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PREFACE

L]

%

This work is an extension of the study of tropospheric aerosols
begun in 1964 by Christian Junge. The model presented for description
of these aerosols contains more processes than Junge originally con-
sidered and the model was allowed to run longer. Irving Blifford and
Junge initiated this investigation to determine the relative importance
of various processes in modifying the aerosol populations. James
Burgmeier was originally the programmer for the project, but later made
contributions to the numerical implementation of the model, to improve-
ment of numerical procedures, and to tests for assessing the accuracy
and dependability of the computerized model. He also carried out sta-
bility studies to assure accuracy in long runs. Additionally, Blifford
and Burgmeier have used the results and methods presented here as a
starting point for more elaborate models. The research reported here

was completed in summer 1972.

James W. Burgmeier

June 1974
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Symbol Value

A 1.246

a 2.0 x 10

u, — —

B 0.42

b 0.31

B ———

c 0.87

C ——

D -

D, 0.2

3

E 5.0

E ———
€%41°% T

g 980.0

i 5.0 x 10%

h 1000.0

h 1.5 x 10°

vii

NOMENCLATURE

Units

cm

cm sec

cm

cm

Description or Definition

constant in Fuch's equation
constant in computing activated
fraction

growth factor in differential equa-
tions, due to gas reactions
constant in Fuch's equation
average cloud cover

empirical factor in coagulation
coefficient

constant in Fuch's equation
empirical factor in impaction
efficiency

factor in thermal coagulation
average fiber diameter in impaction
constant in shear flow coagulation
total efficiency in impaction
efficiencies of collection in
impaction

gravitational constant

troposphere or boundary layer
height

height of obstacles

height of clouds



Symbol

Value

SF

A

>

AM

AM

AM
g

AM

0.1

viii

Units

-4 -
cm sec
cm sec

3 -1
cm sec

3 -1
cm sec

-1

cm” sec

3 -
cm” sec

Description or Definition

fraction of air filled with clouds
coagulation integrals

coagulation coefficient

thermal coagulation coefficient

shear flow coagulation coefficient
sedimentation coagulation coefficient
coagulaﬁion coefficient with rain-

drops

1.805x 10_18gm cmzsec‘zgrad—lBoltzmann's constant

em H. O -3 ,
2 cm air

gm

gm

gm

gm

fraction of activated particles in

clouds

liquid water content of clouds
mean free path of air molecules
"rate constant'" for process j.
ratio of particle radius at 1007
humidity to that at 507% (in clouds)
mass increase due to attachment

of unactivated particles to
activated ones

mass increase due to diffusiophoresis
mass increase due to oxidation of
gases in clouds

mass increase due to interception

of drops by other falling drops



Symbol Value

AM —

t
m ——
U 1.79 x 2074
N(r,t)  ———
n(r,t) -
n (r,t) -
nz(r,t) -
ny(r,t) -—-
n 200.0
C
n (t) _—
S
v 10.0
9 0.14607
-6
Py 1.9 x 10
R 0.08
r ———
r 3.0 x 1077
a
r, 1.0 x 1072
r 1.0 x 1073
C
r 1.0 x 1078
S
Ar. ArY
r A, -

At Ar.
0, -

ix

Units

gm

-1
cm sec

cm3H20cm_2se£'
cm
cm
cm
cm
cm

cm

cm

cm

Description or Definition

AMd + AMf + AMg + AMS

number of discrete radii values in
numerical quadrature ruler
viscosity of air*

number of particles per cubic cm
of air with radius r at time t
ON/3r

aerosol fraction outside clouds
activated aerosols inside clouds
unactivated aerosols inside clouds
cloud drop concentration

number of 502 particles at time t
number of condensation-evaporation
cycles

kinematic viscosity of air

average rainfall rate

radius of falling raindrops

radius of aerosol particles

lower limit of particle size range
upper limit of particle size range
raindrop size

radius of SO2 molecule

radius increases of particles
outside clouds

radius increases of particles



Symbol Value Units
Py 2.0 gm cm_3
S 5000.0 cm
T 300.0 degree Kelvin
t —— sec
T 7200 sec
V(r) - sec_1
w 300.0 cm sec
¢ 2.0 x 10—19 gm cm “sec
o* 1.9 x 10_19 gm cm_BSec_1
€(x) - cm3H20cm_3
* a function of altitude

Description or Definition

outside clouds
particle density
average path length of particle
trajectory through vegetation

. *
ailr temperature
time
average life time of clouds
V(r)/H = sedimentation velocity
horizontal wind velocity
production rate of SO2

production rate of organics

raindrop collection efficiency



1. Introduction

From observations carried out over the last two decades in polluted,
and more recently in clean tropospheric air, it appears that atmospheric
aerosols exhibit certain regular features which are more or less indepen-
dent of the time or place of measurement. These features are not yet well
understood, partly because the phenomena are complex and partly for lack
of systematic studies. It is becoming increasingly obvious that a gener-
alized picture which is based on the theoretical concepts of aerosol
physics would be valuable in many scientific areas such as the global
radiation, cloud physics, pollution, etc. It seems reasonable to base
such studies on theoretical descriptions of the processes that change the
distribution of particle size in the hope that these efforts may lead to
an improved understanding of the experimental results. We wish to know
how specific physical processes affect aerosols in the atmosphere, and
in addition, we hope to gain sufficient insight into the problem to
demonstrate how these individual processes combine to produce the observed
size and number distributionmns.

In general, the size and number distribution of natural aerosols is
determined by:

(1) Strength, location, and size distribution of the various

natural and anthropogenic aerosol sources.

(2) Modification of the resulting aerosol size distribution by

physical and chemical processes within the troposphere.

(3) Mixing due to transport.

(4) Natural processes that tend to remove aerosols (sinks).



It was pointed out recently that some of the basic features of the
tropospheric aerosol size distribution may result from statistical effects
brought about by random contributions from a large number of aerosol
sources (Junge, 1969). However, the validity of this suggestion is
difficult to demonstrate and will remain in question until it is under-
stood to what extent processes (2), (3), and (4) are of importance within
the troposphere and until additional experimental data are available.

In this paper we attempt to assess the importance of processes (2)
and (4) by means of computer modeling techniques using models that are
based on quantitative formulations of the processes involved. Our studies
are an extension of earlier work begun several years ago by Junge (1964)
and Junge and Abel (1965), who first attempted an investigation of this
kind.

2. Tropospheric Aerosol Size Distributions

Our problem is to determine the rate at which, under atmospheric
conditions, tropospheric aerosol distributions can change. Since the
processes, in most cases, are not linear and depend on the shape of the
entire size distribution, it is desirable to perform the computations with
initial distributions which, although idealized for the purpose of the
model calculations, are reasonably representative of tropospheric condi-
tions. We have studied two typical tropospheric aerosol situations, a
boundary layer model and a tropospheric model,

2.1 Boundary Layer Model (Urban Pollution)

This model postulates high aerosol concentrations within the planetary

boundary layer of height H = 1000 m. Because horizontal transport
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usually results in rapid reduction of the particle concentration by
dilution, the computations are restricted to real-time intervals of
two days. Since, in general, clouds are not present within the boun-
dary layer, this model does not include any processes associated with
clouds except rainout.

2.2 Tropospheric Model

This model postulates lower aerosol concentrations within the
troposphere, which is assumed to have a height H = 10 km. Clean tropo-
spheric air masses seem to be characterized by fairly uniform aerosols,
which have average total particle concentrations of about 200-600 cm_3.
We estimate that about 807% of the troposphere is filled with this 'back-:
ground" aerosol and it is, therefore, of great importance for all global
atmospheric phenomena. In this model, all of the processes associated
with clouds are included and the time of integration is extended to
ten days.

The above two cases do not adequately account for the entire
range of tropospheric conditions but are sufficiently different to make
it possible to illustrate the important effects.

2.3 Available Data for the Distribution

The shape of the distribution in polluted areas (Los Angeles) has

been documented by Whitby (1971) and is similar to the distribution for
the boundary layer model. Our knowledge of the shape of the background
distribution is less satisfactory, but we have some information on the
particle size range 0.1 Srs3 um (Junge, Robinson, and Ludwig, 1969;
Junge and Jaenicke, 1971; and Blifford and Ringer, 1969). Below and
above these particle size limits little information is available,

Recent measurements have indicated that the distribution for par-

ticles with 10.0 ym S r £ 100 um may be much steeper than that for



particles 0.1 um <y £10.0 um (Jaenicke, 1971). Too few measure-
ments have been made to be certain of this point on the global scale
and therefore we have for simplicity used the same slope (v = -3) for
the entire range 0.1 um £ r £ 100 um.

In the surface layer, over the ocean, we may expect to have the
sea spray distribution superimposed on the above distribution. However,
there is evidence that the sea spray component is restricted to the lowest
2 km in subtropical oceanic areas (Dinger, Howell, and Wojciechowski,
1970; and Gillette and Blifford, 1971). We suggest that the background
aerosol of continental origin is rather uniformly mixed vertically over
remote oceanic areas and that loss by washout and rainout in the lower
layers is replaced from above by mixing. The sea spray components do not
penetrate to higher layers over the ocean because washout is efficient
and high humidity in the marine atmospheric boundary layer makes the
condensation process an efficient scavenger of the soluble particles.
Over the continents, due to convection originating in the dryer surface
air, particles are transported to higher layers and are not as vigorously
scavenged. Although this picture of the large-scale aerosol size
distribution is still conjectural, since it is based upon very few data
and is certainly a simplification, we feel that it is useful for the
present studies.,

A feature of the distribution which Junge and Jaenicke (1971)
observed was the large number of extremely small particles, indicating
the presence of a source of these particles. Our assumed curves on
the other hand are parabolic with a maximum at 2 x 10—'6 cm, We feel
that they are reasonably good approximations to the cases considered

in the present work.



Over the continents and in the polluted planetary boundary layer,
we have assumed distributions like those of curve 1 of Fig. 1. 1Increasing
distance from pollution centers, and horizontal and vertical dilution
reduces the concentration. Above about 5 km over land and at a few
thousand kilometers downwind from the continents we assume that the
distribution has a form similar to that of curve 2 of Fig. 1.

3. Formulation of the Model for Computation

The aerosol model upon which our computations are based is intended
to represent steady state conditions on a global scale. We assume a
uniformly mixed troposphere in which a l—cm2 column of height ﬁ.(tropo—
pause height) is representative of average conditions. In this column
the average fractional cloud cover b has height h, so that the average
volume fraction filled by clouds is n = %%-. The clouds are assumed
to have an average life time of T hours before they evaporate or rain
out, after which they immediately form again. We assume that each
condensation nucleus goes through Vv cycles of condensation and evapora-
tion before it is removed from the air by rainout.

The following model, then, can be used to represent all of the
aerosol changes which take place in the troposphere. We assume the
original aerosol size distribution n(r,t) is composed of the three

fractions nl(r), nz(r), and n3(r). The fraction of the total aerosol

that is entirely in cloud-free air is
n, (r,t) = (1-n) n(r,t)

while the volume fraction within the clouds is



né(r,t) = n n(r,t)

where né consists of a fraction K(r) containing the "activated"
particles,i.e. are nuclei for condensation, and an "unactivated"
fraction [1 - k(r)].

Therefore

nz(r,t) = n k(r) n(r,t)

and

n3(r9t) = T][l - K(r)] n(r’t)

We assume that this division of the size distribution lasts for T hours,
during which time all three fractions are modified. The modifications
are computed independently and at t = T we assume that all clouds dis-
appear, the three aerosol fractions mix completely and new clouds form.

Thus the total distribution is given by

n(r,7) = nl(r,T) + nz(r,T) + n3(r,T)

The process is then repeated--i.e., n(r,T) is split into three portionms,
and modifications again occur separately until t = 2T , etc. Computa-
tions for any number of cycles can be performed by repetition of this
scheme.,

3.1 Rate Constants

A convenient way to compare all the processes involved in this



model is to use the "rate factors"

3600 f(r,t) - A(r,0)
t fi(r,t)

Aj(r,t) =

where fi(r,t), denotes one of the fractions nys Ny, OT N In order

3¢

to make the comparisons valié, all processes governing n., for example,

1°
except the one under consideration are removed from the computations.
Thus i denotes one of the three fractions, but with only one process
involved. This technique enables us to compare the rate of each process
in altering the distribution.

There will be a A associated with each process. The subscript
placed on A will denote the process involved and coincides with the
indexing in Fig. 2. For example, j = 17 for sedimentation in the
calculation of n,.

In some cases Aj changes with time and it was necessary to fix
the time in order to compare all of the processes on the same basis.

We have selected a real time of 2 hrs. The results of each computation
are shown for 10_75 rg-/lo--2 cm  as log-log plots for positive and

negative values of Aj between ]_0-_5 and 100 hr_l. Rate constants

slower than 10_5 hrnl, even though they were computable, were judged
to be insignificant on the scale of atmospheric effects and are not
shown. In the curves, a positive value of Aj (upper portion of
diagram) indicates that particles are being added and a negative value

(lower portion) impfies removal. Since both halves of the plots approach

zero toward the center, a low value of Aj may in some instances cross



over to the adjacent half but have too small an absolute value to
appear on either graph. Finally, we show the resulting changes in the
size distribution function which results when all of the processes

both within and outside of clouds are allowed to operate simultaneously.

3.2 The Meteorological Parameters 1, T, and Vv

We do not have reliable average values for the three important
meteorological parameters n, T, and V and consequently we attempt to
estimate their probable range from general considerations. In middle
latitudes we have good statistics on b and h for clouds at various
levels. Up to 5 km (upper limit of aircraft observations) the average
value of b seems to be about 317 and h must be larger than 5 km. If

we assume H = 10 km we have

It may be argued that the fraction of the troposphere which is actively
mixed is somewhat less than the tropopause height 10 km, but this is
not very certain. However, in subtropical latitudes, for example, b
and h are smaller and therefore the fraction of cloud-filled air will
be smaller than 0.15. Thus the range of n values likely to occur in
various climates is 0 S n £ 0.2, with 0.05 to 0.1 the most probable
range for a global average.

We have some data on T for convective clouds, where it is of the
order of 0.5 to 1.0 hr. Considering the longer live times of layer
clouds, we feel that 1 £ T S 3 hr may be the most likely range for

a global average.



We require values of the quantity Vv which are estimated from the
following considerations: Since the average fraction of the air that
is filled with clouds is n, each condensation nucleus should on the
average be used for one condensation in 1/n cycles. The fraction of
the total volume of a vertical column of 1 cm2 and height H that is

2

removed in 1/n cycles by the rainfall rate ph(cm3 H.O0 cm sec—l) is

2

Pu_1
nHL Vv

where T is time for one condensation evaporation cycle and L is the
liquid water content of clouds (cm3 H20 cmm3 air). Using the average
values of the parameters n = 0.1, L = 10—6, T = 2 hr, Py = 10—6, and

H = lO6 cm, we find the order of magnitude of v to be

nHL
Py

=5

Although the condensation nuclei are removed by rainout, in view of
the uncertainty of the average values for n, L, T, and because perhaps
one-half to one-third of the precipitation falling out of clouds does
not reach the ground, the range of possible Vv values may be as large
as 1 < v < 30.

3.3 The Distribution Function

If N is the number of particles with radius Sy per cubic

centimeter, the size distribution is given by
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_@E_(r,t) cm"ll-]

n(r,t) = e

Since the range of size and concentration extends over many orders
of magnitude, it is convenient to use logarithmic scales for plotting
n and r and to relate the ordinate to the number density per unit of

logarithmic radius, d(log r), the total number of particles between r

dN

and r + dr being equal to the area, d(log r) x d(log r) °

This leads

to the distribution

oN

¥ (r,t) = 9(log 1)

= (1n 10)r n(r,t)
Although n was used in the computations, the results are plotted in
terms of n*., Presently available data indicate that the maximum of

< <
n* is located in the radius interval 0.0l ym - r - 0.1 ym. For particle
sizes less than 0.01 um, n* must decrease for decreasing r. Above

r = 0.1 uym, n* can be approximated by

r \-V%
n* (r,t) = n* (ro,t) =

r

where v* is approximately constant and generally has a value between

2 and 4. In the computations, the function log n*(r,0) was chosen to

be a parabola for 0.003 um Sro.1 tm, while for r > 0.1 um, a straight
line was used. The parabola has its maximum at 0.02 um and the two
portions of the curve are pieced together in such a way that log n*(r,0)

and %%log n*(r,0) are continuous.
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4, Processes of Aerosol Modification in the Troposphere

All of the modification processes which we have considered in our
aerosol model are shown in outline form in Fig. 2. We will first discuss

only those processes that affect the fraction n, = (1-n)n of the aerosol

1
which is outside of clouds. The fraction of the total aerosol inside of
clouds (n2 and n3) is treated in subsequent sections. The physical basis
for each portion of the computations will be described here separately

in the order in which it is given in the outline. The numerical results

are discussed in the same order in Section 8.

4,1 Particle Interactions (11, 12, 13)

The first processes that we consider are those involving inter-
actions of particles with one another. As listed in Fig. 2, they are:
Thermal coagulation (Brownian motion);
Sedimentation coagulation (collection due to differences in
fall rate); and
Shear-flow coagulation (collection by turbulent air motion).
All of these processes are treated conveniently by the same equation.

The rate of change of the distribution function n, is given in this case by

1

Bnl(r,t) r/i/E— 2
e L ‘/f K(Y/t%- 6%,0) n,(0,0) 0, (V- 07,0 -

(%= % Pdp

(4.1.1)
r

b
- nl(r,ty K(r,p) n, (p,t) dp

T
a
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< <
where r -~ -

r r

b The first term on the right hand side of Eq. (4.1.1)
represents the increase in number of particles of size r due to the
addition of particles of equivalent volume formed when two particles
of different sizes combine. This assumes that both the old and new
particles are spherical which, of course, will be true only for coales-
cing liquid drops. Although this assumption is not generally valid for
aerosols, it is a good approximation, especially at high humidity. The
second term takes into account the loss of particles of size r.
Following Friedlander (1965) we can express the coagulation coeffi-
cient as the sum of three terms

K=K +K +K (4.1.2)
C s

SH

where Kc’ KS, and KS indicate thermal, sedimentation, and shear flow

H
coagulation respectively.

From Fuchs (1964)

K, =K (r,0) = 2[D(r) + D)1 (x + p) B(r,p) (4.1.3)

where

e =L+ L @] 4.1.4)

k is Boltzman's constant, T is temperature, and 1 is viscosity. The
expression within brackets contains the mean free path £ and the
Cunningham slip correction which is necessary when the dimensions of

the aerosol particles approach the mean free path of the air molecules.
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The factor B is a semi-empirical expression which corrects for the
fact that during collision small particles pass through a concentration

discontinuity at the surface of larger particles. It is given by

p [D(r) + D(p)] |-1
_ r+p s
B(r,P) = VT3 o7 8 tT e+ )G }
where
—
G = 3+""3
r \J r P
s, =Vl @ + @]
(r) = —ee 2+52,()3—[42+22()3/2 2
YA€) T Agtr | LS I —er
and

Py

_1.637 2 -Cr/%
QB(r) = S \/kTp,S r |1+ " <A + Be >
We have used the approximate expressions as given by Friedlander

(1965) for sedimentation coagulation

- ngb 2,2 _ 2 >
K, (r,p) ou P (xr® - p%), r=p

Ks(p,r) = Ks(r,p) and where g is the gravitational constant. For shear

flow coagulation
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- E 3
Ksh(r,p) = 1.3 5 (r +p)

where E is a dimensionless constant = 5.0 and ¥ the kinematic viscosity

(cm? sec_l).

4,1.1 Thermal Coagulation (11)

Figure 3a shows the rate constant All as a function of
particle radius for thermal coagulation alone. The relatively fast
removal of particles of r < 5 x 10_6 um dis clearly seen. The smaller
particles which disappear from the distribution reappear as larger par-
ticles, mainly in the region of 5 x 10—6 cm to 10_4 cm of the size
spectrum. The effect of this process on the large particle portion of
the distribution is negligible. For the tropospheric model in which the
particle concentration is adjusted to a value of the concentration

observed in experimental measurements in clean air, A, . corresponds to

11
a lifetime of a few hours for the smallest particles, with a relatively
slow buildup of particles in the region of 0.1 um. When the concentra-
tion is increased by a factor of lO4 (pollution model) the disappearance
of small particles is extremely fast and there is a correspondingly large

increase in the mid-range of the spectrum.

4.1.2 Sedimentation Coagulation (12)

For the troposphere model the effect of sedimentation
coagulation is too small to appear on the graph. The computed values
of A12 ranged from the order of —10_10 hr—1 for the smallest particles
to about —10_6 hr"l for the larger particles.

Although this process is also small in the boundary layer model

the form of Al2 can be seen in Fig. 3b. It seems reasonable to consider
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this process to have a negligible effect even in high particulate con-
centrations.

4.,1.3 Shear Flow Coagulation (13)

Shear flow coagulation is also a relatively small effect;
the computed values of A13 ranged from —10--8 hr—l to about -+-10_8 hr“l
for the troposphere model. In the boundary layer model the computed

values of Al were also very small as shown in Fig. 3b. From the above

3
results it appears that both shear flow and sedimentation coagulation

are negligible in comparison with thermal coagulation.

4.2 Homogeneous Gas Reactions (14)

Photo-oxidation of 802 or other gas reactions results in the
formation of very small particles with radii of the order of r, =5 x
10—8 em which is smaller than the lower limit of integration r . We
assume that the attachment rate of these small particles to the aerosol
‘can be treated by the coagulation equation. Since the diffusion coeffi-

cient D(rs) >> D(ra) and also r >> s the coagulation coefficient can

be written as

K(r,rs) = 2D(rs)r8(r,rs) (4.2.1)

The attachment rate of these particles to the aerosol is therefore

given by

T
b
= 2 )n (1) [ 08, ) (p,t) dp (4.2.2)

T
a

dns(t)
dt
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where ns(t) is the number of SO, particles at time t. The number of

2
these particles colliding with an aerosol particle of radius r in the

time interval [t, t + At] is
K(r,rs)ns(t)At = 2D(rs)r6(r,rs)ns(t)At

Multiplying this by 4ﬂpsr;/3 gives the mass increase due to these
collisions. Letting r + Arl denote the radius of the increased par-

ticle, we have

pry = %rD(rS)B(r,rS)At n_(£)r} (4.2.3)

The rate of production of the HZSO4 particles is

Using (4.2.2) in this equation and the result in (4.2.3) gives

B(r,r YAt
Ar. = 2 (4.2.4)
1 T
4Trpsrf pB(p,r Jn, (p,t) dp

r
a
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4,3 Heteorgeneous Gas Reactions (15)

Gas-particle reactions such as probably take place in the
presence of organic vapor (e.g., terpenes) would result in a layer of
material on the surface of the aerosol particle. If &% denotes the pro-
duction rate of this organic matter then from reasoning similar to that
in the previous subsection we obtain

Ty

— 2
br % = @*At/lmpsy [ p*n (p,t) dp (4.3.1)

r
a

for the radius increase due to attachment of these particles.

4,3.1 Results of Computations

In the computations, homogeneous and heterogeneous gas-

particle reactions are treated as though the entire mass of a gas for
‘which the production rates ® and ®* are known, becomes attached to all
of the particles in the distribution. Figure 4a shows the computed
values of A14 and AlS for homogeneous and heterogeneous gas reactions
respectively, as a function of particle radius for production rates

o= 0% = 2 x lO._19 gm cm_3. It may be seen that the effect of these
processes in adding mass to the aerosol is appreciably less than that

of thermal coagulation for the smallest particles and becomes approxi-

4

mately the same for particles of r < 107" cm. Although Al and Al5

4

diverge somewhat near r = 10_4 cm, they are generally similar.

Figure 4b shows the rate constants Al4 and Al for homogeneous and

5

heterogeneous gas reactions in the boundary layer model. 1In this case

the particle concentration was a factor of 104 larger than in the
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tropospheric model and the height of the layer was assumed to be 1 km.
Although the assumed production rates ¢ and ¢* were larger by a factor

of 102, the calculated rate constants are lower than for the tropospheric
model. The relatively lower values of Al4 and AlS compared to those

for the entire troposphere probably are due to the assumption of a higher
particle concentration in the boundary layer.

4.4 Washout (16)

The aerosol concentration outside of clouds will be reduced
by washout below the clouds. The total number of raindrops in the
column of cross-sectional area 1 cm2 is given by

31p
N_ = ———%
R 47mR

where R = average raindrop radius and p, = average rainfall. Let h denote
the height of the clouds. Then a single raindrop with collection effi-
ciency &£(x) (OSE(r)Sl) sweeps out TR?h £(r) nl(r,t) aerosol particles

and therefore in the volume hb the concentration nl(r) is reduced by

Anl(r,t) _ ﬂRZE(r)nl(r,t)

NR b

Therefore the number of particles below the clouds surviving the wash-

out is

bh

T2y o | 70
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where

Values of £(r) are given in Table T,

In the volume‘[(l - nNH - bh], i.e., the volume above the clouds, the
concentration remains nl (r,t) while in the volume bh below the clouds the
concentration decreases. - After a time T the average concentration in

cloud-free air becomes

[(1-m)E - bh] n, (r,7-0) + bh n, (r,7-0) exp(-0(r))
(1-n)H

nl(r,T)

= nl(r,T—O) [l—é(l—e_c(r))]

where

bh

§ = 2

(1-mH

and where nl(r,T—O) denotes the distribution before washout began.

4.1.1 Results of Computations

That washout removal of particles is effective mainly
for the 1larger particles is indicated by the values for washout effi-

ciency in Table I. The rate constant for washout, A (Fig. 5), shows

16°
that the process is effective only for particles larger than about
-4

10 cm., However, for these particles rather rapid removal will take

place.
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4.5 Sedimentation (17)

The sedimentation rate V of particles of density pS is given

by Stoke's Law (corrected):

2r’gp
3 [1 + A& + B%-exg(—Cr/l)]

R TR

Assuming that there is always sufficient mixing

on(r,t) _ -V(r)n(r,t)
ot it

and therefore

n(r,t) = n(r,0) e—V(r)t/E

4,5.1 Results of Computations

Figure 6 shows the sedimentation rate constants Al7 as
a function of particle radius. While particles with radii smaller than
about 1.0 um are not affected appreciably, removal of the larger par-
ticles is clearly quite rapid.

4.6 Attachment to Obstacles (18)

Particles may become attached to objects near the surface such
as leaves of trees, grass, etc. This process has been considered by
Toba (1965) and Tanaka (1966) in connection with sea salt distribution
over land. Although they refer to the removal process as impaction,
they do not actually calculate the effect directly. We use Eq. (4.6.1)

to describe the attachment of particles to objects in the air stream:
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Bnl(r,t) —

— = %%e(w,r)nl(r,t) (4.6.1)

where w is the wind velocity, S the average path length of the particle
trajectory within the layer, and €(w,r) is the efficiency of the attach-
ment process. S is more-or-less equivalent to the visibility range
through the obstacles; h is the average height of the obstacles (trees,
etc.). Equation (4.6.1) is, of course, only an approximation to a very
complex process.

By analogy with particle collection by fibers we assume the effi-

ciency factor to be composed of three parts

€(w,r) = €, + € + €
(w, 1) i di b
. where Ei’ Edi’ and Eb are the efficiencies of inertial impaction, direct
interception and Brownian diffusion.
The inertial impaction efficiency ei = f(y) is a function of the

nondimensional impaction parameter Y which is defined by the equation

1
= 2r CWps r”

18uD,
v J

v o

(4.6.2)

where ¢ = 1 + %{A + B exp (—Cr/SZ,)],vDj is the average fiber diameter
(leaves, grass, etc.), and ps is the particle density.

_Efficiency as a function of the impaction parameter has been
determined experimentally by Ranz and Wong (1952) and is given in Table II

for round, long fibers and spherical particles. We use their wvalues,
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which present a somewhat idealized picture of vegetation, with Eq. (4.6.2)
to obtain the efficiency as a function of particle size, Particles that
are large compared to the obstacle diameter may be attached due to direct
interception and

€41 = ri/rj

or simply the ratio of aerosol radius to fiber radius. For very small
particles Brownian motion may play a part, but for the rather coarse
filter system under consideration, we feel that the effect is negligible.

4.6.1 Results of Computations

It is evident that the process of attachment to obstacles
is relatively efficient as shown by the rate constants A18 plotted in
Fig. 7. It appears that this effect will override both sedimentation
and washout as a means for clearing the atmosphere of large particles.

The rate constant for this process was calculated assuming that
impaction and direct interception are the principal effects. Direct
interception is inversely proportional to the size of the objects (leaves,
etc,) in the air stream. Impaction, on the other hand, is more efficient
on small fibers, for example, and for higher wind velocities. The
latter is shown by the two curves of Fig. 7 which were computed for wind
velocities of 300 cm sec:—-l and 1000 cm sec—l.

4.7 The equations for n

1

All of the above processes operate simultaneously to modify
the aerosol concentration outside of clouds and the complete equation

in finite difference form becomes
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/%2
2
n (r,t + At) = At /KﬁM)'nl(Wt)nl(p,t) ——
r
a

(r3-p% " dp

b

= 0y (r,8) [ R(z,0)n; (0,t) do (4.7.0)

r
a

- [Véy) + g% E(w,r)] nl(r,t) + nl(r - Ar, t)

*
where Ar = Arl + Arl and the argument r - Ar represents the shift in

n, due to particle growth in processes 14 and 15.

1

Using this finite difference form we can derive the integro-

differential equation for n Let J[nl(r,t)] denote the first two terms

l.
in the braces in the above equation. Then subtracting nl(r,t) from

both sides, dividing by At, and letting At - 0 yields

on. (r,t) h
__l;gz_—- = J[nl(r,t)] ~ Yéﬁl‘+ %% eGw,r) | ny(r,t)
Snl(r,t)
- ocl(r,t) 5y (4.7.2)

where

*
al(r,t) = (Arl + Arl ) /At

(see Egs. 4.2.4 and 4.3.1).
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5. The Activated Aerosol Within Clouds

For computational purposes we treat the particles that have served
as condensation nuclei or are "activated" (the fraction K) separately
from the "unactivated" particles. We assume that the average cloud
contains 200 drops cm_3. The larger particles in general are more
efficient as nucleil and we therefore assume that a portion of the original
model distribution consists of a fraction k(r) of activated particles
and that the remainder of the particles in the cloud are not activated.

We express this activated fraction as

_ 2
c(r) = e~ (&/D)
where a is chosen so that
y
[ n(r,O) dr = n
a c

where n is the average number of cloud drops. The functional form

e—-x2 is chosen as a matter of convenience to provide a sharp cutoff for

r < a., Figure 8 shows how the starting function is modified when n = 0.1
= n(l-k (r)) n. The acti-

and n, = 200 to produce n, = nK(r) n and n

2 3
vated fraction n, of the total aerosol distribution may be treated as
though the processes act independently of those operating on the aerosols
outside of clouds. The clouds are assumed to form instantaneously at

time = 0 to last for time t = T when the modification processes are

repeated.
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5.1 Coagulation of Cloud Droplets (21)

During the cycle T, coagulation between cloud droplets results
in a decrease in the number of activated particles. Since we assume
that the droplets are of a uniform size, the coagulation coefficient is
a constant, which we denote by ﬁ. Consequently the equation governing

this type of coagulation is

Bn (r t) r/%[_— .
= & [ 0, (= 0% 0, (0, 6) ——F—p

(r*- o " dp
a
~ “b
- Kny(r,t) [n,p,6) do
T
a

Coagulation of cloud droplets is due not only to Brownian motion,
but predominantly to turbulence, and therefore no data are available
for K. Our estimate of a value for ﬁ is based on the assumption that
during a cycle T, the concentration of cloud droplets decreases by a

factor of 2 or 3. We chose

where n, is the cloud droplet concentration.

5.1.1 Results of Computations

The rate constant A21 for particle size change resulting
from coagulation of the cloud droplets within a cloud is shown in Fig. 9

as a function of particle size. The form of the function is similar
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to that for thermal coagulation but the portion of the particle size
spectrum affected is quite different. Of course, the small particleé
are not involved because it is assumed that only large particles serve
as condensation nuclei.

5.2 Particle Growth at High Humidity (40)

The unactivated particles are in an environment of high humidity
which results in an increase in radius. In the case of the activated
particles this affects the processes of thermal coagulation of particles
with cloud droplets and sedimentation coagulation with cloud droplets.
Hence we discuss this humidity growth here rather than in the sections
devoted to nge Particle growth is dependent upon particle size and on

the type of aerosol (e.g., continental, maritime). However, the measure-

ments of Winkler (1970) indicate that the ratio

is nearly constant, A =~ 1.7,

In our model we assume there are n3(r,t) particles of radius r before
humidity growth. Each particle grows to a radius of Ar and after the
growth there are n3(r,t) particles of radius Ar, or n3(r/X,t) particles
of radius r. We assume that the clouds form instantaneously and that
the increase in radius of each unactivated particle is also instantaneous.
Consequently, in all calculations involving n,, we nust use the "shifted"
values n3(r/K,t). At time t = T (and multiples thereof) the clouds are

assumed to disappear, resulting in a shift in the opposite direction
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from growth or
n3(r,T) - n3(kr,T)

Attachment of unactivated particles to cloud drops, oxidation of
802 and other gases, collection by falling drops, and diffusiophoresis,

respectively, result in growth in particle mass by an amount

AMt = AMd + AMg + AMf + AMS

where: AMd = mass increase due to attachment of unactivated
particles;
AM = mass increase due to oxidation of 502 or other

gases within cloud drops
AM_. = mass increase due to diffusiophoresis; and
AMS = mass increase due to interception of drops by other
falling drops.
The result of these mass increases is an increase in radius by an

amount Ar,:

2
l”Tp y3
r + Ar, | = rd 4+ MM
T 4mp
3
3 T

1
3AMt A
or Ar, = ¢ 1+ 3 -1
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5.3 Thermal Coagulation of Particles with Cloud Droplets (22)

We assume that cloud drops are of uniform size rC = 10 um
and are much larger than the unactivated particles. The number of
unactivated particles that attach to each cloud droplet in a time
interval [t, t + At] is

T
At ,f K(rc,p)n3(p,t) dp
r

a

The mass increase is

4nps b .
AMd = 3 At [ o] K(rc,p)n3(p,t) dp
r
a

Since n3(p,t) is very small for p < a and since a << r_, we can simplify

K(p,rc) to
2kT
K(O,rc) gl D(@)rc
and thus
8TkTp r At b
M, = —————iiil——‘/‘ 02[1 + % + Be M) Tn, (0,t) dp
d 9u - o} 3
a

where the form for D(p) given in Eq. (4.1.4) has been used.

5.3.1 Results of Computations

Figure 10 shows the calculated rate constant for thermal
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coagulation of particles with cloud droplets, A The effect is small

22°
and is appreciable only for particles of I = 10—5 m. The computations
include the correction for growth of the unactivated particles in high

humidity.

5.4 Sedimentation Coagulation of Particles with Cloud Droplets (23)

As the cloud droplets fall, unactivated particles become at-
tached to them. The number of unactivated particles attaching to each

cloud drop per unit time is

s

fﬂ K (psr Ingy(p,t) dp

T

a
where n, reflects the growth due to humidity discussed in Sec. 5.2.
As a consequence, the increase in mass of the activated particles in

‘a time [t, t + At] is

4ﬂpSAt b ,
AMS = 3 j‘ o Ks(p,rc)n3(o,t) dp
r
a

The function KS is defined in Sec. 4.1.

5.4.1 Results of Computations

The rate constant for sedimentation coagulation of
particles with cloud droplets A23, is shown in Fig. 11. It may be seen
that it is quite similar in form to A22, but a little smaller in magni-

tude. The computations include the correction for particle growth at

high humidity.
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5.5 Diffusiophoresis (24)

When cloud drops condense, the process called diffusiophoresis
results in an increase in particle radius. Goldsmith, Delafield, and
Cox (1963) gives the fractional increase in size as 4.5 x 10—6, indepen-

dent of size. The mass increase is given by

b

- -6 3
AMf = 67 x 10 \/p n3(p,t) dp

r
a

5.5.1 Results of Computations

The computed values for A24, the rate constant for the
diffusiophoretic effect, were generally less than 10“7 hr—l. The values
were too small to be plotted on the scale chosen and can be considered

to be negligible.

5.6 Heterogeneous Gas Reaction (25)

The mass increase due to this process is

6

ay - L:6x 107 s
g v c

and is applied only once in each cycle T.

5.6.1 Results of Computations

It is clear from Fig. 12 that A25’ the rate constant for
heterogeneous gas reactions with cloud droplets, is similar to that for
the other processes that add mass to the activated particles.

5.7 Rainout (26)

The fraction of the air within clouds in which rain occurs in
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each cycle is 1/v. Therefore, the fraction n, is reduced by a factor

2

v-1/v at the end of each cycle of condensation.

5.7.1 Results of Computatiocns

Figure 13 shows the computed values of A26’ the rate
constant for rainout. This process is less efficient than washout by
a factor of 10.

5.8 The Equations for n

2

Combining the above processes into one equation leads to

/Y2 )

o r
n,(r,t + At) = At fK n2<§/r3- pa,t)nz(p,t) 2, dp
r

(r3-p?)
a
r

b
- nz(r,t) v/ K nz(p,t) dp | + n,| - Arz,t

a

This equation is employed for the calculation of n, when iT <

t+ At $ (4 + 1)T, and i is an integer. As mentioned earlier, when
the time t is a multiple of T, mixing occurs, resulting in a new n,.
As with nq, the integro-differential equation for n, can be derived

from this finite difference form. It is

an(r,t) R /Y2 - r2
__BE—‘ = Kf n2(3\/r3 - pa’t)nz(p3t) ——'——'2/3 dp

r (r® -p%)
a
a rb nz(r,t)
- Kn,(xr,t) /ﬁ nz(p,t) do - a, (r,t) ——
T
a

where qz(r,t) = Arz/At
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and where

1
3(AM. + AM ) /s
Ar, = r 1+ d = -1
2 4mp r3
s
The initial condition is
nz(r,O) = nKk(r-8)n(r-65,0)
where
(l" 1
. 3(AMg + MM.) | s

4wpsr3

6. The Unactivated Aerosol Within Clouds

The remainder of the particles within the clouds are in the unacti-
vated fraction n3(g,t). Three processes affect the distribution n3(r,t)
as shown in Fig., 2: thermal coagulation of these particles with them-
selves, thermal coagulation with cloud droplets, and heteorgeneocus gas
reactions.

6.1 Thermal Coagulation (31)

The modifications of n3(r,t) caused by thermal coagulation are
the same as for n,, as given by Eq. (4.1.1), with n, replaced by n,. Con-—
sequently, we will not write the equation for this process.

6.1.1 Results of Computations

Figure 14 shows the rate comstant A for thermal

31’

coagulation of the unactivated particles within clouds. The form of

curve is similar to that of Fig. 3, as is to be expected. However, the
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process is considerably less efficient in changing the size distribution.

6.2 Coagulation with Cloud Droplets (32)

As in Sec. 5.2, the unactivated particles become attached to
cloud droplets, resulting in a decrease in the number of unactivated
particles.

The number of unactivated particles of radius r that attach to

cloud droplets at time t per unit time is
K
(rc,r) n, n, (r,t)
and the rate of change of n, particles due to this process is

8n3(r,t)
— S = - K(rc,r) n, n3(r,t)

Since rc >> r in this case, K(rc,r) simplifies to
K(rc,r) = 2D(r)rC
Using the expression (4.1.4) for D, we obtain

8n3(r,t)
e =~ a(x) n3(r,t)

where
2r n

- _tc L -
q(r) = - [1+ r(A + be



=34~

Consequently, we have

n3(r, t + At) = n3(r,t)e"q(r)At

as the number of unactivated particles at time t + At, considering only
attachment to cloud droplets By thermal coagulation.

In addition to thermal coagulation there is attachment of particles
by sedimentation coagulation, as discussed in Sec. 5.4. The number of
unactivated particles of radius r which attach to cloud droplets per unit

time through sedimentation coagulation is
Ks(r,rc) n, n3 (r,t)
resulting in

8n3(r,t)
e = - Ks(r,rc) n, ns(r,t)

Combining this with the loss due to thermal coagulation with cloud

droplets, we obtain

n3(r, t + At) = n3(r,t)e—q*(r)At

as the number of unactivated particles at time t + At, when only

coagulation is considered. The function q* is given by

g*(r) = q(x) + Ks(r,rc)nc
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6.2.2 Results of Computations

The rate constant for A32, coagulation of unactivated
particles within clouds with the cloud droplets, is shown in Fig. 15.
It may bé seen that this effect is quite strong for the smallest particles
and negligible for particles of r < 10_4 cm.

6.3.1 Heterogeneous Gas Reactions (332)

This process results in a growth of all particles by

* * rb
Ar, = At © /4mp p? =n,_(p,t) dp
2 s 3

T
a

*
as in the case of Arl for ny (Eq. 4.3.1).

6.3.2 Results of Computations

From the plot of A33 in Fig. 16, the rate constant for
heterogeneous gas reactions with the unactivated particles within clouds
is similar to that for AlS’ shown in Fig. 4. 1In this case the large
particle effect is less, probably because of the reduced number of large
particles.

6.4 The Equations for n

3

Combining the three processes discussed above leads to the

finite difference equation for Ny,

/
r/3 2

n,(r,t + At) = At 2
3 K(3\/r3— 03,p)n3(3 - 0%, t)ng(p,t) ——r“"z/— dp
ra (1’.'3" p3) 3
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I

b
- n3(r,t)/ K(r,p) ngy(p,t) dp
in

a
* -
+ n3( r - Ar, ,t)e a* (r)he

and
n,(r,0) = u(x/A)
where
u(p) = n[1 - k()] n(p,0)

The integro-differential equation for n, is

3
8n3(r,t) % 3n3(r,t)
— 5 = I, (r, )] - q (OIng(r,t) - ag(t) —F——
where
A *
r
2
ag(t) = ¢

(see Eq. 6.3.1).

7.0 Combined Effect of All Processes Acting Simultaneously

In order to show the general form of the change in the distribution

function with time, we have adopted standard values of n, v, and T.
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The results of computations using these values when all processes are
allowed to operate are shown in Fig. 17 for times up to two days. There
is a relatively fast and large reduction in particles of r < 10"6 cm
until at 12 hr the number of particles of this size has decreased by about
three orders of magnitude. At 48 hr, the number of particles of

r <5%x lO-6 cm is negligible. The relative decrease of large particles
is not as severe, although it appears that by 48 hr the number of par-
ticles of r < 5 x 10“4 cm has also been reduced to a negligibly small

value.

7.1 Effects of the Parameter v

The parameters n, V, and T are not very well known and therefore,
it is of interest to see what effect variations of these quantities over
a range of values that seems appropriate has on changes in the form of
the distribution function with time. TFigure 18 shows the results of
computations with n = 0.1, T = 7200 sec, and Vv, the number of condensation-
evaporation cycles, allowed to take values from 1 to 30 for periods of
up to 48 hr. It appears that the computation is not very sensitive to
large values of v. The tendency for an increase in the number of con-
densation cycles without rain to maintain a higher concentration of small
and mid-range particles can be seen by comparing the 48-hr curves.

7.2 Effect of the parameter n

Figure 19 shows how the size distribution is affected when 7,
the fraction of aerosol outside of clouds, is varied while v and T
have the fixed values of 5.0 and 7200 sec respectively. It may be seen
that the relative reduction in the number of particles in the small

particle region of the spectrum is greater than in the large particle
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region. The computations indicate little change in the size distribution
for values of n = 0.1, and n = 0.2. The overall effect for the range of
n used was not vastly different than for the range of V used in the
previous computations.

7.3 Effect of the Parameter T

Computations using n = 0.1, v = 5.0 while allowing T (the
average rain period) to vary, do not generally result in very different
size distributions from those of the previous examples as seen in Fig. 20.
The effect is seen to be principally in the small particle portion
of the spectrum. After 48 hr, the reduction of the particle range
r < 10—5 cm is appreciably greater for a l-hr rain cycle than for a 3-hr
cycle. It appears that there will be very little difference in the
particle spectrum for r < 10_1+ cm for this range of T values.

8.0 Conclusions

In general, the change in the size distribution function with time
exhibits some distinct and readily explainable features. There is a
relatively rapid reduction with time in the number of the smallest par-
ticles due to coagulation. Sedimentation and attachment reduce the
number of large particles, but at a lesser rate. In the first few hours,
there is a tendency for the mass lost by the small particles to be
transferred into the 0.l1-um size range. However, after several days,
only particles of 0.1 um S r £ 1.0 um remain.

It appears that variations in the rainout time T, the number of
condensation/evaporation cycles v, and in the fraction of the aerosol
outside of clouds n, have individually quite similar effects. Until

better values of these parameters become available, it is probably not
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worthwhile to select specific values. Of the above parameters, the use
of small values of Vv resulted in the most significant effect.

The computations in which the rates of each of the processes assumed
for the model were determined separately are instructive in showing the
relative importance of each. The most effective contribution to the
rapid decrease of particles of r < 10_5 cm is by coagulation. Sedimen-
tation coagulation, shear flow coagulation, and particle/chemical
reactions do not seem to be very effective in changing the form of the
distribution. Sedimentation and washout are moderately important but

only for r < 10_4 cm., Attachment to obstacles in the air stream is

suprisingly strong, but only for r > lO—4 cm.

Processes that have to do only with the activated particles within
clouds (coagulation of cloud drops, coagulation of particles with cloud
drops and gas reactions), seem relatively ineffective in changing the
size distribution. Even rainout, which has the largest rate constant
(r > 10_'4 cm), seems not to be important. Rate constants for the
unactivated particles within clouds indicate a rather rapid reduction
of particles of r < 10_5 cm by thermal coagulation with cloud drops.
The other processes that we have assumed to take place within clouds
seem to be less effective.

Unfortunately, very few experimental data that can be assumed to
be reasonably independent of transport phenomena are available for com-
parison with the computed values. The data of Blifford (1970) indicate
that both the smallest and the largest particles decrease with altitude.
This is in accordance with the present results since older aerosols are

expected to be present at the higher altitudes. Recent results of
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Junge and Jaenicke (1971) indicate that over the Atlantic Ocean, far
from land, the number does not decrease down to the smallest sizes
measured (r = 10_7 cm). Since our computations indicate a rather rapid

reduction in particles of this size, a maritime source capable of

generating the smallest particles seems likely.
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Table I

Removal Efficiency of Raindrops of 0.08 cm Radius (Mason 1957)

Particle
Radius Efficiency
(x10-4 cm) (r)
1 0.00
2 0.16
3 0.40
4 0.53
6 .73
8 0.83
10 0.90

Table II

Experimental Impaction Efficiencies of Cylindrical
Collectors (Ranz and Wong, 1952)

Impaction ,_

Parameter (wz) Efficiency
0.5 0.18
1.0 0.41
1.5 0.60

2.0 0.72
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APPENDIX
In this appendix we give some of the checks we have made to verify
the calculations.
Of the coagulation options (11, 12, 13), only 13--shear flow coag-—
ulation~-is amenable to analysis suitable for manual checking. The

coagulation kernel for this option is
- 3
Koy (rs0) = c(x + 0)

We assume that n(r,0) = b/r", b constant and also that ra << r. With

these assumptions, the equation for option 13 becomes

r/¥ 2 )
nl(r,At) = n(r,0) + cb?At v[ i/_h 0% + O)3p (3 i pg§%@

r
a

-% f (r+p)3%g
r

Expanding the cubed quantities leads to integrals which can be found
by using Taylor's series for (1 - x)—u. The series obtained after

integration can be summed and the result is

r® 3r? 3r r?2 4ra
n,(r, t) = n,(r,0) + cbn,(r,0) — g+ + = 4 In—— +
1+ 1 1 Brb Zrb r r Ty T

-1
3
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(We ignored all quantities of order (ra/r)2 in obtaining this result.)

From this information, A13<r’At) is easily found and can be compared
with the computer results. We did this and got excellent agreement,
provided we satisfied r >> .

Options 14 and 15--the gas reactions--can be checked simultaneously

We have

nl(ri, t + At) = n (ri - Ar, t)

1

* ,
where Ar is either Arl or Ar We shall assume that Ar is small enough

l.
that

a condition satisfied by the larger ri's. We used linear interpolation

on log nl(ri - Ar, t), considered as a function of log r. Doing this,

and using log (1-x) = - x/1n 10 for small x, we get
n (r,,t) 1l-€,
1YVi° i

n,(r, - Ar, t) =n (r._ , t) | —————

1YV 1YVi-1 nl(ri—l’t)
where
€, =
g= br/(xy Inx /[r, )

. X
Now € is small compared to unity, so we use a = g - ax 1n a for

small x. This gives
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n - Ar, t) = nl(ri, t) l1-¢, 1In

(r —
1'4 1 nl (ri"l’ t)

We finally assume that the coefficient of Ei in this equation varies
slowly with t and consequently we can replace t with 0 in this factor.

Then, defining

we have

k
ny(ry, kit) = (1 +p,) n, (r;, 0)

If t = kAt 1is not too large, (1 + pi)k =1 + kpi is a good approximation.

Uéing this in the rate constant A gives
14,15

A _ 3600(1 - 1)
14,15 At Pi

Consequently, the rate constants for these two processes change

very slowly with time and are gilven approximately by the above formula.

Since 0 < pi < 10_10, this equation is valid for moderate size k(t=kAt).

The actual computations did change quite slowly with t and were in
excellent agreement with the numbers predicted by these approximations.

For option 16, let T_ denote the rain period--i.e., rainout occurs

R

at times which are multiples of T Then

R-



nl(ri, kTR) = nl(ri, 0 [1- w(ri)]k

w(r) = 6<1 - e_o(r)>

3T p, E(x)
___bh _ TRPy
T -mE * °W =%

where

and

S

E(r) being the collection efficiency for raindrops. Thus

A 236000 -y | o 1 .
16 kTR 1 - w(ri)

and values computed this way compared favorably with those generated
by the programs.

For option 17, the equation for ny is

_ -V(r,)At/H
nl(ri, t + At) = nl(ri, t)e i

This gives

nl(r,t) = nl(r,O)e_V(r)t/H

This in turn gives a theoretical rate constant of

_ 3600(1 - ) _ V()t/E
Ay t 1-e
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Once again, the actual and theoretical results were very close.

Option 18 is the same as option 17; as expected, agreement was
again good.

For option 21, the coagulation coefficient is constant, and if we

assume as before that n2(r,0) = b/r“, then

/Y3

o dp 1 1 1
nz(r,At) =b KAtl jﬁ oFIe? - 3% t 3 [‘“?‘ - 273”+ nz(r,O)

N
r T
" b a
a

~

where K is the constant coagulation coefficient. The integral can be

done yielding

3
_ 1/} 1 T Ta
n2(r,At) = bKAt nz(r,O) 73 31‘13 - 3 + 2 1n ?a - 51—_3 + nz(r,O)
Let
3
3 r
| 1 r __a |,
g(r) = 3t 3 3 + 2 1n T 31‘.‘3 r
b a
Then
L (r.0t) = 3600 bR g(r)
’ 1 ~
21 -T-]I—<Y_r_) + bKAt g(r)

Since b = 2 x 1013 R~3 x 10™®, 1/nk(x) *5 for the larger r's and
0 < g(r) < 1013, we can ignore the second term in the denominator of

A21 in comparison to the first. Thus

Ay, (r,At) = 3600nKk(r) b R g(r)
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In g(r), the value of r, must be taken as the cut-off value in order
to justify using n3(r,0) = b/r*. Even with this larger value, the
numbers for A21 6btained by this approximation agreed very well with

the computer generated values.

Options 22-25 are similar to options 14, 15, Consequently
n, (r,kAt) = [1 + 6 ]k n, (r,0)
2 ? i 22

where
0

5 Ar2 o n2(ri_l,
1 In 10 log ri/ri-l nz(ri, 0)

Py

The assumptions were that Oy << 1, Arz << r. and the quantity
ln[nz(ri,t)/nz(ri_l, t)] varied slowly with t,

Ignoring powers of 61 larger than the first, we find

3600n
t

by, ki) = 0« (x)p,

this holding for "moderate values of k" - e.g., k £ 20. Let

_360on o Pi_ se0on 1alRpr0/my (g 4,00]
i At i% Ar, T At r, In 10 1n ri/ri_

0

1

then

Aj(ri, kAt) = GiArZ(ri) s 3 =22, ..., 25

This shows the rates are nearly constant in time, and provides an easy

means for checking the four processes involved. Comparisons were good.
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Option 33 is a repeat of the ones just discussed. We obtained

the approximation

_ 3600na? ~
A33(ri’ kAt) = Atriz Py
where
*
i ri In 10 108 ri/ri—l In W

and a is the "cut-off value in k: k(r) = exp(-(a/r)?). As before,

agreement was excellent.
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