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ABSTRACT

Several finite-difference approximations to the hyperbolic equa-
tions of fluid dynamics are described, and their qualities assessed.
They include the schemes normally used and, for comparison, an
unstable and a completely stable implicit scheme. Accuracy and sta-
bility are discussed. The Lax-Wendroff scheme, for a system of
conservation laws, is discussed for problems in one and in two space
variables.





1. Introduction

Several finite-difference equation systems that approximate the
hyperbolic partial differential equations of fluid dynamics will be de-
scribed, and some of their qualities assessed. The fluid is assumed to
be non-viscous and thermally non-conducting; its thermodynamic proper-
ties are described by an equation of state,

p = P (E, V) 1 (1)

where p, E, and V are its pressure, internal energy per unit mass, and
volume per unit mass. The (local, adiabatic) sound speed c is given by

apap
c = c (E, V) = V %f- ^ V (2)

Problems will be considered in which the flow depends on either
one or two space variables (not necessarily cartesian) and the time t, in
which there are no body forces and no heat sources, and in which turbu-
lence is not expected. The partial differential equations are of hyper-
bolic type and, when taken in conjunction with initial data, boundary
conditions, jump conditions and the like on shocks and interfaces, are
assumed to determine a well-posed initial value problem.

Typical problems are the calculation of explosions, implosions,
non-steady supersonic flight, and the impact of shock waves on rigid
bodies. The mathematical methods are rather similar to many of those
used in meteorology. See [7].

For problems with one space variable, the most commonly used
method is based on the simple difference scheme (equations (4. 1). . .
(4. 5)) given below for the Lagrangean formulation. Shocks have been
treated either by shock fitting or by an artificial viscosity ([5], Ch. X).

The Lagrangean method with artificial viscosity has been extended
to two space variables, but is much less satisfactory for such problems,
because (1) the economics of machine computing requires a somewhat
coarse point net when there are three independent variables, which re-
duces accuracy, (2) after a short time, the Lagrangean point net becomes
distorted in space, which further reduces accuracy, and (3) the smearing
out of shocks caused by the viscosity is more serious, owing to the
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coarseness of the net and the generally more complicated shock configu-
ration.

In attempts [6] to derive better methods for multidimensional prob-
lems, the following principles have been proposed:

(1) The Eulerian formulation should be used.

(2) Difference equations of second-order accuracy should be used
for the smooth part of the flow.

(3) Boundary conditions and jump conditions should be applied by
fitting procedures of second-order accuracy on all surfaces of singularity
(shocks, interfaces, slip surfaces, contact discontinuities, and bounda-
ries of rarefaction fans).

It is assumed that for problems with piecewise smooth (say, analytic)
initial data, the solution is piecewise smooth (analytic) in space-time.
Two.-dimensional fitting procedures are now under development; so also
are methods for detecting the onset of singularities of various kinds
during a calculation.

In this report, finite-difference approximations to the partial dif-
ferential equations for the smooth part of the flow are discussed. The
following notation will be used: if +(x, t) is any function of one space
variable and time appearing in the problem, j denotes the finite-
difference approximation to (4(jAx, nAt), where Ax and At are the di-
mensions of the unit mesh of the computational point-net in the x, t
plane and n and j have integer or half-odd-integer values. Similarly,
for a function +(x, y, t) of two space variables and time, jnk denotes
an approximation to 4(jAx, kAy, nAt).

2. One Space Variable: the Classical Lagrangean Scheme

In a problem with slab symmetry, the Lagrangean variable a of a
fluid element is the value of a cartesian coordinate of that fluid element
in the configuration at time t= 0 or in some other reference configura-
tion; the corresponding cartesian coordinate at time t is x(a, t); the
fluid velocity u and the quantities p, V, E are also functions of ~ and
t. The equations are

au (3. 1)
o Oat= aa '1
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ax
at U, (3.2)

1 ax (
V lt (3.3)

at t (3.4)

and the equation of state (1). Here, p0 = p ) is the fluid density in the
reference configuration. In the following, we shall assume this configu-
ration so chosen that p0 =constant.

In the corresponding finite-difference equations, u carries half-
odd-integer superscripts and integer subscripts, while the reverse is
true for p, V, E. The equations are

n+d n-A\ At n n V
PO(u 2 U. 2 ) j+ 1 -P ,(4. 1)

n+1 nn2
x. -x, At. u , (4.2)

n+1 1 (n+l n+l\ 
V+ L -x^ l /4 3)

E EnL = -V n+1 -v (4.4a)

or

n ^n ^^n+1 n+l\I n+l n n
-2 P +P ^'^^'^ )•V I -4.-V '• (4.4b)

J+2 J+2 J+2/J \J+2 j+22

n+1 n+1 n+l N
Pj +I= P j (+I Vj 4 ) (4. 5)+2 \+2 32 

Of the two alternatives in (4. 4), (4. 4a) is slightly easier to use than
(4. 4b), but less accurate.
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If all quantities are known for the relevant values of t up to nAt,
and if the difference equations are taken in the order written, in each
case for all the relevant values of j, each equation contains only one
unknown, and the system determines all quantities for the relevant
values of t up to (n+ l)At, thus completing a cycle.

Note that the new quantities (u2 (j = 1, 2, 3, . . .)) obtained from
(4. 1) are used in (4. 2), and so on. A system whose equations are ex-
plicit in this sense, if taken in a suitable order, is called effectively
explicit. If each equation determines one unknown in terms of old quan-
tities alone, so that the order is immaterial, the system is called (com-
pletely) explicit; if the solution of simultaneous equations cannot be
avoided, the system is called implicit.

If (4.4b) is used, each equation of the above system is centered,
by which is meant that for each there is a point of the x, t plane at
which the partial derivatives are approximated to O(At") or O(Ax 2 ) by
the difference quotients used.

The system is subject to the well-known stability condition dis-
covered by Courant, Friedrichs, and Lewy in [1] , which takes here the
form

cAt < (5)

and says that the distance traveled by a sound wave relative to the fluid
mustnot exceed the distance xj+l -xj=poVA^ between neighboring net
points. Since c and V are functions of g and t, the condition (5)
should be monitored by the computer throughout the computation.

For the treatment of shocks, interfaces, and boundaries, the
reader is referred to [5] .

Problems in which the space variable is a radial coordinate in
spherical or cylindrical symmetry can be similarly treated; ^ is replaced
by the value of the radial coordinate in a reference configuration, and
some of the equations are slightly modified.

In the foregoing case of slab symmetry, the system (3. 1). . . (3.4)
can be modified by replacement of (3.2) and (3.3) by



HYPERBOLIC SYSTEMS 5/

3v 1 au f6
at =PO ^ a^

and by substitution of the right member of this equation for OV/Ot into
(3. 4). The system then assumes the form of the hyperbolic systems dis-
cussed in the next section.

3. Various Schemes for Hyperbolic Systems in One Space Variable

In the Eulerian formulation, where the independent variable is x,
the differential equations have additional terms containing the operator
u(8/8x). If the corresponding terms of the difference equations are cen-
tered in a simple way, the equations become unstable, and other dif-
ference schemes must be considered. That we shall do, by way of
preparation for the Eulerian treatment of multi-dimensional problems.

The system of differential equations has the form

au a
__ + A-ax-- 0 (7)

where U is a vector whose components, say m in number, are the de-
pendent variables and A is an m x m matrix, whose elements depend
generally on the components of U and on x and t. In this section, to
simplify the notation, the equations will be written as though A were a
constant matrix.

The system is called hyperbolic if A has all real eigenvalues and
m linearly independent eigenvectors. A is not usually a symmetric ma-
trix.

Six schemes are given in Table I. Scheme b., which has been used
by J. B. Keller, by P. D. Lax, and by K. 0. Friedrichs, suffers from
rather severe diffusion effects. Scheme c. has been used by Courant,
Isaacson, and Rees [2] and, in a modified form, by R. Lelevier. It pre-
supposes that the equations have been so transformed as to make A
diagonal, and only one equation of the system has been written, a being
an eigenvalue of A. Scheme d. has been extensively used in meteoro-
logical calculations. Scheme e., described by Lax and Wendroff [3] ,
was independently discovered and used by C. Leith in studies of the
general circulation of the atmosphere.
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The order of magnitude of the truncation error is given in the third
column of Table I. It is assumed that the limiting process Ax, At-* 0 is
carried out in such a way that the ratio Ax/At remains constant. Hence
Ax and At are small quantities of the same order and A is used to rep-
resent either of them. If a sufficiently smooth exact solution of the dif-
ferential equation is substituted into the difference equation, the two
members fail to be equal by an amount of the indicated order of magni-
tude.

4. Stability

It has long been known from observations that, when instabilities
develop in the numerical solution of partial differential equations, they
appear as oscillations of rather short wave length and initially small
amplitude superimposed on a smooth solution. Therefore, the equations
of first variation (i.e. , the linearized equations) can be used to predict
the growth or decay of the instabilities. Furthermore, they generally ap-
pear first in a very small region of space; therefore, if the coefficients
of the equation are smooth functions, one can approximate by taking
them as constant in this region, and can usually ignore the presence of
boundaries. In this discussion, therefore, stability will be taken to
mean the stability of the corresponding linearized problems with con-
stant coefficients, and this leads to a local stability condition, usually
a limitation on the magnitude of the ratio At/Ax; this ratio must be
taken small enough to satisfy the limitation for all x, t. For further de-
tails, see [5].

For the linearized problems, the growth or decay of small dis-
turbances can be determined by Fourier expansion. If a typical Fourier
term,

ikx
U =U 0 e , (8)

where U0 is a constant vector, is substituted into the difference equa-
tions for U0, with x==jAx, it is found that U1 is of the same form but
with U0 replaced by GUS, where the matrix G, whose elements depend
on k, At, and Ax, is called the amplification matrix.

Similarly, if a Fourier component of an exact solution is equal to
(8) at time t=nAt, it will have the same form at t= (n+l)At but with U0
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replaced by r U0 , where

ikA~t
r= e . (9)

The eigenvalues of r all lie on the unit circle in the complex plane,
corresponding to the fact that for a hyperbolic system waves neither
grow nor decay. For any reasonable finite difference scheme, the eigen-
values of G lie very nearly on the unit circle for k« I/Ax (wave
lengths long compared with Ax); then, if the flow being computed is
smooth and Ax is small, the components of shorter wave lengths are of
no importance, and all we ask of them is that they not grow exponen-
tially, in the numerical solution, for if they do they will swamp the de-
sired components.

This suggests, as a condition for stability, that the eigenvalues of
the amplification matrix G should not exceed 1 in absolute value, and
this requirement is the essential content of the von Neumann necessary
condition for stability for a hyperbolic system. (The slightly more gen-
erous condition that the eigenvalues should not exceed 1+0 (At) must be
used for problems in which there is a mechanism permitting a growth of
the true solution; see [5] , Ch. IV.) As will be indicated below, the von
Neumann condition is also sufficient for stability of the schemes listed
in Table I for the fluid-dynamical problems.

The equation for the amplification matrix is given in Table II, for
the schemes listed in Table I. For stability, we require that the eigen-
values of G lie in the closed unit disk of the complex plane for all real
values of a=kAx. In each case G is of the form f(A), where f(') is a

rational algebraic function; its eigenvalues are given by f(ai),. . .,f(am),
where aI,. . ,am are the eigenvalues of A. Each eigenvalue of G
traces out a curve C in the complex plane, as a varies; typical
curves of this kind are shown in figure 1, for the six schemes. Whether
such a curve lies in the unit disk depends in general on the value of
a(At/Ax), where a is the corresponding eigenvalue of A; the condi-
tion is given in the last column of Table II.

5. Sufficiency of the Stability Condition

It is shown in [5] that the von Neumann condition is also suffi-
cient for stability in particular if G is a normal matrix. (A normal
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matrix is one that commutes with its Hermitian conjugate; it can always
be written in the form C +iD, where C and D are Hermitian (self-
conjugate) matrices; necessary and sufficient for reducibility of a ma-
trix M to diagonal form by a unitary transformation U*MU is that M be
normal.) Our matrices G=f(A) will be normal if A, which is a real ma-
trix, is symmetric. Although this is not usually the case for the equa-
tions of fluid dynamics, the following argument can be used, for hyper-
bolic problems in one space variable:

Since A has real eigenvalues and a complete set of eigenvectors,
it can be reduced to real diagonal form by a similarity transformation

A-A= PAP . (10.1)

Therefore, if we take new dependent variables vI.... ,vm given by

V = ( : ) = p ( ) P(10. 2)

the differential equations take the form

av _~av

- =A -- ;(1

similarly, the difference equations take the same forms as those dis-
cussed above, but with V in place of U and A in place of A; since A
is diagonal, hence symmetric, it is now seen that the von Neumann con-
dition is sufficient for stability in these problems.

More precisely, the concept of stability depends on the choice of
a norm in the function space of the dependent variables, and the use of
Fourier analysis implies an L2 or root-mean-square type of norm.
Clearly, we have been somewhat arbitrary, since the norm is not in
general invariant under the transformation (11), because P is not in
general a unitary matrix; that is, the norm given by
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tlVIl= 5( 1v + + lv lIdx (12.1)

is not the same as that given by

llull2 =Sluil 2 + ... + lu l)dx. (12.2)

However, the new norm (12. 1) is precisely the one appropriate for sta-
bility analysis, since the differential equation (11) has the property that,
for its solutions, this norm is constant in time; that is, with respect to
this choice of norm, a small disturbance neither grows nor decays in a
true solution.

For fluid dynamics, this is equivalent to writing the equations in
characteristic form

y r +UT)pc y u P = 0 (13.1)

= (13.2)

+(u-c) ~ P(+uc.>U 0 (13. 3)

and then linearizing by calling the coefficients uo, c. 2 etc. instead of
u, c, etc. Then we have

2

V / p + Pc pU

\P - POcO^^

/UQ 0 0

0 u +C

\0 0 Uo.C)
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The largest eigenvalue of A has the magnitude lu I +c. For schemes b.,

c., d., and e. of Table I the stability condition is therefore

(luo +c)<A . (14)

(The possibility of equality in (14) is not regarded as of practical impor-
tance, since numerical calculations are always performed with a finite

number of binary or decimal places.)

In equations (13. 1), (13.2), and (13.3), the Eulerian formulation
has been used; a similar argument can be made for the Lagrangean for-

mulation and leads to the stability condition (5).

6. The Two-nStep Lax-Wendroff Scheme for a System of Conservation
Laws

Of the three second-order-accuracy schemes in Table I, the Lax-

Wendroff scheme e. seems to be the most suitable for extension to the
case of two space variables, because, first, the damping of short-
wave-length disturbances has a slight smoothing effect, which is bene-
ficial, for second order accuracy depends on smoothness of the func-
tions, and, second, the implicit scheme furthermore requires relaxation
(or equivalent) solution of simultaneous equations in two space varia-
bles. This section contains a further discussion, still for one space

variable, of scheme e.

So far, the Lax-Wendroff scheme has been described only for

linear equations with constant coefficients. In general, we shall under-
stand it to be a scheme in which U' is expressed in terms of
U^, and U ni 1 by a formula of the type

n KaU~ n (t 2 2 n
J+l. j bt at/ j (15)

where ( 'denotes a difference approximation to 8U/at or to

82 U 2/at, obtained by use of the differential equation and so chosen
that the error term of (15) is 0(A3), (Lax and Wendroff also constructed

similar schemes of still higher accuracy, but these have apparently not

been used, so far.)
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By the two-step Lax-Wendroff scheme we mean a scheme in which
schemes b. and d. are used for alternate time cycles, as follows:

n+l tant t n
-) U j-1 A U A -n >j-) (16.1)

1) U. = 2tx j+l f nw2g

n+2 n At /n+l n~l 12

J Ax. j+1 j-1

If A is constant, this reduces, upon substitution of (1) into (2), to

n+2 n At bn point"\ /l n n hn\

. te e t2x Uj+2 -2r j+2 2 co

(16.3)

which is exactly the Lax-We'ndroff scheme for a net with spacings 2Ax
and 2At. If A is variable but is properly centered in (16. 2), e. g.,I by

averaging the function A(U) between points (j+1)Ax and (j-1)Ax, the

over-all scheme has second-order accuracy. (The intermediate quanti-

ties at time (n+l)rt have only first-order accuracy.)

If the equations are written in conservation-law form

F+ u =0 (17)
at ax

where F(U) is a vector-valued function of the vector U, the two-step
Lax-Wendroff scheme takes the simple form

n+2 n At (n+l Fn+1>(82

where FP' stands for F(UP), etc.

This form has the additional advantage that the finite-difference
analogue of the quantity f U dx is exactly related to the difference ana-

logue of the integrated flux SF(U) dt. That is, the finite-difference
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analogue of the conservation law

X2 t 2 t2 x2

U dx + F(U)dt = 0 (19)

Xi t ^ t x

is exactly satisfied, since summation of (18.2) over all netpoints be-
tween xi and x 2 yields a telescoping sum of the quantities Fj.

7. The Two-Step Lax-Wendroff Scheme in Two Space Variables

If x and y are cartesian coordinates, the Eulerian equations of
fluid dynamics can be written in conservation-law form

aU 3F(U) aGTJ _(20)

at ax y-

where

P ~~~m n

m2+)mn
F(U)= m , G(U)= n2 . (21)

\e/ \(e4-p)^/ \(e+p)/

Here, m and n are the x and y components of momentum per unit vol-

ume, and e is the total energy per unit volume. In terms of previous
variables,

m=pu, n=pv, e=p(E+2(u2+v2) (22)

in (21), p is to be regarded as a function of p, m, n, e obtained from
the equation of state:

= P(E, V)=<e -m+n I \ (3)p N , ) = -11 - .- (3
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If the differentiations in (20) are expanded by the chain rule, the
equations take the form

au + A (U) 2I^-+ B (U) L =0; (24)

the matrices A and B so obtained are rather complicated.

The original Eulerian equations are also of the form (24), with U,
A, B replaced by

= U Al'(U') =( p PI i 0 u 0 lp

\p/ \0 pc2 2 u/

/v 0 p 0\

{0 v 0 0^
B'(U')= (0 0I/p (25)

0 0 0pc v

these matrices are not normal and they do not commute.

The two-step Lax-Wendroff scheme for (20) is

i) UL -U^1 (n 1 n+ nn >j k 4 j+1 kj-1 kjik+1jk- I

A~t (n ~Fn A t ,~n Gn > 2.1
2 Ax Kj+i k j-ik 2Ay j k+1 j k-i1 261

2)Un+2 Un At /n+i n+i
j jk ^jk Ax j+ik j-1k 1

(G G^ \ (26.2)
Ay^ k+i j k-i'
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where FPk is an abbreviation for F(U^k), etc.

Equations (26. 1) and (26.2) give no coupling between net points
(in space-time) with even values of n+j +k and those with odd values;
half of the net points can therefore be omitted, if desired.

(Substitution of (26. 1) into (26. 2) for the case F(U) =AU gives an
equation for Un+ 2 in terms of Un and its first and second partial dif-
ferences with respect to x and y analogous to (16. 3); a nine-point
cluster is used, as in Figure 2; a/ax is evaluated four times, using
the point pairs labeled 1, 2, 3, 4 and averaging, 32 /8x 2 is evaluated
using the points labeled A, and a 2 /axay is evaluated using the points
labeled B.)

As in one space variable, these equations have error 0(A3), and
the finite-difference analogues of the integrated conservation laws hold
exactly. I shall show that the von Neumann stability condition, for the
case Ay=Ax, is satisfied if

A~t 1(IVI + c) - < , (27)

where 1I = V^+v2; presumably (27) is also sufficient for stability but
I have not yet worked out the proof.

The amplification matrix of the combined system (26. 1) and (26.2),
obtained by substituting U0 exp(iXxiAx + iXykAy) for Uk, is

G = I- 2i(cosa + cos 3)-(A sin a+B sin() +

F~~~t 1~~~2
2At(Asina +Bsin 3)j, (28)

where a = Xxx and 1 = yAy.

For the stability discussion, we shall take the linearized equa-
tions in the original Eulerian form and thus use the matrices A' and B'
given by (25), which can be obtained from A, B by a similarity trans-
formation like (10. 2). As pointed out in section 5, this similarity trans-
formation implies a change of the norm adopted for the function space of
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the dependent variables; however, the von Neumann condition remains
unchanged, since the eigenvalues of G are invariant under the simi-
larity transformation.

We call

C =A sina + B sin3

and let 0 be the angle between the x axis and a direction whose direc-
tion cosines are proportional to sinla and sin3, i.e.,

cosO= sina-
Vsin a + sin2 P

Then, from (25),

fUi pcos0 psinO 0

sin ___a_+__ (o0 U' 0 (l/P)cos 0'

sinCf3 0 pccos (1/p)sin (29)

2 2

where u'=ucos0+vsin0 is the component of v in the direction 0.
The eigenvalues of C are

u

X == sin2a + sin2f3 , (30)
u'+

u' -c

and if we call UL= (Wt/Ax)X, the eigenvalues of G are

g= 1 -i(cos a + cos p) -2^j2 . (31)

Hence,
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2 22 2 2
Igl = (1-21; +p. (cosa+cos(3)

^ (1-2p2)2 +2 24(cos2a+cos2)

= 1- 2± (sin[( + sin2 (3) - 2^± j
u'

2u' 2 
=I 22}(s in2 a + sin2 )[I- 2(> u+ 2

The largest possible value of the quantities in the curly bracket is
lvl+c; hence Ig 2 <l if

(lvi + c)<

8. On Non-Linear Instability

In this section, the implications for the foregoing difference
methods of the phenomenon of non-linear instability described by
Phillips [4] , are briefly discussed. Although a rigorous theory of this
phenomenon is lacking, it seems clear that a distinction must be made
between the usual problems of ordinary fluid dynamics and the problems
of meteorology. In the first, turbulence plays no role, either because
the flow is stable or because the time is too short for the physical insta-
bilities to develop into turbulence. For these problems, the flow is
piecewise smooth; it is conjectured that if shocks and other singularities
are properly handled, and if a difference scheme, like c. or e. , that has
positive stability (in the sense that short-wave disturbances are damped
out) is used, non-linear instabilities will not occur. This conclusion is
borne out by experience. The example given below suggests that even

'the metastable leap-frog scheme d. is stable against small non-linear
disturbances if the ordinary stability condition is met; however, it is
precisely because of the doubtful nature of any general conclusion of
this kind that the Lax-Wendroff scheme e. is preferred over d.
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(It may be mentioned in passing that the short-wave oscillations
often observed when shocks are treated by the artificial-viscosity
method can be interpreted in terms of the ideas used in discussing non-
linear instability: energy is transferred from longer to shorter waves;
this energy ought to be converted into heat at the shocks, but if the dis-
sipation by the viscosity term is inadequate, some of the energy accu-
mulates at wave lengths of the order of 2Ax, since shorter waves cannot
be represented in the calculation.)

As an example, almost identical with that of Phillips but for a hy-
perbolic problem, the very simple equation

au au i{(u2 (

is considered, together with the leap-frog difference equation

n+- n-l = /n [ ) - n , (33)

where r= At/2Ax. An exact solution of (33) having the form

u. = C cos 7j + Snsin m j + U cos ]j + V (34)
2 2

can be found; it contains wave numbers (7r/2)Ax, 7r.Ax, and 0. (Phillips
omitted the constant term corresponding to V in (34), but we retain it
because we are interested in cases in which the smooth part of the flow
predominates, in a sense described below.) Upon substituting (34) into
(33), we obtain recurrence relations for the coefficients:

C -C = -4rS (U -V), (35.1)

Sn - Sn = -4rC (U +V), (35.2)

n+1 n-i (35.3)
U - U = 0. 3.3



18/ NON-LINEAR STABILITY

According to (35.3), Un takes on constant values, say A and B, on al-
ternate cycles, and then the other two equations give

n+2 n n--2 2 n (6
C -2C +C = 16r (A+V)(B-V)C (36)

and a similar equation for Sn. The solution of (36) is bounded, as n in-
creases (in fact ICnI is constant) if the coefficient of Cn on the right
lies between -4 and 0. The usual stability condition,

-max ut < 1,
Ax

implies

2r [Vi + max{lAl, IBI} < 1.

Therefore, even for the leap-frog scheme, this solution remains bounded
if the constant term dominates, in the sense that

IAI and lBI < IVI. (37)

However, if the disturbance is out of the linear range, in the sense that
(37) is violated, and if A+V and B-V have the same sign, then, as ob-
served by Phillips, (36) always has exponentially growing solutions
whose rate of growth cannot be decreased (is in fact increased) by de-
creasing At for given r.

In the problems of meteorology, one apparently cannot assume that
the short-wave disturbances are small, even at the beginning of a calcu-
lation. Phillips found [4] that the non-linear instabilities could be
avoided, in a typical numerical prediction of the general circulation of
the atmosphere, by systematically filtering out all wave lengths between
2Ax and 4Ax at intervals of 2 hours of real time (every 6 cycles). How-
ever, Phillips was using a variant of the leap-frog scheme, and the
question arises whether the automatic filtering of the Lax-Wendroff
scheme, which attenuates the short waves, might accomplish the same
result. Clearly this question cannot be answered without a detailed in-
vestigation, but a slight indication may be had by computing the linear
attenuation factor I g 16 for 6 cycles of a Lax-Wendroff calculation in a
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simple case. In Figure 3, I g 6 is plotted against wave number k for a
hyperbolic problem in one space variable in which At is one-half the
maximum allowed value. Comparison with the filtering of Phillips
(dashed line) suggests that, at least in some problems, the positive
linear stability of the Lax-Wendroff scheme should overcome non-linear
instability.

It should be noted that when the fluid-dynamical conservation-
law equations are treated by the Lax-Wendroff scheme, the wave energy
that is removed from the short waves by the automatic filtering is not re-
moved from the system (since energy is conserved) but is converted into
other forms of energy, as it would be by a true dissipation.

August 27, 1962
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TABLE I

Scheme Designation Difference scheme Truncation error

a. Unstable U U - Aunlu^n --!tA(U n Un ) 0(~ )
3 j 2Ax j+1 j-1

b. Diffusing Ua -+i2 A(Un U same
] 2 j+l ~ A j +j-

n n
u -u. if a>0
Uj+l - .

n+l n aAt 
c. Upstream differencing u. = u -x same

u. -u.u if a<0
j1

n+l n- 1 At /n n 0 3

d. Leap frog U =U -A U - U. II-)3 ] Zx Kj+1 j-1)

n+1 n A~t n n
e. Lax-Wendroff U. = U - AU n - U. +

j 2Ax j+1 j -i

AX t 2 2n 2 Un +Un > same
j+( C j-1

n+1 n At n n+1
f. Implicit U U A n+

4-4A-x j+1 + j+1

(U'7'1 + U-1» same
-1//



TABLE II ,Q

Scheme Amplification matrix When stable:

At 
a. G=I-i~ Asina never

b. G = I cosa - i t A sina if t 1<1 for all eigenvalues a of A

e -1 if a<0
c. g=l-a i same

d. G = G -2i-Asina sameAx

e. G=I-i Asina-(—x) A (1-cosa) same

i At i A sinetf. -GA sin2)G I- -Axsin' always2 it A s i n 2 , = ---
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Figure 1: Amplification Values
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