another version is being used by several groups doing general circulation

or fluid dynamics simulation studies. Further work needs to be done, how-

ever, in adapting the concepts to Fourier space and in several other areas

of generalization or improvement.

The stress-strain relationships used are the following:

T.. = V D..
ij e ij

(three dimensions) (8.1)

v) = 2 D
e

DTr 3rTxx xy 3W 2-+ -V = vVu
8x ey e Dy e

(two dimensions)

YY = = v 2  
(8.2)

Dx ey e 3x e

V = S3 IV|e

D.. is the deformation tensor of the mesh-box-averaged flow, given by

_u. 8u.
D.. = -- + - L  (8.3)

ij 9x. dx.
J 1

and D = -- D.. . The scale length R is proportional to the mesh-box

averaging length, A, with a proportionality constant which has been estimated

theoretically and by experience to be of order 0.2.

We now look at the properties of the above forms and try to see why they

are plausible. We notice first that the stresses represent down-gradient

transfer of velocity in the three-dimensional system and vorticity in the
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two-dimensional case. This means that they are all direct energy or enstrophy

removal mechanisms. Thus the mean kinetic energy equation for the three-

dimensional case is

t•~ = - e = -E (8.4)

where the brackets K) represent an integral or average over all space. Now

D2 is the mean squared deformation of a velocity field which has been

smoothed over a length scale A, and its magnitude must increase with decreas-

ing A. Thus Ve must typically decrease with decreasing A. If we assume

that motions of scale A lie within the inertial range we can estimate the

characteristic magnitude of V (A) from the Kolmogoroff scaling parameters to

be

v ~ A3 1/3 . (8.5)e

From this and (8.4) we may eliminate E to obtain a local estimate of eddy

viscosity as

S ~ A2 D , (8.6)
e

as was assumed in (8.1).

In two dimensions we start with the mean enstrophy equation in the

form

d (2/2) = -(v(V)2 . (8.7)

By the two-dimensional inertial scaling we assume that

ve ~- A2 h/3 (8.8)e
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and obtain

S ~ A3 JV| (8.9)

as was assumed in (8.2).

The proportionality constant k/A must be derived from a rather complex

integration involving either the energy spectrum or the correlation function

to obtain an estimate of D(A) ]2 . An attempt was made to do this

(Lilly, 1966) in the three-dimensional case with a resulting estimate L/D ~

0.2, but because of various uncertainties this should only be considered

valid to ±25%.

The dimensional consistency of the variable eddy viscosity formulations

with appropriate inertial ranges is further borne out by the experience

(Deardorff, 1970) that numerical simulations using these forms tend to pro-

duce the proper inertial range tails in their spectra. Another desirable

feature (really another aspect of the same thing) is that these forms have

less damping effect on the larger scales than a constant viscosity which

produces the same rate of dissipation. The apparent reason is that, since

the coefficients are themselves proportional to the local intensity of

turbulence, the damping is strongest "where it needs to be". Finally, ex-

perience has shown simulations performed using the variable viscosity formu-

lations tend to be more stable than those with laminar viscosity.

Higher order schemes.

The closure problem described in Section 7 is a special example of the

more general closure problem of turbulence theory. It presumes that the

motions in the lower frequency ranges are known or calculated explicitly

and only the higher frequencies are to be treated statistically. Many tur-

bulence specialists attempt to treat the entire field of motion (with the



exception of a time-averaged mean) as random and seek only statistical mea-

sures of its characteristics. Thus most closure attempts have been cast

within that framework. There is no particular reason (except a shortage of

dedicated and competent manpower in this rather esoteric field of applied

mathematics) why the more successful of these could not be applied to the

simulation problem.

Along the lines of the eddy viscosity hypotheses a higher order formu-

lation (the visco-elastic model) has been suggested by Lilly (1967) and Crow

(1968). This consists of a closed system of equations for rates of change

of the T.'s and the turbulent energy, E. The eddy viscosity formulation is

preserved as a special steady-state solution, but the more general equations

allow nonequilibrium effects to be more accurately treated. In addition the

stresses are not in general exactly parallel with the strains, as they

are in the eddy viscosity forms. One disadvantage is that there are one or

two additional constants that have to be evaluated from integrals of the

presumed inertial range structure. Another is that the additional equations

(6 in the case of constant density flow) impose strong limitations on com-

puter speed and memory. Up to now the system has not been tried in practice.

Most other closure models have been formulated in Fourier space, which

is a mathematical convenience but sometimes leads to difficulties in physi-

cal interpretation. The most well known (or notorious) of these is the quasi-

normal model. Although this model turned out to be grossly unsuccessful,

several more successful and/or more sophisticated models incorporate some of

its features. It can be rather simply derived for the two-dimensional case

from Eqns. (7.1)-(7.3).

The basic assumption of the quasi-normal model is that fourth order

correlations of velocity components of their Fourier transforms can be

derivable from those of second order as if the variable components or

8-5
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Fourier modes were distributed as Gaussian variables with zero mean. Thus

if a, b, c, d are four such variables, then

abcd = ab cd + ac bd + ad bc . (8.10)

In distinction to a fully Gaussian model, however, one does not assume that

abc = a bc + ab c + ac b = 0. To apply this assumption we construct equa-

tions for the second moments of the Fourier velocity component transforms

from Eqn. (7.10) as follows:

S-u(k)u() + v(k2  ) u k)u(k ) = k K(k,p,q)
dt - + 4 P- Z2

p+q=k

++ Ik K(q,p,q) uu(p)u(q)u().( )

p+q'=I

Similarly, equations for the triple correlations may be derived as

- u(p)u(q)u( )] + v(p +q +£ ) u( )u(q)u( ) = p I K(p,r,s) u(r)u(s)u(q)u(t)
dt 4 4 4 r2s2

+ q K(q,r,s) )()u()u( K(,rs) u( )u()u(

Sr 2 s 2  2 r 2 s 2
r+s=q r+s=J

(8.12)

But by the quasi-normal hypothesis,

u(r)u()u()u() = u(r)u(s) u(q)u() + u(r)u(q) u(s)u() + u(r)u() u(s)u(q)

(8.13)

etc. so that the system can be closed, provided the wave numbers k, k, p, q,

r, s are limited to some finite range.



8-7

Numerical integrations of these equations (reduced in volume by use of

the isotropic assumption) were performed by Ogura (1963). The results were

disastrous. For large Reynolds numbers (small v) some of the energy corre-

lations Cu(k)u(-k) became negative, i.e. the predicted flow could not be

real. Attempts at understanding the meaning of this result and avoiding it

in the future have occupied the attention of fluid dynamicists for much of

the time since Ogura's work became known. The field is in a rapid state of

change at the moment, but some of the simplest and most promising results

have come from adding an eddy damping term to Eqn. (8.12). The result can

be shown to be very nearly equivalent to the variable eddy viscosity models

discussed above.

The informed student will note the absence of any explanation or des-

cription of the prodigious, almost solo efforts at producing sophisticated

closure models by R. Kraichnan (1964, 1965, 1966, 1968 among numerous other

papers). The lecturer feels that to do justice to Kraichnan's work would

require at least the entire two-week period of these lectures. There is

still much doubt as to how practical the models are in terms of their appli-

cation to a wide variety of turbulence problems or (as given special emphasis

here) as a recipe for specifying the statistical behavior of the submesh

scales of numerical simulation models.



9. The theoretical predictability problem

It is now widely recognized that operational forecasts of at least the

large scale aspects of the atmosphere have been considerably improved by the

introduction of numerical simulation. Experimental forecasts utilizing

sophisticated models (Miyakoda, et al., 1969) appear to verify considerably

better. There is reason to expect, therefore, that continued improvement of

the models and computing facilities, together with a major enhancement in the

quality and quantity of global meteorological observational data will produce

useful predictions for time periods at least twice as long as the current

limit. But what should be our ultimate expectation? Also, what can we ex-

pect in the way of shorter term small scale predictions by numerical simula-

tion, assuming that practical methods of observation can be developed?

The evidence is accumulating that a large share of the answers to the

above must come from turbulence theory, or alternatively that the theoreti-

cal predictability problem and the turbulence closure problem will be solved

together if at all. The greatest amount of evidence has come from the simu-

lation experiments themselves, but other lines of research have been con-

verging in this direction also.

The basic aspect of turbulence that is relevant here is that it is appar-

ently totally unpredictable beyond some time limit. Turbulence consists of

a continuing series of flow instabilities. Although the total variance of

the various fields will remain bounded, any introduced uncertainty continues

to grow, so that two initial states differing by some infinitesimal amount

will diverge until they differ as much as two randomly chosen states having

the same statistical properties. These properties had been predicted by

Lorenz (1963, 1969) and have been largely verified in numerical simulations

of two-dimensional turbulence (Lilly, unpublished). At the same time these



simulation results are apparently similar in important respects to the earlier

predictability tests of numerical general circulation models.

Lorenz's hypothesis for error growth and its tests by numerical simulation.

Lorenz (1969) recently proposed a theory for the growth of observational

errors leading to deterioration of predictions based on numerical simulation.

We will describe his theory and some numerical experiments designed in part to

test it.

Lorenz begins by assuming that the larger scales of motion are accurately

observed and specified as initial conditions but that beyond some small

scale limit there is effectively no knowledge of the initial state. This

seems intuitively reasonable. Beyond that it can be shown that if the basic

observational field consisted of pressure sensors at uniform space intervals,

the scalar error energy spectrum in a quasi-geostrophic atmosphere would be

3
proportional to k for scales larger than the separation of data points,

while for smaller scales there would be essentially no knowledge of the ini-

tial data.

Lorenz then proposes that uncertainty propagates to larger scales,

through the nonlinear terms of the dynamic equations, and infects larger

scales. This may appear to conflict with the principle of transfer of energy

or enstrophy to higher frequencies in the inertial ranges of turbulence.

There is no real conflict, however. These transfers occur in their pre-

ferred directions basically because of the existence of a viscous sink at

high frequencies and a source at low frequencies of otherwise conservative

properties. The nonlinear dynamics of fluids are basically a "scrambling"

mechanism that would tend in the absence of sources and sinks to distribute

amplitude uniformly among all Fourier modes. The "uncertainty energy" is a

property with an initial source at small scales, which is therefore subject

9-2
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to transfer to large scales. Further, as we shall see, there is no conserva-

tion property for uncertainty energy until it becomes as large as the total

flow energy, so the total amplitude of this property may grow rapidly.

Lorenz assumes that the time it takes before complete uncertainty at

wave number 2k infects wave number k, so it also becomes completely uncer-

tain, is proportional to the time scale of turbulent turn-over at scale k,

T(k). This time might be defined by k-1 divided by the characteristic velo-

city scale at wave number k, or in terms of energy spectra in an isotropic

fluid, T(k) = k3/2 E(k)]-2 . Thus the predictability time for uncertainty

to propagate N octaves, from say 2nk to k is given by

N-lN-1 1n/-3/2-1+N-1 -3/2 N-1 -T
J T(2nk) = k-3/2E(k)]- + (2k)-3/2[E(2k)]- + ... + (2N-k)-/2LE(2N-k)-½

n=0
(9.1)

It is interesting to consider this series when E(k) can be approximated by a

power law. In the case of a three-dimensional inertial range, where

E(k) = ae2/3 k-s the series becomes

N-l 2/2 1/3
ST(2nk) = 1 /2 e k2/3 [1 + 22/3 + 24/3 + ... + 2 - (N-1  . (9.2)

n=0

Remarkably, this series has a finite sum for N - oc, i.e.

00 -1/2 1/3 -2/3

ST(2 k) = o  l  l / 3  2.7i- 1 /2 C- 1/3 k-23 = 2.7T(k) . (9.3)

n=0 1 - 22/3

This says that the predictability period for the larger scales of three-

dimensional turbulence is only a few times the turn-over time for those scales,

essentially regardless of how well the initial state is known. This could be

an extremely discouraging result for those interested in mesoscale forecasting

by simulation methods.
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For the two-dimensional enstrophy inertial range, E(k) = r2/3 k- 3, and

the predictability time series becomes

N-1

I T(2k) = B/2 -1/3(l+l+1+...) = N - 1 /2 -/3 . (9.4)
n=0

Here we see that the sum diverges as N -- °, so that in theory very long pre-

dictions would be possible with sufficiently good initial data. In the case

of the atmosphere, where perhaps only 7 or 8 octaves of information are likely

to be available as initial data, the difference is only a factor of 3 for even

the planetary scale. Nevertheless, acceptance of (9.3) would lead us to be-

lieve that we are already near the optimum. Fortunately all evidence avail-

able indicates that if either of (9.3) or (9.4) is valid, the latter is based

on a more realistic state.

Some two-dimensional turbulence simulation experiments have been con-

ducted in an attempt to test Lorenz's predictions. The model used was that

described in Eqn. (5.1) with surface drag, viscosity, and an energy source

term. Initially the model was run long enough with a given set of parameters

that a statistically steady-state was believed to exist. At the beginning of

the predictability experiment two computer runs were made. Run #1 was the

continuation of the initialization run, while for run #2 the initial condi-

tions were altered by a small white noise perturbation in the stream function.

The two runs were continued with the same time step and forcing function for

several thousand time steps. Analysis was made of both the individual runs

and the difference (uncertainty) and the experiment was terminated when the

latter became as large in amplitude as runs #1 and #2 themselves.

Figure 9.1 shows a plot of the difference energy spectrum as it grew

with time until becoming essentially identical with twice the energy spectrum

of run #1. The most notable feature is that the difference energy spectrum



9-5

apparently reached a self-preserving shape rather early in the experiment and

then grew exponentially. The shape of this difference spectrum is not greatly

different from the total energy spectrum of the separate runs, although some-

what skewed toward higher frequencies.

As a test of Lorenz's theory in detail, these experiments are a bit in-

conclusive. If one plots the time at which each wave number peak becomes

unpredictable, it appears that essentially all the frequencies in the inertial

range (above about wave number 8) lose predictability almost simultaneously,

although for those of larger scale the uncertainty does seem to proceed to-

ward larger scales. This result may be largely caused by insufficient resolu-

tion and therefore a poorly developed inertial range. In recent unpublished

computations from a newly developed closure theory of turbulence Leith has

essentially reproduced the above results, but when resolution is increased

greatly, his model predicts that the difference spectrum slopes downward

more shallowly than that of the total flow, so that uncertainty proceeds

toward larger scale as Lorenz predicts.

The growth of uncertainty can be considered a linear perturbation pro-

blem up to the point when the difference amplitude is becoming nearly as

large as the mean. If we define for any variable F = (F1 + F2)/2 and

F' = (F1 - F2)/2 as the mean and difference, respectively, of two realiza-

tions, then Eqn. (5.1) can be expanded as

a' 9W, 2
+u +v X + u' + v', I F + V2w- K- (9.5)

S+u 3x v ' + u x+ = F' + MV 0' - Ko' . (9.6)

When I'I <<« everywhere, then the solution of Eqn. (9.6) is obviously

identical with that of the linear stability problem of a mean flow which

is two-dimensionally complicated and nonsteady.
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Let us consider the case where F is the uncorrelated forcing function,

so that F' = 0. By analogy with the known stability results for steady recti-

linear flows we expect that growth of w' will be mainly confined to regions

of strong shear with a point of inflection. That some such effect is operat-

ing is indicated by inspection of the fields of w' in the predictability

simulation experiments. Figure (9.2) shows a typical example of w, with i

and w also shown for comparison on Figures 9.3 and 9.4. Obviously the dif-

ference vorticity is much more intermittent and inhomogeneous than the mean,

and comparison with earlier and later times shows that the high amplitude

regions are mostly those which are growing rapidly. However, the mean flow

itself changes continually, and the regions of rapid growth do not stay long

in the same place.

It is possible to solve Eqn. (9.6) directly with artificially held

constant with time and thus look at the mode of instability which would grow

most rapidly if the mean flow were fixed. Figure 9.5 shows the results of

such a solution for w', the difference of instability vorticity obtained for

the mean stream field is shown in Figure 9.6. The exponential rate of growth

of the disturbance on the fixed mean flow is about twice as large as that of

the difference field growing with respect to a changing mean flow and the

intermittency is even more striking. Qualitatively this sort of result

should be expected since in the perturbation experiment the disturbance has

time to adjust its shape to correspond to the most rapidly growing mode.



10. The problem of vertical eddy fluxes

We have thus far considered the effects of turbulence only in either

fully three-dimensional or two-dimensional fluids, thus purposefully ignoring

some of the most difficult aspects of the atmosphere as a quasi- two-

dimensional fluid. These involve its ability to generate three-dimensional

systems of motion in limited regions which can vertically transport large

amounts of momentum, heat and moisture and then return to nearly two-dimensional

flow. The resulting vertical eddy fluxes are crucial to some aspects of the

general circulation and also are related to important small scale weather

events, e.g. cloud convection including severe local storms, mountain winds,

and clear air turbulence. Only in the case of the planetary boundary layer

has much order been imposed on the chaotic structure of complex observational

models and theoretical imagination. In some other cases the significant

"events", as best they can be definedare both rather high intensity and

rare, so that probability estimates are not very useful and direct extrapola-

tive forecasting suffers severely from inadequate data. Inertial range

concepts are not useful because the largest scales are important.

Cloud convection systems.

This subject covers an enormous array of phenomena, ranging from

radiatively active stratocumulus decks and the small cumuli tops of mostly

invisible thermals to middle latitude and tropical squall systems. One

area which has been studied with some success by means of laboratory

(Deardorff, Willis, Lilly, 1969; Turner and Kraus, 1967) and theoretical

models (Kraus and Turner, 1967; Ball, 1960) is penetrative convection under

an inversion. A relatively simple situation arises when a stratocumulus

deck exists over water in the presence of weak but sustained large scale

subsidence, e.g. off the subtropical west coasts of large continental
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areas (Lilly, 1968). The combination of radiative cooling off the cloud tops

and evaporation from the water surface allows development of a nearly steady-

state and very strong inversion (up to 200 C) which contains the cloud in the

lowest 1000 m or less below very dry middle tropospheric subsiding air. This

regime is important to the general circulation for its special radiative

characteristics and as the upwind source of the tropical trade wind inversion.

It appears to be adequate to assume that the cloud region is in nearly reversi-

ble adiabatic equilibrium and that a fraction (probably small) of the kinetic

energy made available from thermal convection goes into mixing some of the

upper dry air downward and thus maintaining the cloud layer against subsi-

dence. These assumptions plus suitable models of radiative cooling rates

and boundary layer fluxes make possible predictions of the gross properties

of the cloud layer from upper and lower boundary conditions and large scale

subsidence only.

When the moist layer becomes deeper, due to weakened subsidence or sur-

face heating, it becomes more inhomogeneous, containing a small fraction of

active ascending cloud thermals, up to 90% decaying "dead" cumulus and large

areas of drier subsiding air. This regime has not yet been modelled ade-

quately in a way that allows prediction of its contributions to large scale

vertical fluxes as a function of boundary layer and large scale motion field

properties. Clearly, however, it is very sensitive to small changes in the

large scale field of vertical motion. In particular a net upward vertical

motion of 5 1 cm/sec maintained for 12 hours or so will apparently promote

development of a tropical disturbance containing numerous tall Cb's from an

initially undisturbed trade wind moist layer of ~2-3 km depth (Krishnamurti,

1968). Among the rather puzzling aspects of this type of development is

the fact that neither before, during, or afterward is there any very
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substantial change in the thermal stability of the air, which is nearly

always conditionally unstable in the tropics. The strong convective instabi-

lity events of middle latitudes and some tropical continents, the squall

lines, are preceded by a greater than normal degree of thermal instability.

Still, large scale convergence would probably be the best forecasting para-

meter, but one which is itself difficult to observe or predict.

Thermal convection is principally responsible for conveying upward the

heat necessary to balance the net radiative cooling in the tropics and the

middle latitudes in summer, with the relatively rare Cb systems doing most

of the work in the upper troposphere (Riehl and Malkus, 1958). The momentum

exchange produced by these systems is often incidental to their essential

dynamics but may be important in the large scale dynamic budgets. In parti-

cular Newton (1969) has estimated that a U.S. squall line may develop a rate

of downward eddy flux of westerly momentum during its 6-12 hours of life

equal to about one-third of that required for the entire extratropical

northern hemisphere.

The present state of understanding and utilization of cloud convection

with respect to numerical simulation models of the large scale atmosphere

is very crude indeed. Basically only two models have been applied. Manabe

and associates have (Manabe and Strickler, 1964; Smagorinsky, Manabe and

Holloway, 1965; Manabe and Smagorinsky, 1967; Manabe, Holloway and Stone,

1970) used the "convective adjustment" model. In this it is taken that when

a portion of the atmosphere becomes saturated in the presence of upward verti-

cal motion, its vertical temperature gradient immediately adjusts to moist

adiabatic. Unsaturated or descending motion regions are similarly con-

strained to be more stable than dry adiabatic. The effect of this model is

to produce a simulated atmosphere in the tropics and other convectively
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active regions which is, as observed, conditionally unstable. It is usually

unrealistically moist, however, since the adjustment and accompanying preci-

pitation only is allowed when the atmosphere reaches saturation. In nature

the mean humidity over a mesh-box area (200 km square) is almost never com-

pletely saturated through any substantial depth. In the region of simulated

saturation, the convective adjustment process typically cools the lower levels

of the atmosphere and warms the upper troposphere, thus producing a "cold-core"

disturbance qualitatively resembling some of those found in the wet-season

tropics. Usually the amplitude of the real disturbances (in winds and pres-

sure drop) are several times smaller than those simulated, however. In an

attempt to alleviate this discrepancy and to decrease the mean humidity of

the simulated atmosphere Miyakoda, et al. (1969) have decreased the relative

humidity required for moist adiabatic adjustment from 100% to 80%. This

value or any other is, of course, arbitrary and difficult to justify on

fundamental grounds.

The other principal model of convective-large scale interaction is that

proposed by Charney and Eliassen (1964), Kuo (1965), and Ooyama (1969) and

applied by Ooyama, Rosenthal (1970) and others to tropical cyclone simula-

tion models. It has become commonly known as "Conditional Instability of the

Second Kind" (CISK). Although the philosophy is different from that of the

convective adjustment model the principal effective difference lies in how

the heat of condensation is distributed. In the CISK models when saturation

occurs somewhere in the troposphere the latent heat released is vertically

distributed according to some predetermined formula, being usually propor-

tional to the difference between the temperature of the atmosphere and that

of a saturated undiluted parcel rising moist-adiabatically from cloud base.

In contrast with the convective adjustment model there is no cooling at the
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bottom. Thus large scale disturbances produced by this mechanism are always

warmer at all levels than their environment. It is, therefore, not possible

to simulate the cooling produced by convective downdrafts with this model but

tropical cyclones are easily generated.

Clear air turbulence, gravity and mountain lee waves.

In the above subjects several previously rather isolated lines of research

are now becoming more connected through improved theoretical and observational

understanding of their inter-relationships. First, the work of Kung (1966a,

1966b, 1967, 1969) has shown that a major fraction of the kinetic energy dis-

sipation of the atmosphere occurs in the upper troposphere, probably associated

with the sporadic regions of clear air turbulence which occur there. The

dissipation is accompanied by degradation of large scale energy through an

inertial range, and thus is given mainly by

E -(p V'w')*(OV/z) (10.1)

where the over-bar represent averaging over space and time scales large com-

pared to the turbulence elements but small compared to the depth of the atmo-

sphere and synoptic scales. The eddy momentum flux term in (10.1), pV'w'

is also likely to be of significance to both the general circulation and its

component meteorological systems.

With regard to the generation of clear air turbulence it is now widely

believed that the most commonly available machinery is unstable Kelvin-

Helmoltz waves, whose instability depends almost entirely on the local

Richardson number, R., where

R. = 6 8Z (10.2)
1 - '2

L8i
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where e is potential temperature. Drazin and Howard (1966) have shown that

a necessary condition for instability of infinitesimal perturbations in a

rectilinear inviscid flow is that R. < ¼, and in a number of kinds of flow
1

profiles this is also a sufficient condition. Laboratory experiments (Clark,

et al., 1969; Scotti and Corcos, 1969; Thorpe, 1969) tend to confirm the

theory.

Some (mostly unpublished) data from aircraft observations support the

existence of wave-like perturbations associated with CAT outbreaks, but a

full observational test of the theory has not yet been attained. It is very

difficult to make observations of Ri on the proper scales (~ 100's meters)

and at times and places just prior to turbulence outbreaks. What is rather

clear from aircraft observations (Panofsky, et al., 1968; Reiter and Burns,

1966) is that strong turbulence is usually associated with both strong shears

and thermal stability. It is, of course, easier to reach the critical stabi-

lity criterion R. = ¼ for weak stability, but then not much energy is avail-

able from the mean shear to be transformed into turbulence. But when the

stratification is sufficiently large to allow the shear to become large

(either by large scale or mesoscale mechanisms) then the breakdown, when it

occurs, will be more violent. Thus we see, for example, quite strong turbu-

lence in the stratosphere on occasion, especially when produced by mountain

waves. (Lilly and Toutenhoofd, 1969; Panofsky, et al., 1968; Prophet, 1970)

The Future.

It is probably safe to say that there is a considerable insufficiency

of definitive data relevant to the interaction of the large scale atmosphere

and the mesoscales which produce most of the vertical turbulent fluxes above

the planetary boundary layer and that this insufficiency seriously handicaps

the formulation and use of appropriate dynamical equations. It has always
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been difficult to make measurements on the mesoscale. The operational weather

data is too coarse in resolution and small scale fixed data networks are too

expensive to maintain for a long enough time to obtain data on relatively

rare phenomena. Aircraft are commonly the logical choice for instrument plat-

forms but until recently the navigational capabilities of aircraft were inade-

quate to measure accurately the fields of motion on the 10 km scale.

At the present time there are available, at high but not impossible

costs, stabilized platforms for mounting on aircraft which allow measurement

of horizontal velocities of ~.3 m/sec accuracy and vertical velocities to

accuracies of .1 m/sec or better over scales from meters to hundreds of km.

With a few such aircraft made available it should be possible to make direct

measurements of both the mesh-box averaged flow and the turbulent stresses

and fluxes in such programs as the GARP tropical experiment. The dynamicists

can expect such data to be of great use to them in their future attempts to

come to grips with the mesoscale and therefore should be prepared to spend

much time and careful thought on the planning of the observational facilities

and programs.



FIGURE CAPTIONS

Fig. 4.1 (from Lilly, 1971) The development of the scalar energy spectrum

of decaying two-dimensional turbulence from a numerical simulation

experiment. The "initial" spectrum is produced from a few time

steps of forcing at wave number 8. The three lower curves are for

different values of the final Reynolds number, R, where R = EL/V

and L = 2/l 1/3. L 1 and Xd (from Eqn. 3.13) are indicated by

vertical hatch marks. The dashed curves have -3 slope.

Fig. 5.1 Stream function map developed at the 2200 t time step (22.0 time

units) of a numerical simulation of two-dimensional turbulence

with surface drag. The mesh interval is shown by hatch marks

along the boundaries. Positive contours are solid, negative

dashed, with contour interval 0.095. The mesh interval is 0.125,

v = 5.0 x 10-4, and K = 0.02. The forcing is of the negative

viscosity type, i.e. F = WF/T, where F is the portion of the

vorticity field associated with wave number 8. The time constant

T = 2.0. All units are dimensionless. The isoline analysis was

performed by the computer, using a two-dimensional linear inter-

polation scheme, and photographed from a cathode-ray-tube pre-

sentation.

Fig. 5.2 Vorticity map at the same time as Fig. 5.1. Contour interval = 2.24.

Fig. 5.3 Forcing function map at the same time as Fig. 5.1. Contour

interval = .196.



Fig. 5.4 The scalar energy spectrum for the same time as Fig. 5.1. The

plotted values represent the energy associated with the surface

of a square in wave number space rather than the circle normally

assumed in turbulence theory.

Fig. 5.5 Kinetic energy as a function of time for 4000 time steps of the

simulation experiment described in the text. Figures 5.1-5.4

present data corresponding to time = 22.0 units on this figure.

Fig. 5.6 Enstrophy vs. time for the same experiment.

Fig. 5.7 Viscous dissipation of enstrophy vs. time for the same experi-

ment.

Fig. 6.1 Theoretical predictions of the scalar energy spectrum of forced

two-dimensional turbulence with viscosity and surface drag.

The different curves are for differing values of the ratio of

cut-off wave number to forcing wave number, as specified by

Eqns. (6.20), (6.24), and (6.31). The plotted points define

the time averaged spectrum of the simulation experiment des-

cribed in Section 5.

Fig. 9.1 The growth of the difference energy spectrum in a numerical pre-

dictability experiment. The various spectra are labeled by the

time step to which they pertain (At = .01 dimensionless units).

The solid points at the top are values of twice the energy spec-

trum of one of the realizations averaged over 4000 time steps.

They also correspond to the plotted points on Fig. 6.1.

Fig. 9.2 Map of the difference vorticity generated during a numerical

predictability experiment. Contour interval = 0.309.



Fig. 9.3

Fig. 9.4

Map of the total vorticity for one of the realizations of the

predictability experiment at the same time as Fig. 9.2 Contour

interval = 1.33.

Map of the stream field corresponding to Fig. 9.3. Contour

interval = 0.0526.

Fig. 9.5 Map of the perturbation vorticity after 2000 steps of integra-

tion of Eqn. 9.6.

Fig. 9.6 Map of the mean stream field on which the perturbation of

Fig. 9.5 grows.
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